Fundamentals of Calculus

Lia Vas

Review for the Final Exam

1. Integrals. Evaluate the following integrals.

(a) J(vVT = 33) de

Find a function f(x) which has the derivative f'(z) = \/% and satisfies the condition
£(0) =3,

2. Area. Determine the following areas.

(a)
(b)

Area between f(z) = 2* — 2z and x-axis for 1 < z < 3.

Area between f(z) = 2y/x — 4 and x-axis for 0 < z < 9.

3. Applications of integrals.

(a)

From past records, a botanist knows that a certain species of tree has a rate of growth
that can be modeled by f(t) = %, 1 <t <4, where t is the age of the tree in years and
f(t) is the growth rate in feet per year. Determine how much did the tree grow from the
time when it was a year old to the time it was four years old.

Suppose that the velocity of an object is given by the function v(t) = ﬁ where ¢ is the

time in seconds and v is the velocity in feet per second. Determine the distance traveled
between 3 and 5 seconds.

The rate of change in the U.S. population can be modeled by g(z) = 1.03e%13 0 < ¢ < 100
where t represents the number of years since 1900 and ¢ represents the rate of change
in population measured in millions per year. Determine the total increase in the U.S.
population from 1900 to 1950.

Breathing is cyclic and a full respiratory cycle takes about 5 seconds. The function
= =sin = in liters per second has been used to model the rate of air flow into the
t) = 5sin 22 in lit d has b d to model the rate of air flow into th

lungs at time t. Determine the volume of inhaled air in the lungs in one respiratory cycle.



4. Limits. Evaluate the following limits.

-1 —1
(a) lim ——— = m o
a—=1 12 — 31 + 2

—r—1 r<—1
(e) Let f(z) =4 1—x —1 <z <1 Evaluate the following:

ve—1 r>1

lim f(z) lim f(z) lim f(x) f(=1) lim f(z) lim f(z)

r——1— rz——1+ rz——1 z—1 z—0
(f) im0 372 —5 (g) lim, yo- 3¥2 =5 (h) lim, ,o+ 352 — 5
(i) Brine that contains the solution of water and salt is pumped into a water tank. The

concentration of salt is increasing according to the formula C(t) = 1056t+t grams per liter.
Determine the concentration of salt after a substantial amount of time.

5. Continuity and differentiability. Discuss the continuity and differentiability of the following
functions at every point.

(a) The function given by the graph on the left. (b) The function given by the graph on
the right.

6. Finding derivative. Find the derivative of the given function.

(a) y=x e (b) 2° + 2y* =6 (c) y = x? cos(z?)
(d) Yy = 26134»2175 (e) x3 + 12xy — yS (f) y = (61‘2 + 5>10
(8) y =1In(5z — 2?) (h) y = 3/3‘;37_7 (i) ze¥ + 2% = 32

7. Tangent line. Find an equation of the line tangent to the graph of the given equation at the
indicated point.

(a) zlny =223 — 2y, (1,1). (b) y =In(2x —1), x=1. (c) 2 +y*=¢¥, (1,0).

8. Derivative applications.



(a) A company determines that its cost function is C(x) = 1000 + 35z — .01z%, 0 < z < 300,
where z is the number of items produced and C(z) is the cost of producing = items in
dollars. (i) Determine the average rate of change in cost when z is changing from 100 to
150. (ii) Determine the rate of change in cost when producing 200 units.

(b) The concentration of pollutants (in grams per liter) in a river is approximated by C'(z) =
.04e~** where z is the number of miles downstream from a place where the measurements
are taken. (i) Determine the initial pollution and the pollution 2 miles downstream. (ii)
Determine how much the concentration changes on average within the first two miles. (iii)
Determine how fast the concentration changes 2 miles downstream.

9. Related rates.

10.

11.

12.

