Fundamentals of Calculus
Lia Vas

Review for Exam 3
1. Increasing/decreasing intervals and extreme values. Find the intervals where the func-

tion is increasing and where it is decreasing. Find the relative minimum and the relative
maximum points.

2. Increasing/decreasing intervals, concavity, extreme values and inflection points.
Determine the intervals on which the given function is increasing/decreasing and the intervals
at which it is concave up/down. Determine the relative minimum and maximum values (if any)
and the inflection points.

(a) f(x)=32®+a?— 152 +3 (b) fa) =1+ 2
(€) fla) = Sae™ (A) flx) =tz

3. Analyzing f given f’ and f”. Given the derivatives f’ and f” of the function f, determine
the intervals on which f(z) increases/decreases, the intervals on which the function is concave
up/down and the z-values at which the function has maximum, minimum or inflection points.

(x —8)(x+ 1)
(x+4)

(x +10)(x — 2)
(x+4)2

f(x) = . f(x) = and f(—4) not defined.

4. Analyzing f given the graph of f’. Assume that the graph below is the graph of the

deriwative f'(z) of a function f(z).

(a) Determine the intervals on which f is in- T4
creasing/decreasing and the intervals on
which f is concave up/down.

(b) Determine the extreme values and the in-
flection points of f(x).

w‘{'

05 fo 0.5 1 1.5 2 25 3.5

(c) Determine whether the function f is in- L2
creasing or decreasing and whether it is
concave up or down at xr = —0.2.

(d) Determine whether the function f is increasing or decreasing and whether it is concave
up or down at x = 2.



5. Absolute Extrema.

(a)
(b)

(c)

Find the absolute minimum and maximum of f(z) = 32?4 423 — 3622 + 1 on the interval
1,4,

Assume that the formula C(t) = 2te™4 for 0 < ¢ < 4 computes the concentration C' (in
pg/cm?) of a certain drug present in the body ¢ hours after the drug was administered.
Find the minimal and the maximal concentration during the first four hours the drug is
present in the body.

The percent concentration of a certain medication during the first 20 hours after it has

been administered is approximated by p(t) = tgi?ég:g for 0 < ¢t < 20. Determine the

minimal and maximal concentration during the first 20 hours.

6. Constrained Optimization Problems.

(a)

(b)

In a physics experiment, temperature 7" (in Fahrenheit) and pressure P (in kilo Pascals)
have a constant product of 5000 and the function F' = T? + 50P is being monitored.
Determine the temperature 1" and pressure P that minimize the function F.

A fence must be built in a large field to enclose a rectangular area of 400 square meters.
One side of the area is bounded by existing fence; no fence is needed there. Material for
the fence cost $ 8 per meter for the two ends, and $ 4 per meter for the side opposite the
existing fence. Find the cost for the least expensive fence.

Consider a box with a square base. Find the dimensions of the box with the surface area
96 square inches, such that the volume is as large as possible.

A company wishes to manufacture a box with a volume of 36 cubic feet that is open on
the top and is twice as long as it is wide. Find the dimensions of the box produced from
the minimal amount of the material.

Solutions

1. Increasing/decreasing intervals and extreme values.

()

(b)

The function is increasing on (—1,1) and decreasing on (—oo, —1) and (1, 00). The critical
points are x = 1 and x = —1 and the function has extreme values at +1. At 1, f has a
maximum value f(1) =2 and at —1, f has a minimum value f(—1) = —2.

The function is increasing on (—oo, —3) and (—3,2) and decreasing on (2, c0). The critical
points are x = —3 and x = 2 but since the function is not define at them, there are no
extreme values.

2. Increasing/decreasing intervals, concavity, extreme values and inflection points.

()

f(z) = L3+ 22— 1524+ 3 = f'(x) = 22+ 22 — 15 = (2 +5)(x — 3). Setting the derivative
3

to zero gives you the critical points * = —5 and x = 3. The number line test for f’
f + - + . .

roduces . Hence, f is increasing on (—oo, —5) and (3, c0),

p I e f g on (=0, =5) and (3,)



(b)

(c)

and decreasing on (—5,3). There is a relative minimum of —24 at = 3 and a relative
maximum of % ~61.33 at x = —5.

