Differential Equations
Lia Vas

Nonhomogeneous equations with constant coefficients.
Methods. Applications

Consider a nonhomogeneous linear equation
any™ + an_1y™ Y 4+ .+ agy = g(z).

The general solution of such equation is of the form

Y=Y+

where y, is the general solution of homogeneous equation and y, is called the particular solution
and depends on the nonhomogeneous part. There are two main methods for finding a particular
solutions of nonhomogeneous equations.

1. Variation of parameters. This method is completely general, but sometimes tends to lead
to difficult integrals.

2. Undetermined coefficients. This method is easier, but it works just when the function g(z)
is of a specific form and, thus, it is not general.

We present the methods for the case n = 2. Both methods can be generalized to higher orders.

Variation of parameters

Consider the equation ay” + by’ + cy = g(x) and assume that y; and y, are solutions of the
homogeneous part so that y, = c1y1 + coyo is the general solution of the homogeneous part. The
particular solution , is obtained by assuming that c¢; and ¢y are not constants but functions that
depend on z. Since there is just one equation and we are introducing two new functions, we can
impose one condition on them with no risk of loosing generality. Let us denote the two new functions
by v; and vy so that

Yp = V1Y1 + V2Y2.
To find the unknown functions v, and vy, find the derivatives of y,.

/ p—

Y, = Vi1 + v1yy + vay + vy

and impose the condition that vjy; + vyye = 0. Thus y,, = v1y; + v2y5 and so

"o__

Yy = VY1 + o1y + vhyh + vy

Substituting derivatives in the equation and keeping in mind that y; and y, are solutions of homo-
geneous part, we obtain

aviy; + avyy + avyyh + avayy + buiyy 4 buayy + cvryr + cvays =
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= vi(ay; +byy + cyr) + valayy + byy + cyo) + aviy; + avyyh =
= aviy; + avsyh = g.
Thus, to determine the functions v; and vy, we need to solve two equations
vy +vpye =0 and  avjy) + avhyy, =g

First, solve the equations algebraically for v] and v} and then obtain v; and vs by integrating.
This illustrates that the steps of this method are the following.

1. Find the solution g, of the homogeneous part in the form cyy; + coyo.

2. To find a particular solution y,, replace ¢; and c; in y; with two unknown functions v; and v,
and write down the two equations in v} and vs.

3. Solve the equations for v} and v} and then obtain v; and vy by integrating.
4. Finally, put v; and vy back into y, = v1y1 + v2ys.

We illustrate this method in the following example.
Example. Solve the equation y” — ¢ — 2y = €3%.

Solution. The characteristic equation is 72 —r —2 = 0. The roots are 2 and —1, so that y; = €22,
Y2 = e~% and the homogeneous solution is y, = c;y*® + cy~* and we can find a particular solution
yp in the form y, = v1y** + voy~*. The two equations for the unknown functions are

xT

Ve +uhe™ =0 and 20je*® —vhe " = >
Solving the first equation for v, produces vhe™ = —v!e*® = v = —v[e?®e® = —v,e3®. Substitute
that in the second equation to get 2v{e®” + vje* = €3 = 3uvje* = € = v] = ze”. Hence,
/o 3z _ —1 4z
Vy = —V1€77 = ?e .

Integrate v} and v} to obtain v; and vy, respectively. We have that v; = [ %ex dx = %ew and vy =

1 4x _ 1 4z : : : : _ 1z 2¢ 1 4de, —x _ 1.3z _ 1 3z _ 1 3z
J —3e*dx = —45e**. This gives a particular solution y, = zee GeeTt = ze Het = get.

Hence, the general solution of the differential equation is

1
y = c1e* + coe " + Ze?"”.

Practice Problems. Solve the differential equations.
1. y" — 6y + 9y = 733,

2. y" — by + 6y = 2"

3.y + 4y + 4y = %™

Solutions.



1. The characteristic equation is 12 — 6r —|— 9 = 0. It factors as (r — 3)(r —3) = 0 and so 3 is a
double zero. Thus, y; = €3* and y, = we? and the homogeneous solution is vy, = ¢13 + coxe®.
We can find y, in the form y, = v1€3* + vxe®”. Two equations in derivatives v} and v} are

V13 4 vhre’ =0 and  3vje*® + vhe® + 3vhwe®” = 1%,

Cancelling €** we have that

v +vhr =0 and 3v] + vy + 3vhr = 2%

From the first equation, v; = —xv}. Plugging that in the second produces —3zv) + v} +
3zvh, = 73 = v, = x73. Substituting back in v{ = —zv} gives us that vj = —z~2. Hence,

= [273dz = —23132 and v; = [ —2~?dz = 1. So, the general solution is y = ¢;e** 4 coze®® +
163 — Lxed = 013 + coued” + e

2. The characteristic equation is 7> — 5r + 6 = 0. The roots are 2 and 3, so that 1, = €2,
Y2 = €3 and the homogeneous solution is y, = ¢19** 4+ c2y*” and we can find y, in the form
Yp = 11y** + v2y**. The two equations for the unknown functions are

/ 2:C+'Ué 3z_0 and 21}/ 2$+Svl 3$:2€ax

Solving the first equation for vj produces v4e®” = —vje*® = v} = —vje*e 3" = —vle_“:.
Substltute that in the second equation to get 2vje* — 3vje** = 2e* = —vje*® = 2¢*
v} = —2e~*. Hence, v = —vje % = 2",

Integrate v| and v} to obtain v; and vy, respectively. We have that v; = [ —2e™ 7 dz = 2¢”* and
= [2e *dz = —e~?*. This gives a particular solution y, = 2e™e** —e 2*e3* = 2¢” —e” = €”.

Hence, the general solutlon of the differential equation is y = cle% + cpe3® 4 e®.