(a) Water leaking onto a floor creates a circular puddle with an area that increases at the rate
of 3 square centimeters per minute. Determine how fast the radius of the puddle increases
when the radius is 10 cm. Recall that the formula for the area of a circle is A = r?7.

(b) Assume that the number of bass in the pond is related to the level of polychlorinated
biphenyls (PCBs, a group of industrial chemicals used in plasticizers, fire retardants and
other materials) in the pond. The bass population is modeled by y = % where x
represents the PCB level in parts per million (ppm) and y represents the number of bass
in the pond. If the level of PCBs is increasing at the rate of 40 ppm per year, find the

rate at which is the number of bass changing when there are 100 bass in the pond.

(c¢) In a physics experiment, the temperature 7' (in degrees Fahrenheit) and pressure P (in
kilo Pascals) are related by P* = 4007% and both T and P depend on time ¢ in seconds.
If the temperature is increasing by 0.2 degrees per second, find the rate of increase of
pressure at the time when the temperature is 50 degrees Fahrenheit.

Increasing/decreasing intervals, concavity, extreme values and inflection points.
Determine the intervals on which the given function is increasing/decreasing and the intervals
at which it is concave up/down. Determine the relative minimum and maximum values (if any)
and the inflection points.

(a) f(z) =32 +2® — 152 +3 (b) f(z) = 3ze*®

Analyzing f given f’ and f”. Given the derivatives f’ and f” of the function f, determine
the intervals on which f(z) increases/decreases, the intervals on which the function is concave
up/down and the z-values at which the function has maximum, minimum or inflection points.

(- 8)(x + 1) (z + 10)(z — 2)

f/(ZE) _ (x " 4) , f”(l’) — (m n 4)2 and f(—4) not defined.
Analyzing f given the graph of f’. As-
sume that the graph below is the graph of the
derivative f'(z) of a function f(x).
(a) Determine the intervals on which f is in- S/ S
creasing/decreasing and the intervals on ‘ ' ' ' '
which f is concave up/down. 12




(b) Determine the extreme values and the inflection points of f(z).

(c¢) Determine whether the function f is increasing or decreasing and whether it is concave
up or down at x = —0.2.

(d) Determine whether the function f is increasing or decreasing and whether it is concave
up or down at x = 2.

13. Absolute extrema and constrained optimization problems.

(a) Find the absolute minimum and maximum of the given function on the indicated interval.
f(x) =32* + 42 — 362° +1, [~1,4]

(b) Assume that the formula C(t) = 2te=* for 0 < ¢ < 4 computes the concentration C' (in
pg/cm?) of a certain drug present in the body ¢ hours after the drug was administered.
Determine the minimal and the maximal concentration during the first four hours the
drug is present in the body.

(c) In a physics experiment, temperature 7' (in Fahrenheit) and pressure P (in kilo Pascals)
have a constant product of 5000 and the function F' = T2 + 50P is being monitored.
Determine the temperature 1" and pressure P that minimize the function F.

(d) A fence must be built in a large field to enclose a rectangular area of 400 square meters.
One side of the area is bounded by existing fence; no fence is needed there. Material for
the fence cost $ 8 per meter for the two ends, and $ 4 per meter for the side opposite the
existing fence. Determine the cost for the least expensive fence.

Solutions

More detailed solutions of the problems can be found on the class handouts.

1. Integrals.
(a) [(z'/? —dz72) de= 2232+ 2 4 ¢
(b) @"’_3%/5 = 123/24-3271/3 Integrate each term and obtain 1 fx3/2dm+3fa: 3gp = 1 7+ 23/2H1
2

Sfﬂm_l/?’ﬂ +c= %m5/2+%a:2/3+cor %\/x —I—%\/ZL‘ +c.
3

(c) u-3x+5z>du-3dx:>dx—— [(3z +5)8 d:c—fuﬁd“—%fufidu:
(Sx+5) ek (3r+5)7 +

u’ _ u’ _
7+C—21+C—

o=

1/2

(d) u= a3 —5:>du:3$2dx:>d$—3x2 f\/idx—f\;?)ﬂ:%fu_l/Qdu:%”“i/Z—i—c:
M—i—c:Lfcd_g’—i—cor%x/ac?’— 5+c.

