Calculus 2
Lia Vas

Recursive Integration Formulae

When evaluating integrals such as [ z8sinz dz, [sin® 2 dz or [In® z dz, it might be easier to find
a patterns by which the integrals [ 2" sinz dz, [sin™ x dx or [ In" x dx reduce to integrals depending
on smaller n-value. These patterns are called recursive formulae.

Examples

1.

Find a recursive formula for [z"e*dz and use it to evaluate [2°e®dz. Note that without a
recursive formula, this integral would require five integration by parts in a row.

Solution. Denote the integral [z"e*dx by I,. Note that the integral requires integration by
parts and that v = 2™ and dv = e*dx is a good start. This yields a recursive formula

L, =x"e* —nl,_,.
When using it for Iy = [ x°e®dx, we get
Is = 2°e* — 51, = 2°¢® — 5(z'e” — 4I3) = 2°e” — 5a’e” + 20(a’e” — 31,) =
= 2% — bate” + 202%e” — 60(z%e” — 2I)) = x°e” — bate” + 202%e” — 60x%e” + 120(we” — ) =
= 2°e” — ba'e” + 20x°e” — 602" + 1207e” — 120€” + c.

. Find a recursive formula for [sin” zdz and use it to evaluate [ sin®zdz. Note that without a

recursive formula, this integral would fall under ”very bad case* category.

Solution. Denote the integral [sin" xdx by I,,. To find the recursive formula, we can use the
integration by parts again. v = sin" 'z and dv = sinadz is a good start. This yields the
formula I,, = —cosasin® ' x + (n — 1)I,_» — (n — 1)I,,. Solve the formula for I, and use the
resulting recursive formula

-1 Lo n—1
I, =—coszsin" 'o+——1, 5
n n

to evaluate Ig.

Ig = 2 cosasin®x + 21, = Fcoswsin® x4 2(F cosasin® z + 21,) =
— =1 in°r— 2 ind 1501 i 1 —
== lcosxsu.lg 24SCOS$SII.1 ;c+241§ 5 cosa.csmxj;Q]O) =
= - cosxsin®x — 2 coswsin®x — 3 coswsing + K+ c.

Practice Problems.

1. Find a recursive formula for [ 2"e*®dz and use it to evaluate [ x*e5®dz.

2. Find a recursive formula for [ cos™ zdx and use it to evaluate [ cos® zdz.

Solutions.

1. Recursive: I, = Ltame® —2[, . [a'eddr = Late® — Laded™ 4+ La?eb — Zlaueb + 205 +c.

2. Recursive: [, = =tsinzcos" 'z + =11, 5. [cosPadr = Zsinzcos’z — Lsinzcos’z —
2 sinzcos® x — 5 sinw cos T + 3000 + C.