3. The characteristic equation is r? +4r +4 = 0. It factors as (r +2)(r +2) = 0 so —2 is a double
zero. Thus, y; = e 2* and y, = xe~?* and the homogeneous solution is y;, = c1e™2* + core ™%,
We can find y, in the form y, = v1€7%" 4+ vgze 2. Two equations in derivatives v} and v} are

vie T +ojre ™ =0 and — 2uje * +vhe ™ — 2wvhe H = o %
Cancelling e=2* we have that
vy +vpr =0 and — 2v] + v — 220} = 272
From the first equation, v; = —zv). Plugging that in the second produces 2zv}, + v}, — 220}, =
? = v} = x~2. Substituting back in v] = —zv} gives us that v} = —a~' = —2. Hence, vy =
J27%dz = —27! and v; = [ —1dz = —Inz. This gives a particular solution y, = —Inze 2" —
rlze ™ = —Inxe 2® — e 2%, So, the general solution is y = ¢;e 2% + core 2 —Ilnxe 2 — 727,

This is completely acceptable as your final answer. Note, though, that you can combine the
terms cie™® and —e 2 as (¢; — 1)e™%* and still use ¢;e™* for this term. Thus, the solution
can also be written as y = cie™ 2 + core % — Inxe 2.



Undetermined Coefficients

The method of Undetermined Coefficients determines the particular solution y, of a nonhomoge-
neous linear equation
any™ + a1y + . 4 agy = g(x)

in case when one of the two cases below hold.
Case 1 g(x) is a product of a polynomial and exponential function.
Case 2 g(x) is a product of a polynomial, exponential function and a trigonometric function.

In particular, let py(z) be a polynomial apz® + ar_12*1 + ... + ag of degree k and let p and ¢ be
real numbers.

Case 1 If g(x) = pi(z)eP”, then
yp = 2 (Apr® + Apaz 4 Ag)e?”

where s is the number of times p appears on the list of zeros of the characteristic equation and
Ay, ..., Ay are undetermined coefficients of a general polynomial of the same degree k as py(x).

Case 2 g(x) = pg(x)eP” cosqx or g(x) = pr(x)eP? sin gz, then
Yp = (At + A2 4 Ag)eP® cos qx + 2°(Ba® + Be_12" 4 .. 4 By)eP” sin qx

where s is the number of times p 4 iq appears on the list of zeros of the characteristic equation
and Ay, ..., Ar and By, ..., By are undetermined coefficients of two different general polyno-
mials of the same degree k as py(z).

Note that while g(x) can contain only sine or only cosine term, the solution y, should contain
both sine and cosine terms.

To find the undetermined coefficients, plug the particular solution and its derivatives into the
original equation and determine the coefficients from there by equating the polynomials (on the same
way as when solving partial fractions in a Calculus 2 course). The number of unknown coefficients
should always be the same as the number of equations you get by equating the coefficients of the
same powers of z or of the same trigonometric function. This is an indicator that the form of the
particular solution you are trying to compute is correct.

If g(z) is a sum of functions g(z) = g1(x) + g2(x) +. ..+ gm(x) and each function g;(x), g2(x),. ..,
gm(x) is a function described under two cases above, then the particular solution y, is the sum of
particular solutions

yp:yp1+yp2+~~-+ypm
where each solution y,;, = 1,...,m is obtained as in Case 1 or 2 described above.

In the first example, we illustrate the method itself. By using an example from the previous
section, we also illustrate that this method, if applicable, is much shorter and simpler than the
Variations of Parameters.

Case 1 Example. Solve the differential equation 3’ — ¢’ — 2y = €32,
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Solution. The characteristic equation is 0 =12 —7r —2 = (r —2)(r + 1) so yp = c1€*® + cye™*.
The function g(z) is €3* and so p = 3 and the polynomial py(x) is 1 so it is a constant polynomial
(i.e. of degree zero). Hence, y, = 25Ae* for some constant A. To determine s, note that p = 3 is
not a zero of the characteristic equation. Thus, s = 0 and a particular solution is of the form

Yy, = Ae*”

Finding the derivatives y, = 3Ae3* and Y, = 9Ae% and substituting them into the equation yields
1
9AM — 3Ae* —24e¥ =€ = 9A-3A-24A=1 = M=1= A=

Thus, y, = 13 and the general solution is y = c1€** + coe™ T+ g3z,

Comparmg the length and the amount of algebra involved in the solution of this example and in
the example of the previous section, you can see that the Undetermined Coeflicients is much shorter
and simpler. We emphasize that it is not applicable to use this method in practice problems 1 and
3 of the previous section since the parts =3 and 272 are not polynomials. This illustrates that the
Variation of Parameters is also necessary.

The next example illustrates the second case.

Case 2 Example. Solve the differential equation 3" — 3y’ — 4y = 25sin 3.

Solution. The characteristic equation is 0 =72 —3r —4 = (r —4)(r + 1) so 4 and —1 are zeros
and y;, = c1e?® + coe™. The function g(z) is 25sin 3z = 25¢% sin 3z and so p + ¢i = 0 + 37 = 3i and
the polynomial py(z) is 25 so it is a constant polynomial (i.e. of degree zero). Hence,

yp = 7° A cos 3z + 2° Be" sin 3z = 1A cos 3z + 2° B sin 3z

for some constants A and B. To determine s, note that p 4+ ¢q = ¢ is not a zero of the characteristic
equation. Thus, s = 0 and a particular solution is of the form

yp = Acos3x + Bsin3z.

Finding the derivatives y, = —3Asin 3z + 3B cos 3z and y,, = —9A cos 3x — 9B sin 3z and substi-
tuting them into the equation produces

—9Acos3zx —9Bsin3xz +9Asin3x — 9B cos3x — 4Acos3x — 4B sin3x = 25sin 3z

Equate the terms with cos 3z and the terms with sin3z. This produces two equations in two un-
knowns.