For concavity, find the second derivative. f(z) = 32® +a? — 152 +3 = f'(z) = 2* + 22 —
15= f'(x) =20+2. f"(x) =2x+2=0= 2r = -2 = x = —1. The number line test
" B +

f N -1 u-
down on (—oco, —1). At & = —1, f” changes sign so (=1, f(—1)) = (=1, %) is an inflection
point.

for f” produces Thus, f is concave up on (—1,00) and f is concave

f(z) = %+ 5 = fl(x) = —z7? 4 % = ;—21 + % = _}g;fg. The critical points are the

solutions of =16 + 22 =0 = 22 = 16 = x = +4 and 162?> = 0 = x = 0. The number line
/ + -

[ -
oo =4 70 /4N
) an

decreasing on (—00,4) and (4,00). There is a maximum of § at # = 4 and a minimum of

test gives you and so f is increasing on (—4,4) and

’71 at v = —4.

For concavity, find f”. f(z) = 1+ & = fl(z) = =22+ 5z = ['(x) = 2273 = & f"
" -

changes the sign at = 0. The number line test for f” produces ]; ﬁ Thus,

f is concave up on (0,00) and f is concave down on (—o0,0). At x = 0, f” changes sign
but f is not defined at x = 0 and so there is no inflection point at x = 0.

f(x) = 3xe* = f/(x) = 3e** +¢e*(2)(3z) = 3e**(1+2z). Since 3¢** = 0 = ** = 0 has no
solutions as the exponential function is positive, the only critical point is when 1+ 2x =0

/ —

and so xr = ’71 The number line test for f’ is / =T + so f is increasing on
N 3 /‘

(5, 00) and decreasing on (—oco, 5). There is a minimum at 5t f(5) = 52 ~ —0.552

is the minimum value.

f(z) = 3e*(142z) = f"(z) = 3e*(2)(1+2x) +2-3e* = 6e** (1 +2z+1) = 6e** (22 +2).
Since 6¢** = 0 has no solutions, f”(z) =0 when 2z +2 =0= 2z = —2 = x = —1. The
f// B +
f U -1 n
is concave down on (—oco, —1). At z = —1, f” changes sign so (—1, f(—1)) = (-1, 3}) =
(—1,—0.406) is the only inflection point.

number line test for f” is . Thus, f is concave up on (—1,00) and f

le—Inz — .
flz) = 11179; = fl(x) = = 1 xg”““ Note that Inz is defined only for > 0, so only

2
X
positive values of = are relevant.

The critical points are solutions of 1 —Inz =0 = lnz =1 = 2 = ¢ and of 2?2 = 0 =

/
x = 0. Since f is not defined at 0, only x = e is relevant. The line test for f’ is /
f
;‘e\‘ and so f is increasing on (0, €), decreasing on (e, 00), and it has a maximum
of fle) =1 ~037atz =e.
le nx
For concavity, find the second derivative. f(z) = 22 = f'(z) = = 121 = Lz o
f,,( ) . ——z 7?;(1 Inx) — —z— 21‘—!4—2z1n1‘ _ 2= 3+21nx) _ —3—;%)1n$ The second derlvatlve
changes sign when —3 + 2lnz = 0 and 23 = 0. The first equation gives you Inz = = :>
z = €*? and the second gives you z = 0. As Inz is not defined at 0, only €*? is relevant



" -
The number line test for f” is ];_. W%. Thus, f is concave up on (€32, 00) and
concave down for (0,e?2). Since f” changes the sign at ¢%/2, (e%/2, f(e%?)) ~ (4.48,0.33)
is an inflection point.

