Differential Equations
Lia Vas

Second and higher order differential equations.
Homogeneous equations with constant coefficients

A second order differential equation is linear if it can be written in the form

a(z)y” +b(x)y + c(x)y = g(x).

The general solution of such equation will depend on two constants. An initial-value problem for
the second order equation consists of finding the solution of the second order differential equation
that satisfies the conditions

y(zo) = yo and y' (o) = y1.

A boundary-value problem for the second order equation consists of finding the solution of
the second order differential equation that satisfies the conditions

y(x0) = yo and y(z1) = 1.

Homogeneous equations with constant coefficients. A linear differential equation is called
homogeneous if g(z) = 0. To find the general solution of such differential equation, it is sufficient to
find two solution y; (x) and y, () which are not constant multiple of one another (linearly independent
solutions). Such two solutions are said to be fundamental solutions. Then, the general solution
has the form

y(z) = c1yi () + oy ().

If a homogeneous equation has constant coefficients (that is if a,b and ¢ are constants,) then
the function of the form y = €™ is a solution iff r is a solution of the characteristic equation

ar? +br +c¢ = 0.

This is indeed so since plugging the function y = €¢® and its derivatives ¢’ = re™ and y” = r2e™ into
the equation ay” + by’ + cy = 0 produces ar?e™ +bre"™ + ce™ = 0 = (ar? +br +c)e™ = 0. Note that
this last relation holds if and only if 7 is a solution of the characteristic equation ar? + br + ¢ = 0.

The equation ar? + br + ¢ = 0 has either two real solutions r; and ry, single real solution r; = rs,
or a pair of complex solutions p &= ig. These cases correspond exactly to the the discriminant v — 4ac
being either positive, zero, or negative. Let us consider the impact of the three cases to the solution
of the original, differential equation ay” + by’ + cy = 0.

Case 1 If the characteristic equation has two real and distinct roots r; and 7o, then ¢™* and e™* are
two fundamental solutions and the general solution is y = c1e™* + c9e"”.

Case 2 If the characteristic equation has one real root 1 = ry, then €% and xe™* are two fundamental
solutions and the general solution is y = c1e™* + coxe””.

Case 3 If the characteristic equation has two complex roots p 4 iq, then eP” cos qr and eP* sin qx are
two fundamental solutions and the general solution is y = ¢1eP* cos qx + coeP” sin qu.



Practice Problems.

a) Solve the following differential equations.

7.

AN

y' =6y +8y =0
y' —y —6y=0
y' =2y +y=0
y' =4y +4y =0
y' =2y +2y=0
y'+4y =0

y' =2y +5y=0

b) Solve the following initial-value problems.

1.
2.
3.

y'— 6y +8y =0, y(0)=0, v (0)=2
y' =2y +y=0, y0)=2, y(0)=3
y' +4y =0, y(0)=2, y(0)=2

c¢) Solve the following boundary-value problems.

1.y — 6y +8y=0 y(0) =0, y(1) =e?

2.9" =2 +y=0, y(0)=2, y(1)=0

3.y +4y =0, y(0)=3, y(n/4) = -2

Solutions.
a) 1. The characteristic equation is 7> —6r +8 =0= (r —4)(r —2) = 0= r =4,r = 2. Thus

y1 = e*® and y, = €2* so the general solution is y = c1e** + coe?*.

2. The characteristic equation is 7> —r —6 =0 = r = 3,7 = —2. Thus y = ¢;3* + cpe %*.

3. The characteristic equation is 7> — 2r +1 = 0 = r = 1 is a double zero. Hence y; = €®
and yo = xe” and the general solution is y = c;e” 4 coxe”.

4. r = 2 is a double zero of the characteristic equation and so y = c;e** + cyze®®.

5. The characteristic equation is 72 —2r +2 = 0 = r = 2iV24_8 = 2i22¢ = 1 + 7. Hence

y1 = e“cosx and Yy, = €’ sinx and the general solution is y = c;e” cos x + coe” sin x.