() u=2%+3= du = 2zdx = do = 2. mdx:f%%:%fu”du:%%lu_l—l-c:

Z—i_c_ (x2+3)+c
(f) [ de=[(% — H)de=[(1 —z7Hde=In|z| - o' +c=Inlz|+ 1 +c

(g) u:3x2+1:>du:6:vdx:>6 =dzx. 2 [ ze" d“—6fe“du— e“+c:%63”"2+1+0.

4



(h) u=3z+5=du=3dr =% =dz. (1 =1 Lgy=1Injul+c=2In|3z+5+c

(i) u=3z+1=>du=3dz = % =dr. [cosu D =1[cosudu=}sinu+c=3sin(3z+1)+ec.

(i) ulz 22 2ialu: 20dr = & = dx. [asinu & = [sinu % = I [sinu du = 3(—cosu) + ¢ =
5 cosx” +c.
k) f(x) = [f'(x) dm—f\/%cm Use u = 4z + 1 = du = 4dz = dz = %, mdmz

10 fu—t/2de = W a2 o= 5ul/2 e = 5y/Az + 1+c. With f(0) =3,3 =50+ 1+c=5+c =
3=5+4c=c=—2. Thus, f(z) =54z +1)Y/2 =2 or 54z + 1 — 2.
2. Area.

(a) f(x) =22 —2x =0= z(xz —2) =0 = 2 = 0,7 = 2. The relevant zero is 2 since 0 is not in

[1,3]. From the graph, you can see that f(z) is negative on [1, 2) and positive on (2, 3]. Thus,
2
A=A+ Ay for Ay = — [} f(z)dz and Ay = [} f(z)dx. Ay = — [{(2?—2z)dx = (—% +a:2)‘1 =
, 3

S+ -1=2=067 A= [[@?—22)de = (5 -2} =9-9-F+4=4=133
A:A1+A2:%+§:2

(b) f(z) =2y/x—4=0= 2z =4 = \/xr =2 = z = 4. From the graph, you can see that
f(z) is negative on [0, 4) and positive on (4, 9]. Thus, A = A; + Ay for A} = — f04 f(z)dz and
Ay = f49 f(z)dx. Obtain Ay = 13—6 ~ 5.33 and Ay = 16 ~ 5.33 sothat A = A1 + Ay = 32 ~ 10.67.

3. Applications of integrals.

(a) The total growth can be found by integrating the growth rate from 1 to 4. fl 2 dt 2t11//22

4
4\/5‘1 =8 — 4 = 4 feet.

(b) If s(t) denotes the position, the problem is asking for s(5) — s(3) = f35v(t)dt. Using the sub-
stitution with u = ¢ + 9 ﬁnd the antiderivative of the velocity function to be v/t2 + 9. Thus

s(5) — 5(3) = VB + ‘ — VI8 ~ 1.588 ft.

(c) The total increase in the number of people from ¢ = 0 to ¢ = 5— can be found as f050 1.03e%-013t ¢,
Use the substitution u = 0.013¢ to find the antiderivative and get

50
10353013 " = L (001300 — 1) & 70.23(0.916) = 72.54 millions.

(d) Graph the function to note that the inhaling occurs in the first 2.5 seconds of the cycle and ex-

Lgin %dt.

haling in the second 2.5 seconds. Thus, the volume of inhaled air can be found as f05/ 2 2

Using the substitution u = 22¢, you obtain 1 52 cos 22t 8/2 = 2(-1—-1) =2 ~0.796 liters.
4. Limits. (a) —1 (b) 0 (c) —o0 (d) 0 (e) 0,2, doesn’t exist, 2,0, 1. (f) -4
g) and (h) -5 1) limy oo 2k = limy 00 5t —5 grams per liter.
100+t

5. Continuity and differentiability. (a) f(z) is differentiable at every point different from —2,0 and 1.
At © = —2 and x = 0 the function has a break and a hole so it is not continuous and hence not
differentiable. At x = 1 the function is not differentiable since there is a corner in the graph but it is
continuous.