—94 —-9B —-4A=0 and —9B+9A—-4B =25

From the ﬁrst equation B = ——A and from the second 9A + 169A = 25 so 250A =25 :> A==
Thus B = and Yp = 15 COS 3:1: — 1 3 sin 3z and the general solutlon sy = 6164”" +coe™” + 15 COS 3:0 —
13

15 sin 3.
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Case s = 1 Example. Solve the differential equation y” — 3y’ — 4y = Sze’®

Solution. From previous examples, 4 and —1 are zeros of characteristic equation and y, =
c1e*®+cye™. The function g(z) is brel” and so p = 4 and the polynomial py(x) is a linear polynomial.



Hence, y, = z°(Az + B)e** for some constants A and B. To determine s, note that 4 is a (single)
zero of the characteristic equation. Thus, s = 1 and so a particular solution is of the form

y, = 7' (Az + B)e*” = (Ax? + Bx)e™.

Finding the derivatives y, = (2Az + B)e' 4 4(Az® + Bx)e' = (4Ax? + 4Bx + 2Ax + B)e* and
yn = (8Ax + 4B + 2A)e" + 4(4Az” + 4Bx + 2Azx 4+ B)e™ = (16A2” + 16Ax + 16 Bz + 8B + 2A)e™”
and substituting them into the equation yields

(16A2* + 16Ax + 16 Bx + 8B + 2A — 12A2” — 12Bx — 6Ax — 3B — 4Ax* — 4Bx)e™ = Hze™®

Thus 16A2% + 16 Ax + 16 Bx + 8B + 2A — 12A2% — 12Bx — 6 Az — 3B — 4Ax? — 4Bz = 5z. Equating
the similar terms of the polynomials on the left and right side yields two equations in two unknowns

+16A+16B —12B—-6A—4B=5and 8B+2A—-3B =0

Thus 10A =5 and 5B = 2A giving us that A = % and B = % S0, Yp = (%xQ + %x)e“ and the general
solution is y = c1€*” + coe™* 4 ($22 + tx)e’™.

Two non-homogeneous functions Example. Solve the differential equation y” — 3y’ — 4y =
Sret® + 25 sin 3z.

Solution. Consider the function g(z) as the sum of two separate parts: 5re'® and 25 sin 3x.
Then look for the particular solution in the form y,; + yp2 where the particular solution y,; is
determined by the function 5ze*® and the particular solution y,y is determined by the function
25sin as in the previous two examples. By these examples, y;, = c1€*® + coe™, yp1 = (%:1:2 + %x)e“

and ypy = % cos 3x — }—3 sin 3z Thus, the general solution is

1 1 9 13
y=ce* 4+ e + (§x2 + Sx)e“ + g °8 3x — 0 sin 3.

Case s = 2 Example. Solve the differential equation y” — 4y’ + 4y = 6.
Solution. The characteristic equation is 0 = r? —4r +4 = (r — 2)(r — 2) s0 y, = c1€** + cowe®.
The function g(z) is 6e** and so p = 2 and the polynomial py(z) is 6 so it is a constant polynomial.
Hence, y, = x°Ae** for some constant A. To determine s, note that p = 2 is a double zero of the
characteristic equation. Thus, s = 2 and a particular solution is of the form

yp — A$2€2x
Finding the derivatives y}, = 2Aze® + 2Ax%e* and y) = 24e** + 4Aze® + 4Are® + 4Ax*e® and
substituting them into the equation yields

2Ae*" + 4Aze™ + 4Ave*™ + 4Ax%e* — 8Awe®™ — 8Az?e* + 4Ax*e* = 6e** =

2A + 4Ax + 4Ax + 4Ax? — 8Ar — 8Ax% + 4A1° =6 =24 =6 = A = 3.

Thus, y, = 3z%e** and the general solution is y = c¢;e** + cowe® + 3w,

Practice Problems. Find the general solutions of problems 1 — 6. In problems 7 — 9, find
the form of particular solutions and the general solutions. You do not have to solve for unknown
coefficients in particular solutions.



1.y +y=3e" 2. y" — by — 6y = 4e** 3. y" — 5y + 6y = 4e**
4. y" + 4y = ba*e” 5.y" =2y +y=Txe" 6. y"+2y' — 3y = 5sin3z
7. y" — 3y — 10y = 3xe>® + e 8. y" — 8y + 16y = 32% — He**

9. 3y + 4y + 13y = —2sin 3z + e ** cos 3z

Solutions.

1.

The zeros of the characteristic equation are » = +¢ and so y, = ¢;cosx + cosinxz. We have
that p = —1 and pg(z) = 3 so y, = z°Ae™ ™. Since —1 is not a zero of the characteristic
equation, s = 0 and so y, = Ae™. Find the derivatives y, = —Ae™® and y; = Ae™" and plug
the derivatives and y, the into the equation. Obtain that Ae™ 4+ Ae™ =3e™ = 24 =3 =
A= % Thus, y, = %e*‘” and the general solution is y = ¢; cosx + ¢y sinx + %e*‘”

The zeros of the characteristic equation are r = 6 and r = —1 and so vy, = c1e% + cpe™®.

We have that p = 2 and pi(z) = 4 so y, = 25Ae**. Since 2 is not a zero of the characteristic
equation, s = 0 and so y, = Ae*. Find the derivatives y, = 2A4e** and y; = 4Ae** and
plug them and y, the into the equation. Obtain that 44e?** — 104e*® — 6Ae*® = 4e** =
4A —10A-6A=4= —12A =4 = A = —3. Thus, y, = —1¢* and the general solution is

y = 1% + cye® 2

~le
The zeros of the characteristic equation are r = 2 and r = 3 and y, = c1€*® + c2e3*. We
have that p = 2 and pi(z) = 4 so y, = z5Ae**. Since 2 is a (single) zero of the characteristic
equation, s = 1 and so y, = Aze*. Find the derivatives ¢, = Ae* 4 2Aze* and y, =
2Ae% +2Ae* +4Axe® = 4Ae** + 4 Axe®® and plug them and y, the into the equation. Obtain
that 44e* +4Axe* —5Ae* —10Aze*™ +6Aze®® = 4e* = 4A+4Axr —5A—10Ar+6Ar = 4 =
4A—5A =4 = A = —4. Thus, y, = —4ze** and the general solution is y = ¢;€?* +coe®” —4we®*.