The characteristic equation is 72 +4 = 0 = r? = —4 = r = 42i. Hence y = ¢; cos 2z +
Co Sin 2x.

. The characteristic equation is 4/ — 2y’ +5y =0 = 12 —2r +5 =0 = r = 216 V2_16 =142

Hence y; = e¥cos2x and y, = e”sin2z so the general solution is y = c¢ie®cos2x +
coe” sin 2x.

. Note that the general solution is y = c;e*® + c2e?® so that ¢/ = 4cie*® 4 2c9€%*. From the

first condition ¢; 4+ ¢ = 0. From the second 4¢; 4+ 2¢o = 2. Solving this system of equations
produces ¢; = and ¢, = Hence y = e** — %%,



2. The general solution is y = ¢1€® + coxe® so that y' = cie® + cpe® + cpxe®. Using the initial
conditions produces y = 2e” 4 xe”.

3. The general solution is y = ¢; cos 2z + ¢ sin 2x so that y' = —2¢; sin 2z + 2¢, cos 2x. Using
the initial conditions produces y = 2 cos(2x) + sin(2x).

c) 1. The general solution is y = c;e*® + c;e**. From the first boundary condition ¢; + ¢ = 0.
From the second cie* + cpe? = €2. Thus ¢y = —c; and e —cie? =e? = e —c;=1=

1 _ 1 1 o dr 1%
= g0~ a3Y= a2:5¢ 216 -

2. The general solution is y = c1e” + coxe®. Using the boundary conditions produces y =
2e* — 2xe”

3. The general solution is y = ¢; cos 2x + ¢, sin 2x. Using the boundary conditions produces
y = 3cos(2x) — 2sin(2z)

Higher Order Linear Differential Equations

The method of solving homogeneous differential equations of second order generalizes for solving
homogeneous differential equations of higher order with constant coefficients.
Recall that a linear higher order differential equation is of the form

an(2)y"™ + an_1(2)y" Y + .+ ag(2)y = g(2).
A homogeneous linear differential equation with constant coefficients has the form
any™ + an_1y™ Y + .+ agy = 0.

Its characteristic equation
™ 4 Ay 4 ag =0

has n solutions which produce n fundamental solutions ¥, ys, ..., %,. The general solution is
Yy=cy1+Cy2t+ ...+ Caln.

The following cases match the three cases of the case n = 2.

1. If rq,79, ..., 7, are different real solutions for some integer m < n, then "%, €% ... "% are
fundamental solutions.

2. If ry =ry =... =1, for some integer m < n, then "% xe™* ... x™e"* are fundamental
solutions.

3. If p1 + qui,pe £ @i, ..., pm £ @i are solutions of characteristic equation for some integer
m such that 2m < n, then eP'® cos gz, eP'* sin qix, eP?* cos gox, eP**sin qox, . .., €P™" cos ¢,
ePm® g¢in q,,x are fundamental solutions.

Examples. Find general solutions of the following equations.

1. y/// . 2y// . y/ + 2y =0 9. y/// _ 2y// + y/ -0 3. y(4) + Sy” _ 9y =0



Solutions.

1. The characteristic equation is r® — 2r2 — r + 2 = 0. The left side factors as r®> — 2r2 —r +2 =
r2(r—2)—(r—2)=(r—-2)r*-1)=(r—2)(r —1)(r + 1) Hence r = 1, —1,2. Thus, €%, e*
and e?* are three fundamental solutions and the general solution is y = ci1€® + coe™ + c3e2®.

2. The characteristic equation is 73 — 2r? + r = 0. Factoring this equation, we get r(r — 1)? = 0,
so 7 = 0 is a solution and 7 = 1 is a double solution. Thus, e’ = 1, ¢* and ze® are three

fundamental solutions and the general solution is y = ¢ + cg€” + c3xe”.