3. The critical points of f are x = 8, x = —1 and x = —4. Considering the number line for f’,
I - + - +
oo =4 740 -1 N 8 77
(—4,—1), and that f is decreasing on (—oo,—4) and (—1,8). By the First Derivative Test,
there is a maximum at x = —1 and a minimum at x = 8. The function is not defined at —4 so
there is no extreme value at —4.

obtain Conclude that f is increasing on (8, 00) and

The critical points of f" are x = 2,2 = —4, and x = —10. Considering the number line for f”,
O+ - + .
obtain f 0 -0 A =1 1 3 U and conclude that f is concave up on (2,00) and

(—00,—10) and that f is concave down on (—10,—4) and (—4,2). Thus, there are inflection
points at * = 2 and z = —10. As f(—4) is not defined, there is no inflection point at x = —4.

4. (a) From the graph, conclude that the critical points of f are 0 and 3. For increasing/decreasing
intervals, look where f’ is positive/negative. According to the graph, the number line test for
A + +
sy N0 A3/
For concavity, use the graph to conclude that the critical points of f’ are 1 and 3. Recall that f
is concave up exactly when f” > 0 and that happens exactly when f’ is increasing. Analogously,
f is concave down exactly on the intervals on which f” is decreasing. So, use the graph to see
o N\ /!
where f’ is increasing/decreasing. Conclude the following. f"”  + - + . Hence,
f U 1 n 3 U
f is concave up on (—o0, 1) and on (3,00) and f is concave down on (1,3).

. So, f is increasing on (0, 00) and decreasing on (—oo, 0).

(b) Since f’ changes sign just at 0, there is an extreme value just at z = 0. As f’ changes from
negative to positive at 0, so there is a minimum at 0.

There are two inflection points, at 1 and at 3.

(c) Using the first number line and the fact that —0.2 is smaller than 0, conclude that f’ is
negative at —0.2. So, f is decreasing at x = —0.2. Using the second number line and the
fact that —0.2 is smaller than 1, conclude that f” is positive at —0.2. So, f is concave up at

z = —0.2.

(d) Using the first number line and the fact
that 2 is in the interval (0, 3), conclude that f’
is positive at x = 2. Thus, f is increasing at
x = 2. Using the second number line and the
fact that 2 is in the interval (1,3), conclude
that f” is negative at x = 2. So, f is concave
down at x = 2.

A graph of one possible function f with the
given derivative f’ is given on the right.




5. Absolute Extrema.

(a)

(c) p(t) — 230t p’(t) _ 230(t24-6t+9)—(2t4+6)230t _ 230(t>4-6t+9—2t2—6t)

Find derivative f'(z) = 1223 + 122 — 722 = 12x(z* + © — 6) = 122(x — 2)(z + 3). Thus
the critical values are 0, 2 and —3. Note that —3 is not in the interval [—1,4], so it is
not relevant for this problem. Evaluate the function at the critical points 0 and 2 and

o : f(0)y=1 f(2)=—-63 .
at the endpoints —1 and 4. Obtain that F(=1) = —36 F(4) = 449 As 449 is the

largest of these four values, (4, 449) is the absolute maximum and, as —63 is the smallest,
(2,—63) is the absolute minimum.

Use the product rule for the derivative C'(t) = 24 +e~4(—.4)2t = 2¢—4 (1 — .4t) . Find
the critical points by setting the derivative to zero and solving for t. 2¢=4 (1 — .4t) = 0 =
2 =00orl—4t=0=e*"=0o0rl=.4t= nosol. ort=-=L=23=25 Note that
e~4 = ( has no solutions since the exponential function is always positive (alternatively
e~ % =0« —.4t = In0 which is not defined). Hence ¢ = 2.5 is the only critical point.

Plug the critical point 2.5 and the endpoints 0 and 4 into the function C(t). As C(2.5) =
1.84, C(0) = 0, and C(4) = 1.615, we conclude that the minimal concentration is 0
pg/cm? and it is reached at the very beginning, zero hours after the drug is administered.
The maximal concentration is 1.84 pg/cm? and it is reached 2.5 hours after the drug is
administered.

