Fundamentals of Mathematics

Lia Vas
Formulas for Exam 2
1. Sets.
A=B & (Vx)(r€e A& e B)
ACB & (Vx)(r€eA=uz¢€B)
Operations on sets.
ANB={x:x€ ANz € B} r€eANB & xzc ANz eDB
AUB={x:x€ AVzx e B} re AUB & xz€AVzeDB
A—B={x:x€ AN—z € B} reA-B & rxe€AN—2€B
A={zeU:—~xe A} r€EA & —2€A
Ax B={(a,b):a€ AND€E B} (a,b) e AxB < ac€cANbEB
P(A)={B:BC A} BeP(A) & BCA

A=) & —(Fr)ze A

Generalized union and intersection

(Ai={z: (viel)zc A} re(NA & (Vielze A
iel i€l
UAi={z:@iehze A} re|JA & (GieDze A
el i€l

2. Relations. A relation on A is any subset of A x A. A relation ~ on A is an equivalence on
Aif ~is
reflexive: (Va € A) a ~a
symmetric: (Va,be A) (a~b=b~a)
transitive: (Va,b,c€ A) (a~bAb~c=a~c)

The equivalence class [a] for a € Ais [a] ={b€ A:a ~ b} and
a]=1[b) < a~b

The quotient set A/~ is the set of equivalence classes A/~ = {[a] : a € A}.

A relation < on A is a partial order on A if < is reflexive ((Va € A) a = a), transitive
((Va,b,c€ A) (a 2bAb=c=a=¢)) and

antisymmetric: (Va,b,c€ A) (a 2bAb=<a=a=0D0)



A partial order < on A is a total order if (Va,b € A)(a KbV b= a).
Let < be a partial order on A.
e a € Ais the greatest element if (Vb€ A)b < a.
a € A is the least element if (Vb€ A)a < 0.

e a € Ais a maximal element of A if =(3b € A)(a < bAa # b) (equivalently,
(Vbe A)(a 2b=a=0»)).
a € Ais a minimal element of A if =(3b € A)(b X aANa # b) (equivalently,
(Vbe A)(b=a=a="0)).

e Let BC A.a € Aisan upper bound of B if (Vb € B)b < a, and a € A is a supremum
of B if a is the least element of the set of the upper bounds of B.

a € Ais a lower bound of B if (Vb € B)a < b, and a € A is an infimum of B if a is
the greatest element of the set of the lower bounds of B.

3. Functions. A function f : A — B is a subset of A x B for which (a,b) € f is written by
f(a) = b and such that

(a) (Va€ A)(3be B) f(a) =0
(b) (Vai,az € A) (a1 = ag = f(a1) = f(az))
A function f: A — Bis

(a) is onto or surjective if
(Vbe B)(Ja€ A) f(a) =10

(b) A function f: A — B is one-to-one or injective if
(Val,ag € A) (f(al) = f(ag) = a1 = ag)

(contrapositive: (Vay,as € A) (a1 # az = f(a1) # f(az))
(c¢) A function f: A — B is bijective if it is one-to-one and onto.

If f:A— Bandg:B — C are two functions, a composition go f : A — C is the function
given by
(g0 f)la) =g(f(a))

for a € A.

The identity function on A is ids : A — A defined by ida(a) = a for every a € A. Useful
identities for f : A— B: foidy = f and idgof = f.

A function f : A — B has the inverse f~!if fo f~' =idg and f~lo f =1idy.

If f: A— Bis a function, C C A and D C B, the image of C'is
f(C)={beB:(FceC)b= f(c)}. So, be f(C) & (3ceC)b= f(c).

The inverse image of D is

SH(D)={a€A: f(a) € D}. So, a € f(D) & f(a) € D.