The zeros of the characteristic equation are r = +2¢ and so y, = ¢ cos2x + cosin2x. We
have that p = 1 and pi(z) = 52? so y, = 2°(Ax? + Bz + C)e”. Since 1 is not a zero of
the characteristic equation, s = 0 and so y, = (Az? + Bz + C)e®. Find the derivatives yl’) =
(24z + B)e* + (Az* + Bx 4 C)e* = (2Az + B + Az® + Bx + O)e” and y) = (24 + 2Az +
B)e® + (2Az + B + Ax? + Bz + C)e® and plug them and vy, the into the equation. Obtain that
(2A + 2Ax + B)e® + (2Ax + B + Az? + Bx + O)e” + (4Ax? + 4Bx + 4C)e” = ba?e” =

2A 4+ 2Ax + B+ 2Ax + B+ Ax? + Bz + C + 4Az> + 4Bx + 4C = 522

Equating the terms with 22, we obtain that 54 = 5 so A = 1. Equating the terms with x, we
obtain that 4A+5B =0 = 5B = —4A = —4 since A = 1. Hence, B = —%. Equating the terms
with no x, we obtain that = 2A+2B+5C =0=5C = —24—-2B = —2+% = 20 C = —%.

Thus, y, = (2 — 32— £ )e” and the general solution is y = ¢; cos 22+ ¢y sin 2z + (2% — 22— = )e”.

. The characteristic equation is 7> —2r +1=0= (r —1)(r —1) = 0 so r = 1 is a double zero

and y;, = c1€” + coxe”. We have that p =1 and py(z) = 7z so y, = 2°(Az + B)e”. Since 1 is a
double zero of the characteristic equation s = 2 and so y, = 2*(Az + B)e” = (Az® + Ba?)e®.
Similarly as in previous problems, find the derivatives y,, and y; and plug them and y, into
the equation. Obtain that A = g, and B = 0 so y, = %1‘36:6 and the general solution is
y = cre® + cowe” + Lade”.



6. The zeros of the characteristic equation are r = —3 and 7 = 1 and so y, = c1e™> + cye”.
We have that p +ig = 0+ 3i and pr(z) = 5 so y, = 254" cos 3z + z*Be’ sin 3z. Since
3¢ is not a zero of the characteristic equation, s = 0 and so y, = Acos3z + Bsin3z. From
here y, = —3Asin3r + 3B cos 3z and y, = —9A cos 3z — 9B sin 3z and the equation becomes
—9A cos3x — 9B sin3x — 6Asin3x + 6B cos3r — 3A cos 3x — 3Bsin 3z = 5sin 3x. Equate the

terms with cos 3x and the terms with sin 3z to obtain two equations in two unknowns.

—9A+6B—-3A=0 and —-9B—-6A—-3B=5

From the first equation B = 2A and from the second —6A4A—24A=5= —30A=5= A= —%.
Thus B = —% and y, = —%cos 3z — %sin 3x. The general solution is y = c;e™3% + cye® —
% cos 3r — % sin 3.

7. The roots of the characteristic equation r* — 3r — 10 = (r — 5)(r +2) = 0 are 5 and —2 so the
homogeneous solution is y, = ¢ + coe 2%,

You have to consider functions g;(z) = 3ze* and go(z) = 5e~** separately and obtain two
separate particular solutions y,; and yps.

For gi(z) = 3ze**, p = 2 and pi(z) = 3z so y, = 2°(Az + B)e**. Since 2 is not a solution of
the characteristic equation, s = 0 and so y,; = (Az + B)e*".

For go(z) = 572", p = —2 and pi(x) = 5 80 ype = x*Ce™**. Since —2 is a (single) solution of
the characteristic equation, s = 1 and so y,; = r'Ce™?* = Cxe .

The general solution has the form y = ¢;€’ + cye™* + (Azx + B)e** + Cxe 2.
8. The characteristic equation is r? — 8 + 16 = (r — 4)(r —4) = 0, so r = 4 is a double zero.

The homogeneous solution is y, = c1e*® + coze?®. Consider the functions ¢; (x) = 322 and
ga(x) = —5e*® separately and obtain two separate particular solutions y,; and yps.

For ¢;(z) = 322 = 32%¢", p = 0 and pi(z) = 32% so y,1 = 2°(Az* + Bz + C')e". Since 0 is not
a solution of the characteristic equation, s = 0 and so y,; = Az? + Bz + C.

For go(x) = —5e*®, p = 4 and pi(r) = —5 so Y, = x°De’®. Since 4 is a double zero of the
characteristic equation, s = 2, and so0 y,2 = x?De*® = Dz?e'”.

The general solution has the form y = c;e*® + cywe®® + Ax? + Bx + C + Da?e?®.
—4+T6-52 _ —4%6i _ :
1557 _ =46 = _g 4 3;,

9. The characteristic equation 7% + 4r 4+ 13 = 0 has solutions r =
So, the homogeneous solution is 4, = c¢1e~2* cos 3z + cye”2* sin 3z.

For gi(x) = —2sin3z = —2e% sin 3z, p+ ig = 0 + 3i and px(x) = —2 s0 Yy, = 5 Ae" cos 3z +
2 Be sin 3x. Since 0 4 3i is not a solution of the characteristic equation, s = 0 and so y,; =
Acos3x + Bsin 3.