_230(9—t%)

230(3—)(3+1) _

T 24649
230(3—t)
(t+3)3
relevant. Plug the critical point 3 and the endpoints 0 and 20 into the function p(t) and

have p(3) = %5 ~ 19.17, p(0) = 0, and p(20) = % ~ 8.696. Conclude that 0 % is the

minimal and 19.17 % is the maximal percent concentration.

(t2+6t+9)2 (t2+6t+9)2 — (#24+6t+9)2 T (t+3)%
. Thus the critical points are £3. Since only 3 is in the interval [0, 20], only 3 is

6. Constrained Optimization Problems.

(a)

The objective is F' = T?+50P and the constraint is P71 = 5000. Solving for P for example,
we have that P = 50Tﬁ and so F = T2 + %. Then F' = 2T — 25%%00 = 2T3_7?250000. The
critical points are the solutions of 27 — 250000 = 0 = 27 = 250000 = 1% = 125000 =
T =50 and T? = 0 = T = 0. Use the First or the Second Derivative Test. With the
latter, F” = 2 + 298% and F"(50) = 2+4 = 6 > 0, so there is a minimum at 7' = 50.
F' is not defined at 0, so there is no extreme value at 0. When T = 50, P = % = 100.
Thus, the pressure of 100 kPa and the temperature of 50 degrees Fahrenheit minimize the

function F'.

Using z for the length of the side opposite to the existing fence and y for the other side,
the objective, the cost function, is C' = 4z + 8 - 2y = 4 + 16y. The constraint is xy = 400.
Solving for y, for example, you obtain that y = 42—0 so that C' = 4x + 164% =4x + Giﬂ.

Thus, ¢/ =4 — 6;*% = w. The critical points are the solutions of 422 — 6400 = 0 =
2?2 = 1600 = x = £40 and 2°> = 0 = 2 = 0. Thus, the only relevant critical point is
x = 40. To check that there is a minimum at = = 40, use the First or the Second Derivative

Test. Using the latter, C”(z) = 232 and so C”(40) = 2250 = 0.2 > 0. Hence there is a
minimum at x = 40. When x = 40, y = % = 10. Hence, 40 and 10 are dimensions that

minimize the cost which becomes $ 320 in that case.

The objective is the volume V' = z2y. The constraint is the surface area being 96 in?. Hence,
202 + 4oy = 96 = 2% + 2xy = 48. Solving the constraint for y produces 2zy = 48 — 2% =

5



y = 2% The volume becomes V = 2?2 = 1y(48 — 2?) = L(48z — 2?). Hence,
V' = £(48—32?) and the critical points are 48—3z% = 0 = 48 = 32 = 16 = 2 = z = +4.
Since negative values are not relevant, x = 4 is the only feasible critical point. To check
that there is a minimum at x = 4, use the First or the Second Derivative Test. Using the

latter, V”(z) = $(—6x) = —3z so V"(4) = —12 < 0. Hence, the volume is maximal when

48—42 _ 32

x = 4 in which case y = s — 8 & 4. Thus, the box with the maximal volume is a

cube with the side of 4 inches.

Using x for the length of the shorter side of the base and y for the height, the dimensions of
the box are z, 2z and y. The objective is the surface area function S = 222+ 2xy + 4zy =
222 + 6zy. The constraint is the volume being 36, so 222y = 36. Solve for y to get y = g

and substitute into the objective S = 2x2 4 6:1:1 =272 + 108 As §' = 4&: 1028 = 45’3;&,
the critical points are x = 0 and 42% — 108 = 0 = 42% = 108 = 23 = — 97 = 1 — 3.
To check that there is a minimum at x = 3, use the First or the Second Derivative Test.
Using the latter S"=4+2% and §”(3) =4+ %% =12 > 0, so 2 = 3 minimizes S. When
r=3,y = 32 = 2. So, 3, 6 and 2 feet are the dlmensmns that minimize the amount of

the material for the box.



