Fundamentals of Mathematics
Lia Vas

Review for Exam 4

1. (a) Show that the relation ~ used to define Z and given on N x N by
(k, 1) ~(m,n) & k+n=I01+m

is an equivalence relation.

(b) Show that the integer [(0, 0)] is the identity for addition (i.e. show that [(m,n)]4[(0,0)] =
[(m,n)] and [(0,0)] + [(m, n)] = [(m,n)]).

(¢c) For any integer [(m,n)], show that its additive inverse is [(n,m)] (i.e. show that [(m,n)]+

[(n.m)] = [(0,0)] and [(n,m)] + [(m. m)] = [(0,0))).

[(n,
(d) Show that [(n,m)] = [(0,m —n)]if m >n and [(n,m)] = [(n —m,0)] if m <n for any
natural numbers m and n.

2. The relation < on Z matches the familiar order of integers when [(m,n)] is shortened to m — n.
Rearrange the integer numbers below, if needed, so that the elements in the new list are non-
decreasing.

[(6,3)], [(1000,1005)], [(6,8)], [(57,56)], [(56,58)]

3. If [(m,n)] € Q is such that m # 0, show that [(m,n)]-[(n,m)] = [(1,1)] and [(n,m)]-[(m,n)] =
[(1, D]).)-

4. The relation < on Q matches the familiar order of integers when [(m,n)] is shortened to .
Rearrange the rational numbers below, if needed, so that the elements in the new list are
non-decreasing.

5. Show that Q has no zero divisors, that is ab =0 = a =0 or b = 0 for any a,b € Q. You can
assume that Z has no zero divisors (that is mn =0=m =0 or n = 0 for m,n € Z).
6. Find the limit of the following recursive sequences.
() ant1 =v2+a,, a =0 (b) a1 = ﬁ, ap = 1.

7. Show that the following pairs of sets are in a bijective correspondence. You can assume the
existence of any of the bijective correspondences from the formula sheet.

(a) (3,5)U[8,9) and (7, 00) (b) (3,5]U[0,9) U [7,00) and (—o0, 1]
() Unen—oy(—nsn) and (0,1) (d) Nyenl0,n +1) and R
(e) U,en(—00,—n) and (1,00)

8. Represent the following decimal numbers as quotients of two integer numbers.
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10.

11.

12.

13.

1.

(a) 0.222222 . .. (b) 0.27272727 ... (c) 1.2345454545 . ..

Determine the moduli and the arguments given the following complex numbers in algebraic

forms: —3i, V2 —V2i, —V3+i, —2—i.

Determine the real and imaginary parts of the complex numbers given by their moduli and
arguments: 6 = =F, 7 = 5; 6:5(?,7“—2 Hf’%r 3.
Determine the n-th power of the given complex numbers and given n. Express your answers
in algebraic form. (a) z = —V3+i,n=4 (b) z=—-2—1i,n=06.
Find all solutions of the following equations.
(a) 2°+32=0 (b) 2°—=32=0
(a) The exponential function e is defined by — €* = e*™% = e%e™ = e%(cosy + isiny).
If n is a positive integer, show that (e*)" = e"?.

(b) The complex-valued basic trigonometric functions are defined via exponential function by

1 . . 1 4
sinz = 5(6” —e ) cosz = —(e”* + e %)
0
Verify the identities (i) e = cosz +isinz (ii) sin® z 4+ cos? 2 = 1

Solutions

(a) Reflexivity. We need to show that (k, 1) ~ (k,1) for any nonnegative integers k and [.

(k1) ~ (k,l) < k+1=1+k (by the definition of ~)
& k+1=k+1 (by commutativity of +)

Since k 4+ = k + [ is true, we have that (k,1) ~ (k,[) is also true.
Symmetry. Assume that (k,l) ~ (m,n) for some k,l,m,n € N and show that (m,n) ~
(k,1).

(k,l) ~(m,n) < k+n=I01+m (by the definition of ~)

(
< m+l=n+k (by commutativity of + and symmetry of =)
& (m,n) ~ (k,1) (by the definition of ~)

n)

Transitivity. Assume that (k,1) ~ (m,
(0,p)-

and that (m,n) ~ (o,p) and show that (k,1) ~

(k, 1) ~ (m,n) A (myn)~(o,p) < k+n=10l+m AN m+p=n+o (bythe definition of

=
&S k+p=Il+o
< (k1) ~ (o,p)
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by the definition of

by cancelling n + m)

~)

~)

(
E+n+m+p=Il+m+n+o (byadding the equations)

(
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(b) [(m,n)] 4+ [(0,0)] = [(m + 0,n + 0)] = [(m,n)]. For the other relation, either argue that
it holds by the first one and commutativity, or show directly that [(0,0)] + [(m,n)]+ =
[(0+m,0+n)] = [(m,n)].