For go(x) = e 2" cos 3z, p+iq = 0+ 3i and py(z) = 1 80 yp1 = 2°Ce " cos 3z + 2*De™** sin 3z.
Since —2 + 3i is a solution of the characteristic equation, s = 1 and so y,s = x(Ce ** cos 3z +
De?*sin 3z) = Cre™* cos 3x + Dze > sin 3z.

The general solution has the form y = cie ?* cos3x + coe *sin 3z + Acos3x + Bsin3x +
Cre 2" cos 3x + Dre %" sin 3x.



Applications

Many physical processes can be modeled by linear differential equations. For example, mechanical
oscillations, electric circuits and more.

Mechanical oscillations. Consider a mass m on a spring. Let u(t) denotes the position at time
t. The following forces act on the mass.

1. The gravitational force mg.

2. The spring force Fy that is proportional to the natural length L plus any additional elongation
u(t), so Fs = —k(L + u) By Hooke’s law, mg = kL where k is a spring constant
myg
k=—7
L
so that this force is Fy, = —mg — ku.

3. The damping or resistive force F,; that may arise because of resistance from the air, internal
energy dissipation, friction between the mass and possible guides etc. It is proportional to the
speed of the mass Fy; = £vu/(t). The constant ~ is called the damping constant, and the sign
+ depends on the choice of the coordinate system for the motion (recall the problem with a
falling object from the First Order Diff. Eq. handout — the same consideration applies here).
We can choose the coordinate system so that this force acts in the opposite direction from mg
and so Fy = —vyu/(t).

4. A possible external force F(t).

The total force F' = ma = mu”, the product of the mass and the acceleration, is equal to the
sum of all four acting forces

mu” =mg — k(L +u) —yu' + F(t) =mg —mg — ku —yu' + F(t) = —ku —yu’' + F(¢).
Placing all the terms with u, ' or v” on the same side, produces the following equation.
mu” +yu' + ku = F(t)

If v = 0, the oscillations are said to be undamped, otherwise they are damped.
If F(t) =0, the oscillations are said to be free, otherwise they are forced.

0.6 F

Undamped free oscillations. The equation
of motion for undamped free oscillations is

0.4

mu” + ku =0 '
0
Note that the characteristic equation of this

differential equation is mr? + k = 0 and has so-
lutions r = j:\/% 1. If we denote \/% by wy, the o4
general solution of this equation is 06k

-0.2
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u = ¢ cos Wyt + ¢y 5N wot Undamped Free Oscillations



The graph of such function is a periodic function with constant amplitude. The values of ¢;
and ¢, impact the values of the amplitude and the phase ! The constant wy is called the natural
frequency the constant 377(: represents the period of the motion.

Damped free oscillations. The equation of motion for damped free oscillations is
mu” +~yu' + ku =0
—yE/v2—4mk
2m

The solutions of the characteristic equations are rq, 7y =
term under the root.

. Let us consider the sign of the

(i) If 4v* — 4mk > 0, the solutions are

real, different and negative (because 7? —

dmk < ¥* = VP2 —dmk < v = —y +

V7?2 —4mk < 0). So, the solution is u = :
cre™t + cpe™! for some 7y, 79 < 0. The limit 0s

of u is zero when t — oo since ry,7ry < 0.
Hence, the mass goes back to original posi-
tion and does not oscillate because no peri-
odic functions are present. This motion is
said to be overdamped.

-0.5 L
0 4 5

Overdamped Case

0.4

(ii) v2 — 4mk = 0, the solutions are real, equal 035
(ri = 7o) and negative. The solution is o2
u = cie™ + cote™t and w also converges o

0.2

to zero when ¢ — oo. Just as in the pre-
vious case, there are no periodic functions

0.15

0.1

present in the solution so the mass also does 005
not oscillate. The value of v that makes 0
v? — 4mk = 0 is called the critical damp- I
ing. Critically damped Case
In these two cases, there are no oscillations.
(iii) v* — 4mk < 0, the solutions are complex °"‘”
) 0.3
r,ry = 5L & iivéugnnzv. So, the solutions 02
is u = e /™) (c; cos ut + cysin ut) where o
\/ _~2 0
o= %. The presence of periodic 01
functions in the solution indicates the os- 02
cillations. The term e ™) converges to Zju
zero when t — 0o, and so do the solution u o5
as well as its amplitude. ’ {Jn(izerd;m[;ed sCasﬁe b

In particular, if we put ¢; = Rcosd and ¢; = Rsind, then R is the amplitude, § is the phase, and the solution is

u = Rcosd coswpt + Rsind sinwgt = R cos(wot — 6).
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So, the mass oscillates about the original position with a decreasing amplitude and the oscil-
lations are getting smaller and smaller as time passes by.

This case occurs when the damping is relatively small (i.e. 7 < v4mk) and it is referred to
as underdamping. The parameter p is called the quasi frequency and 27” is called the quasi

period. The values of ¢; and ¢, impact the amplitude and the phase. 2

Undamped forced oscillations. The equation of motion for undamped forced oscillations is

mu” + ku = F(t)

If the force F' is periodic, we can write it as F' = Fj coswt (or Fysinwt). Recall that the characteristic

\/ £i = +wyi so that the homogeneous solution is uj, = ¢; cos wyt 4 2 sin wot.

equation has solutions 4/
The particular solution can be found using the Undetermined Coefficients method. The particular

solution has the form

u, = t°(Acoswt + B sin wt)

where

e s =0 if wiis not a solution of the characteristic equation i.e w # wy and

e s=1 ifwiis a solution of the characteristic equation i.e  w = wy.