3. The characteristic equation is r* + 8% — 9 = 0. The equation of the type ar* + br?> +¢c =0 is
called a biquadratic equation. You can solve it by using the formula for quadratic equation
except that the formula produces solutions for 72, not 7. In this case, you can also factor and
obtain (72 — 1)(r? + 9) = 0 which produces the solutions > = 1 and r* = —9. The first
equation produces r = +1 and the second and r = 4+3i. Thus, e*, e™*, cos3z and sin 3x are
four fundamental solutions and the general solution is y = c1e” + coe™ + ¢3 cos 3x + ¢4 sin 3.

In order to better understand the complex roots case as well as the methods of finding solutions
in case when the characteristic equation is of the form r™ — a = 0, we review a few facts about the
complex numbers.

Complex Numbers

Complex numbers were introduced during the course of the study of algebraic equations and, in
particular, the solutions of equations that involve square roots of negative real numbers.

The expression v/—1 is denoted by i. A complex number is any expression of the form x + iy
where x and y are real numbers. In this case, x is called the real part and y is called the imaginary
part of the complex number x + iy. This complex number can be represented in the real plane as a
point with coordinate (z,y). The complex number x — iy is said to be the complex conjugate of
the number x + ¢y. Note that it is represented by the point (z, —y).

Trigonometric Representations. Let us
recall the polar coordinates © = pcosf and y = X+iy=(x,y)
p

psin §. Using this representation, we have that
2 =x+ 1y = pcosf +ipsinb. 0
] ] ) y=psin@
Recall that p ! is the distance from the point (z, y)
to the origin and the angle # is the angle between
the radius vector of (z,y) and the positive part 5 -
of z-axis.
X=p cosB

If z=x+iy = p(cosf + isin ), then p is called the modulus or the absolute value of z and the
angle 6 is called the argument or the phase of z.

'We use the notation p instead of r used in Calculus 2 not to mix it up with the variable in the characteristic
equation.



Euler’s formula.
i0

e = cosf +isind.

This formula is especially useful in the solution of differential equations. Euler’s formula was proved
(in an obscured form) for the first time by Roger Cotes in 1714, then rediscovered and popularized
by Euler in 1748. Euler’s proof uses the power series for e”,sinx and cos x.

Using Euler’s formula, we have that
z =g +iy = p(cosh +isinf) = pe®

so a complex number can be represented without a use of addition. This can be especially useful
when finding a power or a root of a complex number. For example, the trigonometric representation
yields an easy formula for the n-th power of a complex number z = pe'?.

2" = phe™ = p"(cos(nb) + isin(nd))

When solving algebraic equations of the form 2" = a where a is a given complex number a =
p(cos(f) + isin(f)), we can obtain n solutions of the equation by the formula

(9+2kn)i ( 0+ 2km 0+ 2km

pe = /p cos—i—z'sin) for k=0,1,...n—1.
n n

These solutions have a nice representation in the complex plane: they form the vertices of a
regular polygon with n-sides inscribed in the circle of radius {/p centered at the origin. We illustrate
this in the following examples.

Examples. Find general solutions of the following equations.

1.y +8 =0 2. y® —32y =0
Solutions.

1. The characteristic equation is 7® + 8 = 0. Thus, we need to find all three solutions of the
equation r* = —8. Note that —8 corresponds to the complex number (—8,0) which is on the
negative side of the z-axis so # = 7. The distance from (—8,0) to the origin is 8 so p = 8.
Hence, the three solutions of the characteristic equation can be found by the formula

V8 e i =2 5 i for k=0,1,2.

These three solutions form an equilateral triangle on the circle of radius 2 centered at the origin.

A

k=0=ry =23 = 2cos +isinf) = v 1+V3i
1++/3i
k=1=r = 23" = 2™ = 2(cosm +
isinm) = —2 n

-2
k=2=ry, =273 = 2(cos T +isin ) =
1 —+/3i.

1-V3i
5 51/3




Note that r; is real and ry and ry represent a complex pair. They produce the fundamental
solutions y; = e 2%, yo = e“cosv3zx and y3 = e®sinv/3z. Thus, the general solution is
Yy = cre” 2% + cpe® cos V3x + c3e” sin /3.