(b) The function is differentiable at every point different from —1 and 1. At z = —1 there is a break so
the function is not differentiable since it is not continuous. At z = 1 the function is not differentiable
since there is a corner in the graph but it is continuous.

6. Derivative.



y/ — eSz 4 3xe3z'

Implicit differentiation. 2z + y* + 4zy®y =0 = daydy’ = 22—y = o/ = 7?@;394

y' = 2z cos 2 — 2a3 sin 22

y =2 2075 (342 4 2) = 2(3a2 + 2)e¥ T25

Implicit differentiation. 3 + 122y = y3 = 322 + 12y + 1229 = 3%y = 322 + 12y = 35y —
122y = 322 + 12y = (3y? — 122)y = ¢/ = g;ztgg = ggzifizg = Zifi‘g

y' = 10(6x2 + 5)?(12z) = 120z(622 + 5)°.

y = 5wim2' (5 —2x) = 55;_252

_ 3 _ m—1/3 I _ =1(q.3 __ =m\—4/3/0..2) — —9z2 _ _ —3a?
y=(3z>—-7) =y 3 (32° = 7) (92°) EY (e Ry T
Implicit differentiation. we¥ +2% = 3% = 1-e¥+e¥%y -2+ 20 =2y -y = eV +22 = 2yy —xy'e? =
eV +2x =2y —ze¥)y ¢ = eVt

2y—xeY

7. Tangent line.

(a) zlny = 223 —2y = lny+%-y’-x =622 -2y = 2y’+§y’ =622 —Iny = (2+§)y’ =622 —Iny =

Yy = G:E;J:lgny. At point (1,1), ¢/ = % =2s0y—1=2(x—-1)=y=2z—1.
Y

(b) ¥ = 525 -2 = 52<. When z = 1, the slope is y/(1) = 2(12ﬁ = 2. Since f(1) =In(2(1) — 1) =

In1 =0, the tangent lineisy —0=2(z — 1) = y = 2z — 2.

(c) 22 +9y?> =¥V =20+ 2y -y =e¥y = 22 =¥y —2yy’ = 2z = (¥ — 2y = v = 25-. At

ey —2y-°
point (1,0), the derivative is y' = %_0 = 2. The tangent lineis y —0=2(z — 1) = y = 2z — 2.

8. Derivative applications.

(a)

(i) When production changes from 100 to 150 items produced, the cost increased at an average

rate of 0(1155%)__1%5)100 = 6025554400 =32.5 dollars per item produced. (i) C'(z) = 35— 0.02z. When

producing 200 items, the cost is increasing at a rate of C’(200) = 35 — 0.002(200) = 31 dollars
per item produced.

(i) C(0) = .04 and C(2) = 1.3 - 1075 grams per liter (i) &= ~ _ 01999 ~ —.02. Thus
the concentration is decreasing on average by .02 grams per liter per mile during the first two
miles. (iii) C'(x) = .04e=4%(—4) = —.16e~** = (’(2) = —5.37 - 107, thus the concentration is

decreasing by .0000537 grams per liter per mile 2 miles downstream.

9. Related rates.

(a)

(b)

A=rir= % = 271'7‘%. As % = 3 cm?/min and r = 10 cm, 3 = 277(10)37; - % — 27r€)10) ~
0.048 cm/min.
- d - —250042
y= 1% =2500(1+2)7" = G =-2500(1+2)72G = ¥ As y = 100, 100 = T2 =
—925004

100(1 +2x) =2500 = 2+ 1 =25 =2z =24. As % = 40 ppm/ year, % _ (ﬁof)%t _ —(2153519) _
7420500 = —160 bass per year. Thus, the number of bass is decreasing by 160 each year.