Case wy # w. In this case, the general solu-
tion has the form

0.6

04

A function of this form is a periodic function with M
periodic amplitude. This type of motion is 02
known as oscillations with beats. oal

U = ¢1 coSwot + ¢osinwyt + A coswt + B sin wt o.z‘\ﬂ W W

-0.6

Case wy = w. In this case, the frequency of 0 5 10 E 20
the force is the same as the natural frequency and Beats
the general solution has the form
u = ¢ coswot + ¢y sinwyt + t(A coswt + Bsinwt)
Because of the term ¢ which multiplies the
trigonometric functions in the particular solu-
tion, the amplitude of the solution increases when
t — oo. Thus, a function of this form is a pe-
riodic function with an increasing amplitude.
This type of motion is known as oscillations with
a resonance. Examples of such motion can be
found in mechanics and acoustics. Mechanical “
resonance may cause swaying motions leading to a 25¢ L
catastrophic failure of structures such as bridges, o 1 2 3 4 5 s 71 8
buildings, and vehicles. To prevent this from hap-
pening, such objects should

Resonance

2In particular, if we put ¢; = Rcosd and ¢; = Rsind, the amplitude is given by the function Re =7t/ (™),
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be designed so that the mechanical resonance frequencies of the component parts do not match the
frequencies of any oscillating parts. Like mechanical resonance, acoustic resonance can result in
catastrophic failure of the object at resonance, such as breaking a glass with sound. This happens
when the sound wave has the same frequency as the natural frequency of the glass, the frequency
at which the glass easily vibrates. If the force from the sound wave making the glass vibrate is big
enough, the size of the vibration becomes so large that the glass fractures.

Example 1. Consider a motion of an object modeled by the equation v” + fu’ 4+ u = 0 where
the position u (in meters) is a function of time (in seconds). Assume that the object is set in motion
from equilibrium with an initial velocity of 1 meter per second.

(a) Determine the position u as a function of time.

(b) Graph the solution and classify the type of motion the graph displays by noting what happens
with the amplitude of the solution.

(¢) Find the time when the amplitude of the oscillations becomes smaller than .1 meter.

(d) Find the time the mass returns to the equilibrium position for the first time.

1y /I
Solution. (a) The characteristic equation is r2+ir+1 = 0 and it has solutions # = % +

@ = %:I:@—.125:t.992i. Thus, the general solution is u = c;e ™2 cos .992t +coe 125 sin .992t.

Since the object is set in motion from the equilibrium position, u(0) = 0. Since it is set in motion
with an initial velocity of 1 m/s, u/(0) = 1. Use the condition u(0) = 0 (plug 0 for ¢ and set u equal
to 0), we have that 0 = ¢;(1) + ¢2(0) = ¢;. To use the condition «/(0) = 1, find «' first, then set it to
1 and plug 0 for t. As v/ = —.125¢,e712% cos .992t — .992¢; e~ 125 sin 1992t — .125¢5e 127! sin .992t +
992coe™12% ¢0s.992¢ and ¢; = 0, we have that 1 = —.125(0)(1) —.992(0)(0) — .125¢5(0) +.992¢5(1) =

992¢y = ¢ = 555 = 1.008. Hence, u = 1.008¢™ 1% sin .992¢.

1

(b) The presence of sine and cosine in the solu-
tion means that the motion is not overdamped so
there are oscillations. Since e=1?%% — 0 for t — oo
and e~"'?%" is present in both terms, u converges
to 0 meaning that the oscillations have a decreas-
ing amplitude. Thus, this is an underdamped free
oscillator.

0.8
0.6
0.4
0.2
0
02}
oal
(c) The expression 1.008¢~'#** represents the 06F
amplitude of the solution. Thus, the oscillations 08

.125¢

0 5‘: 16 1‘5 2‘0 2‘5 36 3‘5 40
become smaller than .1 meter after the time when 1.008¢™12% = 1 = 125 = (0992 = —.125t =
—2.31 = t = 18.48. So, about 18.5 seconds after the mass is set in motion, the oscillations become
smaller than .1 meter.

(d) The mass is at the equilibrium position when v = 0 = 1.008¢™!%*sin.992¢ = 0. Since
1.008¢~125 is never zero, this is possible only when sin.992¢t = 0. Solving for ¢ produces .992t =
sin™'(0) = 0 and, the second solution .992¢t = 7 — 0 = 7. The first solution corresponds to the
starting position and the second solution ¢ = &5 & 3.17 seconds is the time when the mass returns
to the equilibrium position for the first time after the starting position.

12



Example 2. Consider a motion of a 1-kg mass which stretches a spring by 9.8 meters. Use the
value of 9.8 m/sec? for g. Assume that there is no damping and that the mass is acted on by an
external force of % cos 0.8t newtons.

(a) Write down an equation which models the motion.

(b) Assume that the mass is set in motion from resting at its equilibrium position. Determine the
position u as a function of time ¢.

(¢) Graph the solution, and classify the type of motion the graph displays by noting what happens
with the amplitude of the solution.

Solution. (a) The general equation of motion is mu” + yu’ + ku = F(t). We are given that m =
1,v=0,L =938, and F(t) = %cos 0.8t. Compute k using the formula k& = 7. Thus, k = % =1.
Hence the equation u” + u = %cos 0.8t models this motion.

(b) The characteristic equation is 7> + 1 = 0 and has solutions r = 4. Hence, the homogeneous
solution is uy = cjcost + cosint. For F(t) = %cosO.St, p+ig = 0+ 0.8, pe(t) = % and so
u, = t°(Acos0.8t + Bsin0.8t). Since 0.8 is not a solution of the characteristic equation, s = 0

and u, = Acos0.8t + Bsin0.8¢. Find u;, = —.8A45sin 0.8t + .8B cos 0.8t and ug = —.64Acos0.8t —
.64Bsin 0.8t and plug them in the equation to have

1 1
—.64Acos 0.8t —.64Bsin 0.8t + A cos 0.8t + B sin 0.8t = 5 c0s 0.8t = .36 A cos0.8t+.36Bsin 0.8t = 3 cos 0.8t.