2. The characteristic equation is r°—32 = 0. Thus, we need to find all five solutions of the equation
r> = 32. Note that 32 corresponds to the complex number (32,0) which is on the positive side
of the z-axis so @ = 0. The distance from (32,0) to the origin is 32 so p = 32. Hence, the five
solutions of the characteristic equation can be found by the formula

V32e3 = 2% for k=0, 1,... 4.

These five solutions form a regular polygon with five sides on the circle of radius 2 centered at

the origin. 1
' 21/> 0.62+1.90i
Ek=0= 1ry=2% =2, -1.62+1.18i
k=1= rlzze%i:%cos%”—l—isin%”)% 4n/5
0.62 4 1.90z,
k=2= T2:2e4?”:2(cos4§+isin4%)% 0
1,62 4 1.184, 2
k=3= 13=2e%"=2(cos® +isin®)~
e e e oo
k=4= r4=2e7"=2(cos® +isin®) ~ Loxls 0.62-1.90i
0.62 — 1.90i. gm/s> T

Solution 2 corresponds to y; = €?*. Roots r; and 74 are conjugated producing two fundamental
solutions ¥ = €%%2% cos1.902 and y3 = €*2%sin 1.90x. Roots r, and r3 are conjugated, pro-
ducing another pair of fundamental solutions y; = =162 cos 1.18z and y5 = e~ %% sin 1.18z.
Thus, the general solution is

y = c1* 4 %% cos 1.90x + c3¢% 2% sin 1.907 + che 1927 cos 1.18x + cse 1022 sin 1.18x.

Fundamental Theorem of Algebra. A quadratic equation az? + bx + ¢ = 0 can have two
(possibly equal) real solutions or no real solutions. As opposed to this situation, in the complex
plane, every quadratic equation has ezactly two solutions (possibly equal). Similar claim holds for
every polynomial: Every polynomial (with complex coefficients) of degree n has exactly n solutions
(some possibly equal) in the complex plane. This is statement is known as the Fundamental Theorem
of Algebra.

Moreover, if an n-th degree polynomial with real coefficient has a complex root a + ib, then
its complex conjugate a — ib is also the root of a polynomial. Thus, the complex roots appear in
conjugated pairs. Thus, if 1 = a+1b and ro = a — 1b constitute a conjugated complex pair, then two
fundamental solutions that correspond to this conjugated pair originate from

at+ib)r _ e ibx

el e = e"(cos br + isin bx).

Since the solutions are real-valued functions, two solutions can be taken to be e®* cos bx and e** sin bz.

Finding zeros of polynomials in Matlab. Unlike the situation for quadratic equation, there is
no general formula for polynomials of degrees higher than 4 (more about this in the Abstract Algebra

6



course). Even for cubic or quartic polynomials when such formula exists, it is rather complex to use.
Thus, unless a polynomial is easy to factor or to use the n-th root formula, it is convenient to find
approximate solutions using Matlab or some other technology.

In Matlab, you can find zeros of polynomial a,z" + a,_ 12" ' + ... + a12 + a9 = 0 using the
command roots. Represent the polynomial as a vector of length n + 1 with coefficients of the
polynomial as the entries

p=lan an_1 ... a1 ag
and then use the command
roots(p)

Example. Find general solution of the equation —90y*) + 100y — 54y’ + 16y = 0 by using Matlab
to find solutions of the characteristic equation.

Solution. The characteristic equation is —90r* 4+ 10073 — 54r + 16 = 0. Represent the polynomial
on the left side in Matlab as p=[-90 100 0 -54 16] and use the command roots(p) to get the
solutions r = -0.6900, 0.3511 and 0.7250 + 0.4562¢. This gives you four fundamental solutions y; =
e 0697 gy = 0351 g0 — 072502 05 () 45620 and 14 = %7207 sin 0.4562x. So, the general solution is
y = c1e7 0697 4 0y 0351 4 0, e0-72507 069 (). 45622 + 472707 sin 0.45627.