P3 = 40077 = 3P2 - 4f = 400 - 2T - 4F = 3P - 4 =800 - T - 4F. As T = 50,P® = 400(50)* =

P3 = 1000000 = P = 100. Since %I = 0.2, 3(100)24F = 800 - 50 - 0.2 = 300004 = 8000 =
% = % = 3% ~ 0.267 kPa per second.



10.

11.

12.

Increasing/decreasing intervals, concavity, extreme values and inflection points.

(a) f(z) = 32%+ 2% — 152+ 3 = f'(z) = 2? + 22 — 15 = (z + 5)(z — 3). The critical points are
f+ - +
o =5 N3

(=00, —5) and (3,00), and decreasing on (—5,3). There is a relative minimum of —24 at =z = 3

x = —5 and z = 3. The sign of f’ is

Hence, f is increasing on

and a relative maximum of 1%5)4 ~ 61.33 at x = —5.

fllx) =2 +22—15 = f"(z) =22 +2. f'(z) =22 +2=0= 20 = -2 = x = —1. The
1" B

number line test for f” produces J;, ﬁ Thus, f is concave up on (—1,00) and

f is concave down on (—oo,—1). At = —1, f” changes sign so (-1, f(—1)) = (—-1,%) is an

inflection point.

(b) f(z) = 3ze®® = f'(x) = 3e®* + €2¥(2)(3z) = 3e**(1 + 2z). Since 3e2* = 0 = €?* = 0 has no
solutions as the exponential function is positive, the only critical point is when 1 + 2z = 0 and
!

SO r = %1 The number line test for f’ is Y 7—,17—F so f is increasing on (%,oo)
o~ = 7
and decreasing on (—oo, _71) There is a minimum at _71 f(_?l) = 5—3 ~ —0.552 is the minimum

value.

fl(x) = 3e*(1 + 22) = f"(x) = 3e**(2)(1 + 22) + 2 - 3e*® = 6e2*(1 + 2z + 1) = 6e>*(2z + 2).
Since 6e2* = 0 has no solutions, f”(z) = 0 when 22 +2 =0 = 2z = —2 = = —1. The number
f// - +
f U -1 n
on (—oo,—1). At z = —1, f” changes sign so (—1, f(—1)) = (=1, =) ~ (—1,—0.406) is the only
inflection point.

line test for f” is . Thus, f is concave up on (—1,00) and f is concave down

. . ! - + - + - .

The sign of f’ is / . So, f is increasing on (8,00) and (—4, —1),

and f is decreasing on (—oo, —4) and (—1,8). There is a maximum at x = —1 and a minimum at
"

x = 8. The function is not defined at —4 so there is no extreme value at —4. The sign of f” is J}

+ - - +

u =10 Nn -4 nNn 2 U
on (—10,—4) and (—4, 2). There are inflection points at x = 2 and x = —10. As f(—4) is not defined,
there is no inflection point at z = —4.

. So, f is concave up on (2,00) and (—oo, —10) and f is concave down

(a) From the graph, conclude that the critical points of f are 0 and 3. For increasing/decreasing
intervals, look where f’ is positive/negative. According to the graph, the number line test for f’ is
- + +
foox 0 ~ 3 7
For concavity, use the graph to conclude that the critical points of f’ are 1 and 3. Recall that f is
concave up exactly when f” > 0 and that happens exactly when f’ is increasing. Analogously, f is
concave down exactly on the intervals on which f’ is decreasing. So, use the graph to see where f is
o N\ e
increasing/decreasing. Conclude the following. f”  + - + . Hence, f is concave up
f U 1 n 3 U
on (—o0,1) and on (3,00) and f is concave down on (1,3).