(¢) [(m,n)]+[(n,m)] = [(m+n,n+m)] = [(m+n,m+n)] =[(0,0)] where the last relation
holds since (m +n,m +n) ~ (0,0) as m +n + 0 = m + n + 0. The other relation holds
since the first holds and addition is commutative.

(d) Let us consider the case m > n first. In this case, m — n is a natural number and the

relation [(n,m)] = [(0,m —n)] is equivalent with (n,m) ~ (0,m —n) and this last relation
is, by definition of ~ equivalent with n +m —n = m + 0. This last relation is true since
both m + 0 and n + m — n are equal to m.
Let us consider the case m < n now. In this case n — m is a natural number and the
relation [(n, m)] = [(n —m,0)] is equivalent with (n,m) ~ (n —m,0). This last relation is
equivalent with n+0 = m+n —m by the definition of ~ . The relation n+0=m+n—m
is true since both sides are equal to n.

. [(6,3)] can be shortened to 6 —3 = 3, [(1000, 1005)] to 1000 — 1005 = —5, [(6,8)] to 6 —8 = —2,
[(57,56)] to 57 — 56 = 1, and [(56,58)] to 56 — 58 = —2. As —5 < —2 = —2 < 1 < 3, we have
that

[(1000,1005)] < [(6,8)] = [(56,58)] < [(57,56)] < [(6,3)].

. [(m,n)] - [(n,m)] = [(mn,nm)] = [(mn,mn)] = [(1,1)] where the last relation holds since
(mn,mn) ~ (1,1) as mn -1 = mn- 1. Similarly, [(n, m)]-[(m,n)] = [(nm, mn)] = [(nm,nm)] =
[(1, 1)].

. [(5,15)] can be shortened to ;z =
to 2% = -2, and [(—10 20)] -

[(20,—10)]<[(507—100)]=[(—10720)] [(5,15)] < [(15,10)].

(50, —100)] to -356 7; [(15 10)]to 15— 3 [(20,-10)]

1 _
L —
0 _1 As —2<=t==1 1 < 3 we have that

. Let a = [(m,n)] and b = [(k,])] and assume that ab = 0 so that [(mk,nl)] = [(0,1)]. This
implies that mk - 1 = nl -0 so that mk = 0. As Z has no zero divisors, this implies that m =0
or k=0.If m=0, then a =[(0,n)] =[(0,1)] = 0. If £ =0, then b = [(0,1)] = [(0,1)] = 0.

(a) Let a stand for the limit of this sequence in case it exists. Note that then a = lim,,_, a,
and a = lim,,_, a,4+1 as well. To find the value of a let n — oo in the equation a,; =
V2 + a,. The left side converges to a and the right side to /2 + a. So, a can be found from
the equation a =2 +a=d*=2+a=d*—a—-2=0= (a—2)(a+1)=0=>a=2
or a = —1. Since —1 is an extraneous root (it does not satisfy the equation a = /2 + a),
the limit of the sequence is a = 2. Alternatively, you can also argue that starting with
the nonnegative term ay = 0, all the terms of the sequence are nonnegative and so the
solution @ = —1 can be discarded.

(b) Let a stand for the limit of this sequence in case it exists. Note that then a = lim,, _,, ay,

and a = lim,,_, @11 as well. To find the value of a let n — oo in the equation a,41 = 5 jan
The left side converges to a and the right side to ++—. So, a can be found from the equation
a———éaﬂ+@—1éa4wf1—0éa—_HfN0&8ma— “1oV5 & 1,618
Startmg with the positive term ag = 1, all the terms of the sequence are posrmve so the
sequence converges towards the positive value a = #5 ~ 0.618.
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10.

11.

(a) 13,5) U[8,9)[ = [(3,5) +18,9)] = IR| + |R| = |R| and [(7,00)| = [R].
(b) Note that [0,9)U[7,00) = [0, 00) and (3,5] U0, 00) = [0, 00). So, |(3,5]U[0,9)U[7,00)| =
[0,00)| = [R| and |(—o0, 1]| = [R|.
(c) Note that | J,,cn(—n,n) = (—=1,1)U(=2,2)U(=3,3)U... = (—00,00) = R. As [(0,1)| = [R|,
the two sets have the same cardinality.
(d) Npenl0,n+1)=10,1)N[0,2)N[0,3)N...=[0,1). As |[0,1)] = |R], the two sets have the
same cardinality.
(e) Upen(—00,—n) = (—00,0) U (=00, —1) U (=00, —=2) U (=00, =3) U ... = (—00,0). Since
|(—00,0)| = |R| and |(1,00)| = |R|, the two sets have the same cardinality.
(a) 0.222222...=02+0.02+0.002+... = Z+ 2z + s + ... = Yoo , 2 (15)" - Using the
formula - Wlth a=2,r= E and k = 1, we have that the sum is 10 = %.
10
(b) 0.27272727... = 0.27+0.0027 +0.000027 +... = 2L+ 20 4 2T 4 =3~ 27 (; 9)
Using the formula % with a = 27, r = ﬁ and k£ = 1, we have that the sum is 3 =
100
T _
(c) 1.2345454545 . .. = 1.23+0.0045 +0.000045 +0.00000045 +. . . = 1.23+ 1332 T
=123+> 7,45 (100)n Using the formula fL_]; with a = 45, r= s and k = 2, we
have that the sum is 1.23 + 145 1002 = % + 99511500) = 125;??3545 = 192920202 = %-
The complex number —3: is on the negative part of y axis. Hence, § = =*. We have that
r=4/(-3)?2=