Practice Problems. Find general solutions of the following differential equations.

3. 9" =8y =0 4. y®) 4+ 32y = 0.

5. —18y® 4+ 25y — 27y" + 16y’ + 20y = 0. Use Matlab to find the solutions of the characteristic
equation.

Solutions.

1. The characteristic equation is 7*—1 =0 = (r*—1)(r*+1) =0 = r = +1 and r = +i. The first
pair r = 1 produces the fundamental solutions y; = e* and y, = e~ and the second r = +1
produces y3 = cos z and y, = sin z. So, the general solution is y = c1e*+coe™"+c3 cos x+c4 sin .

Alternatively, you can find the four solutions by considering four solutions of the equation r* =
2kn

1 = 1e% by the formula v/1e* = 1 €5 for k = 0,1,2, 3. Obtain that 7o = 1,7 = 4,79 = —1
and r3 = —i yield the same general solution.

2. The characteristic equation is 7* — 572 —36 = 0 = (r2 = 9)(r? +4) = 0 = r = £3,r =
+2i. The first pair 7 = 43 produces the fundamental solutions y; = €3* and y, = e3¢
and the second r = +2¢ produces y3 = cos2z and y4 = sin2z. So, the general solution is
Y = c1€3% 4 coe73% + c3c08 22 + ¢4 8in 2a.

3. The characteristic equation is 73> — 8 = 0. You can approach this equation on two ways.
2k

One way is to find the solutions of ® = 8 = 8¢% by the formula v/8 e3¢ = 2e%5% for k = 0,1,2.



_ _ 9,00 _ 21/3
k=0 = ryg=2e"=2 . 143

k=1=r =23 = 2(cos & +isin ) =
—1+/3i
4 - .
k=2=ry=2e3"=2(cos T +isini) = 0
—1—/3i.
These solutions correspond to the fundamen-
tal solutions y; = €**, y, = e *cos V3 and
Y3 = e~ *sin V3. -1-v3i

4n/3
Thus, the general solution is y = c¢1€%* + cye™® cos V32 4 c3e7% sin /3.
Alternatively, you can factor r* — 8 as (r — 2)(r? 4+ 2r + 4) and use the quadratic formula to

find zeros of the second term. Obtain r = 2,r = —1 4 i1/3 which produce the same general
solution as above.

. The characteristic equation is 7> +32 = 0 = r° = —32 = 32¢™. Hence, using the formula
5 w42k - w
produces r, = V/32¢ 5 '=2¢ 5 ‘fork=0,1,...,4.

E=0= 1ry=2e5"= 2(cos ¥ +isin §) =~ -0.62+1.90i S
1.62 + 1.18i, 1.62+1.18i

k=1= T1:263%i:2(cos3§+isin3§)% /5
~0.62 + 1.907,

k=2= ry=2e3%=2e™=2(cosm+isinm) =
9,

k=3= r3:26%i:2(cos%+isin%)z /5
—0.62 — 1.90;, . 1.62-1.18i

k - 4 = T4 - 26?2 — 2(COS 9% + iSlIl 9%) ~ _062_190|
1.62 — 1.18i. />

Roots 1y and r, are conjugated and r; and r3 are conjugated. The general solution is y =
16”2 4+ 0127 05 1.187 + 31927 sin 1.187 + 467902 cos 1.90x + c5e 7902 sin 1.902.

. The characteristic equations corresponds to a polynomial p that can be represented in Mat-
lab as p=[-18 25 0 -27 16 20]. The command roots(p) gives you the following values:
1.2971, 0.7664 % 0.9707i and —0.7205 £ 0.2023i. Thus, the general solutions is y = ¢;e!?71% 4
c2€%7604% 05 0.9707z + 375047 5in 0.9707z + 47272057 cos 0.20232 + 57297 5in 0.20232.