. So, f is increasing on (0, 00) and decreasing on (—oc0,0).

(b) Since f’ changes sign just at 0, there is an extreme value just at z = 0. As f’ changes from
negative to positive at 0, so there is a minimum at 0.



There are two inflection points, at 1 and at 3.

(¢) Using the first number line and the fact that —0.2 is smaller than 0, conclude that f’ is negative at
—0.2. So, f is decreasing at x = —0.2. Using the second number line and the fact that —0.2 is smaller
than 1, conclude that f” is positive at —0.2. So, f is concave up at z = —0.2.

(d) Using the first number line and the fact that 2 is in the interval (0, 3), conclude that f’ is positive
at x = 2. Thus, f is increasing at © = 2. Using the second number line and the fact that 2 is in the
interval (1,3), conclude that f” is negative at x = 2. So, f is concave down at = = 2.

13. Absolute Extrema and Optimization Problems.

(a)

f'(x) = 1223 + 1222 — 722 = 122(2% + 2 — 6) = 12z(z — 2)(x + 3). Thus the critical values are
0, 2 and —3. Note that —3 is not in the interval [—1,4], so it is not relevant for this problem.
Evaluate the function at the critical points 0 and 2 and at the endpoints —1 and 4. As f(0) = 1,
f(2) = =63, f(—1) = —36, and f(4) = 449, (4, 449) is the absolute maximum and (2, —63) is
the absolute minimum.

Use the product rule for the derivative C'(t) = 2e~4 + e~ 4 (—.4)2t = 2~ (1 — .4t). Find
the critical points by setting the derivative to zero and solving for ¢t. 2e~4 (1 — .4t) = 0 =
27 = 0orl— 4t =0 = e =00rl =4t = nosol. ort =L = 2 = 25 Note
that e~4 = 0 has no solutions since the exponential function is always positive (alternatively
e~ =0 < —.4t = In 0 which is not defined). Hence ¢t = 2.5 is the only critical point.

Plug the critical point 2.5 and the endpoints 0 and 4 into the function C(t). As C'(2.5) = 1.84,
C(0) = 0, and C(4) = 1.615, the minimal concentration is 0 pg/cm? and it is reached at the
very beginning, zero hours after the drug is administered. The maximal concentration is 1.84
pg/cm? and it is reached 2.5 hours after the drug is administered.

The objective is F = T? + 50P and the constraint is PT = 5000. Solving for P for example, we
have that P = % and so F' = T? + %. Then F' = 2T — 25%(300 = 2T3—73250000. The critical
points are the solutions of 273 — 250000 = 0 = 27 = 250000 = T2 = 125000 = T = 50 and
T? =0 =T = 0. Use the First or the Second Derivative Test. With the latter, F” =2 + %
and F”(50) = 2+ 4 = 6 > 0, so there is a minimum at 7" = 50. F is not defined at 0, so there
is no extreme value at 0. When T' = 50, P = % = 100. Thus, the pressure of 100 kPa and the
temperature of 50 degrees Fahrenheit minimize F'.

Using = for the length of the side opposite to the existing fence and y for the other side, the
objective, the cost function, is C' = 42+ 8- 2y = 4x + 16y. The constraint is zy = 400. Solving for
y, for example, you obtain that y = 2% so that C' = 4x+16% = 4:c+6tﬁ. Thus, C' = 4— Gi# =

xX
“tﬂ. The critical points are the solutions of 422 — 6400 = 0 = 2 = 1600 = = = +40 and
2?2 = 0 = x = 0. Thus, the only relevant critical point is 2 = 40. To check that there is a minimum
at © = 40, use the First or the Second Derivative Test. Using the latter, C"(x) = 125300 and so
C"(40) = 1250 = 0.2 > 0. Hence there is a minimum at = 40. When z = 40, y = 40 = 10.
Hence, 40 and 10 are dimensions that minimize the cost which becomes $ 320 in that case.