Equating the terms with cosine, .36 A = % = A= % ~ 1.39. Equating the terms with sine, B = 0.
Thus u = ¢y cost + ¢y sint + % cos 0.8¢.

Since the object is set in motion from the equilibrium position, ©(0) = 0. Since it is set in motion
from rest, u/(0) = 0. Use the condition u(0) = 0 (plug 0 for ¢t and set u equal to 0), we have that
0=c1(1)+c2(0) +22(1) = ¢1 + £ = ¢, = —2. To use the condition «/(0) = 0, find v’ first, then set

18
it to zero and plug 0 for t. As o/ = —¢;sint + 3f
Ccocost — O.8%sin0.8t and ¢; = —%, we have N H ” n
that 0 = —¢;(0) +¢2(1) —0.8 2(0) = ¢ = ¢ = 0. T m
Hence, 1l |
25 25
U= 18cost—|—180050.8t. 0

(c) The presence of trigonometric functions in- ap
dicate oscillations. The presence of two different
frequencies 1 and 0.8 indicate oscillates with a T u u u U u u u U |
periodic amplitude. So, the oscillations are with 3h ‘ ‘ . ]
beats, 0 20 40 60 80 100 120

Electric circuits. Consider an electric circuit with the resistance R, the capacitance C' and
the inductance L containing a battery producing the voltage E(t) at time ¢t. The current I and the
charge () are related by [ = %. The second Kirchhoff’s law tells us that the applied voltage E(t) is
equal to the sum of voltage drops in the rest of the circuit. Since

e The voltage drop across the resistor is IR,
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e The voltage drop across the capacitor is £, and

dI

e The voltage drop across the inductor is L,

the following equation models this set up.

dl 1
L—+RI+—=0Q = FE(t
s +CQ (t)

. 2 . . . .
Since I = %, % = % and so we have a second order linear differential equation

LQ" + RQ' + é@ = E(t).

The analysis of this equation is completely analogous to the analysis of the equation of mechanical
motion mu” + yu' + ku = F(t).

Example 3. A series circuit has capacitor of C'= 0.25-107% farad and inductor of L = 1 henry.
If the initial charge on the capacitor is 107% coulomb and there is no initial current, find the charge
@ as a function of t. Graph the solution and classify the type of motion the graph displays by noting
what happens with the amplitude of the solution.

Solution. Note that R = 0, % = 4-10% and there is no applied voltage so F(t) = 0. Thus, the
general circuit equation LQ"+RQ)’ +%Q = E(t) becomes Q"+4-10°Q = 0. The characteristic equation
72 +4-10°% = 0 has solutions r = £2000i and so the general solution is Q = ¢; cos 2000t + ¢, sin 2000¢.

x10°°

The initial conditions are Q(0) = 107% and
Q' (0) = 0. Plugging the first in the equation pro-
duces 10° = ¢;(1) + ¢2(0) = ¢;. The derivative

0.5

is Q" = —2000c¢; sin 2000t + 2000c¢, cos 2000t so
the second condition produces 0 = —2000¢; (0) + o
2000c2(1) = 2000c; = ¢ = 0. Thus, Q =
107% cos 2000¢. This is an undamped free oscilla- 051

tor and the solution is a periodic function with a
constant amplitude.

.1 H

0 0.02 0.04 0.06 0.08 0.1

Hyperbolic Sine and Cosine. In many cases, the solutions of differential equations are rep-
resented in terms of hyperbolic sine and cosine rather than in terms of exponential functions. The
hyperbolic sine and cosine are defined as

el —et el + et

d ht =
5 an cos 5

sinht =

The name “hyperbolic” comes from the fact that (cosht,sinht) form a hyperbola, analogously to
the fact that the points (cost,sint) form a circle.
Using the definitions of the hyperbolic functions, the following identities can be obtained.

sinht + cosht =¢' and  cosht —sinht =e™ !

14



Thus,

sinh at + coshat = e® and coshat — sinhat = e

Using the hyperbolic functions, we can see the solutions of the equation 3” —a?y = 0 as completely
analogous to y” + a?y = 0, where a is positive. Let us compare these solutions.

Recall that the equation y” + a?y = 0 has characteristic roots 4ai yielding the general solution
y = cj cosat + cysinat. The equation, y” — a?y = 0 has characteristic roots +a yielding the general
solution y = c;e®+cye~%. Represent this solution using hyperbolic functions and the above identities:
y = ¢1(sinh at+cosh at)+cy(cosh at —sinh at) = (¢y+¢y) cosh at+(c; —cy) sinh at. Denoting Cy = ¢1+c
and Cy = ¢; — ¢o, we obtain the solution in the form

y = C] coshat + Cy sinh at

that parallels the solutions y = c¢; cos at + ¢y sinat of y” + a*y = 0.

Converting Higher Order Equations into Systems of First Order
Equations

Recall that a system of n first order differential equations has the form

yizFl(tvylu"wyn)? yé:FQ(taylw"ayn)a R y;:Fn(tuylw'wyn)a

Every differential equation of order n can be converted into a system of n first order
equations. Thus, studying systems encompasses the study of higher order differential equations
as well. In particular, finding numerical solution of higher order equations using Matlab command
ode45 requires this procedure.

A general n-th order differential equation F(y™,y™=Y ... 4/ y,t) = 0 can be converted into a
system of n differential equations of the first order in unknown functions yy, s, ..., y, by considering
the substitution 31 =y, w=v =9, B=9"=vh..., yu=y" V=9 .

The n — 1 equations above starting from the second to the last one represent n — 1 equations of
the new first order system. The n-th equation of the system is obtained from the original equation
which, using the substitution becomes

F(yr:mymyn—la v 7y27y1at) =0.

If solving for y/, produces the equation y,, = f(x,, 1, ..., T, x1,t), this becomes the n-th equation
of the new system. So, the new system of n first order equations is the following.

o=
A = U3
y’;l,fl = Yn
Yo = = fWnUn-1,-- - 92,91, 1)

Example 4. Convert the following differential equations into a system of first order equations.