The complex number /2 — v/2i is on the y = —z line and in the fourth quadrant. Hence,

§ = =F. We have that r = \/\/52—1-(—\/5)2 =2+ 2V4=2.

The complex number —v/3+ i is in the second quadrant. Hence, § = 7+ tan™" ﬁg =T+4 =
% The modulus is r = (V32 +12=4=2.
The complex number —2 —i is in the third quadrant. Hence, § = m+tan™' = = 7 +tan™' § ~

7+ 0.4636 =~ 3.605. The modulus is r = 1/(=2)2 + (—=1)2 = /5 ~ 2.24.

If = 5, the number is on the negative part of y-axis. Asr =5, (z,y) = (0, —5). Alternatively,
r=>5cos 5 =0 and y = 5sin 5F = —5.

If0 =2 andr =2,z =rcos = 2cos = = 2-#:—\/§andy:rsm9:2sin‘%:Qé:l.
Thus, (r,4) = (—v/3, 1)

If@z%andrzB x—rcos@—Bcos’gﬂ:3-’71:’73andy—rsm9—3sm’32”:
3.7 = 75 Thus, (v,y) = (35, 7).

(a) From problem (1), we have that z = —v/3+i = 2e°™/% Hence, 2* = 24*7/0 = 16107/3! =
16(cos 1% + isin 19%) = 16(5* \/g) = —8 — 8/3i.

(b) From problem (1), we have that z = —2 — i & /53595 Hence, 20 ~ (1/5)0e53605% =
125e12:63% = 125(cos 12.63 + i sin 12.63) = 125(—0.935 + 0.0636) = —116.88 + 7.95i.
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12.

13.

(a)

We need to find all five solutions of z° = 32. Note that 32 corresponds to the complex
number (32,0) which is on the positive side of the x-axis so § = 0. The distance from
(32,0) to the origin is 32 so r = 32. Hence, the five solutions of the characteristic equation
can be found by the formula

0+2km -

/32¢75 " = 25 fork=0,1,...,4.
These five solutions form a regular polygon with five sides on the circle of radius 2 centered
at the origin. !
0i 21/ 0.62+1.90i
k=0= 2= 2621 =2 -1.62+1.18i
k=1= 2z =2e5'=2(cos % +isin2) ~ 4mn/5
0.62 + 1.90¢,
k=2= 2z =27%"=2(cos T +isiniT) ~ 0
—1.62 + 1.18s, 2
k=3= z3=25i= 2(cos & 4 isin &) ~
T 1.62 — 1.184, 1662”{518_
k=4= z;=2¢3"=2(cos % +isin ) ~ eRer el 3 62.1.90i
0.62 — 1.90s. /5 '
(b) 2° = —32 = 32¢™. Hence, 23, = /3275 = 2¢ 1 for | = 0,1,...,4.
E=0= 2z =25 = 2(cos § +isin§) ~ -0.62+1.90i />
1.62 + 1.18q, 1.62+1.18i
k=1= 21:26%i:2(COS—+ZSIH3%)% /5
—0.62 + 1.90¢,
k=2= 2=23%=2¢" =2(cosm+isinm) =
—2,
k=3= 23_226751_2(cos T 4 isin ) & on/5
—0.62 = 1.90: o 1.62-1.18i
k=4= 2z, =2e5"'= 2(cos 2T 4 ¢sin ?) ~ -0.62-1.90i
1.62 — 1.18i. e
(a) (ez) _ ( x+iy)n — (exeiy)n — eMTiny — en(z+1y) en
(b) (i) cosz+isinz = L(e”+e ) +ig (7 —e ) = % (e + e + e — ) = 1 (2e) = €.
(11) sm Z+COS 5 = 41 (eiz_e—iz)Q_i_z_lL( zz+e—zz)2 — T1( 2iz 2_’_6—21’,2)_’_}1(622‘2_’_2_’_6—22‘2) —

% ( 2iz 192 —2iz + e2iz + 924 e—2iz) — i(4) = 1.