15



Loy —ty + Ty =sint + * 2. 4" +3y —2y=¢

Solution. (1) We need to convert the given second order differential equation into a system of
two first order equations. The substitution y; = y and y, = ¥’ converts the given equation in y into
a system in y; and yo. The two new variables are related by y]; = y» and this relation is the first
equation of the new system. With this substitution the given equation becomes v — tys + Ty; =
sint +t? = yy = tys — Ty; +sint +t* and this last equation is the second equation of the new system.
So, the new system is

Y =12, Yh=tys — Ty +sint + t2.

(2) We need to convert the given third order differential equation into a system of three first
order equations. The substitution y; =y, y» = ¢/, and y3 = 3" converts the given equation in y into
a system in y;, 3o, and y3. The three new variables are related by vy} = y» and y, = y3 these two
relations are the first two equations of the new system. With this substitution the given equation
becomes y4 + 3ys — 2y1 = €' = yi = —3y2 + 2y; + €' and this last equation is the third equation of
the new system. So, the new system is

Y =12, Yy=uys, and y;= —3ys+ 2y +e".

Practice Problems.

1. Consider a motion of an object modeled by the equation u” + 2u’ + u = 0 where the position
u (in meters) is a function of time (in seconds). Assume that the object is set in motion from
resting at 1 meter from the equilibrium position. Determine the position v as a function of
time. Graph the solution and classify the type of motion the graph displays by noting what
happens with the amplitude of the solution.

2. Consider a motion of a 1-kg mass which stretches a spring by 9.8 meters. Use the value of 9.8
m/sec? for g. Assume that there is no damping and that the mass is acted on by an external
force of % cost newtons.

(a) Write down an equation which models the motion.

(b) Assume that the mass is set in motion by pulling it 1 meter from the equilibrium position
and then releasing it from rest. Determine the position u as a function of time t.

(c) Graph the solution, and classify the type of motion the graph displays by noting what
happens with the amplitude of the solution.

3. Determine the values of 7 for which the equation u” 4+ vyu' 4+ 9u = 0 has solutions which are not
overdamped.

4. A mass of 0.1 kg stretches a spring 0.05 m. If the mass is set in motion from its equilibrium
position with a downward velocity of 10 m/sec, and if there is no damping, determine the
position u as the function of time ¢. Graph the solution and classify the type of motion the
graph displays by noting what happens with the amplitude of the solution. Note the period
and the frequency and find the time when the mass first returns to its equilibrium position.
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5. A mass of 20 kg is oscillating on a spring with the spring constant of 3920 N/m in a medium
with the damping constant of 400 kg/sec. If the mass is pulled down additional 2 m and then
released, determine the position u as the function of time ¢. Graph the solution and classify the
type of motion the graph displays by noting what happens with the amplitude of the solution.

6. A mass of 0.5 kg stretches a spring .1 m. The mass is acted on by an external force of sin%
newtons and moves in a medium that impacts a viscous force with the damping constant of 5
kg/sec. If the mass is set in motion from its equilibrium position with an initial velocity of 0.03
m/sec, determine the position u as the function of time ¢. Graph the solution and classify the
type of motion the graph displays by noting what happens with the amplitude of the solution.

Solutions.

1. The characteristic equation is 72 +2r + 1 =0= (r+1)(r + 1) = 0 so —1 is a double zero and
the general solution is u = cie* + cote . Since the mass is set in motion from 1 meter from
the equilibrium, u(0) = 1. Since the mass is set from resting, the initial velocity is zero and so

u'(0) = 0.

The condition «(0) = 1 implies 1 = ¢(1) +

c2(0) = ¢; = 1. Find the derivative v = osl
—cre7 4 et — cote™" and use v/(0) = 0 and

c; = 1 to have 0 = —1 + (1) — 2(0) = i
—1+cy = ¢y = 1. Thus, u = e ' +te . The ab- 0l

sence of trigonometric functions indicates that
there are no oscillations. Hence, this is the
overdamped case. The mass returns to equi- of
librium position without oscillations. s . - s

0.2

2. (a) The general equation of motion is mu” + yu' + ku = F(t). We are given that m = 1,y =
0,L =938, and F(t) = %cos t. Compute k using the formula k = “2. Thus, k = 108) _ 1,

9.8
Hence the equation u” +u = %cost models this motion.

(b) The characteristic equation is 7%+ 1 = 0 and has solutions r = +4. Hence, the homogeneous
solution is u, = c¢jcost + cysint. For F(t) = %cost, p+qi =0+ 1i, pp(t) = % and so
u, = t*(Acost + Bsint). Since 7 is a solution of the characteristic equation, s = 1 and u, =
Atcost + Btsint. Find u;, = Acost — Atsint + Bsint + Btcost and uj = —Asint — Asint —

Atcost + Bcost + Bcost — Btsint and plug them in the equation to have

1
—Asint — Asint — Atcost + Bcost + Bcost — Btsint + Atcost + Btsint = icost =

1 1 1
—2Asint+ZBcost:§cost:> —2A =0 and 23:5 :>A:0&ndB:Z.

Thus, u = ¢y cost 4 cosint + it sint. This example illustrates that the presence of cos function
only in the external force does not exclude the presence if sine function only in the particular
solution.

Since the object is set in motion at 1 meter from the equilibrium position, u(0) = 1. Since it is

set in motion from rest, u/(0) = 0. Using w(0) =1, 1 = ¢1(1) 4+ ¢2(0) + 3(0) = ¢1 = ¢; = 1.
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Find the derivative @' = —c¢;sint + cycost +
T sin ¢+t cost and use the condition u/(0) = 0.
Thus 0 = —¢1(0) + c2(1) + 0 —0 = ¢ = 0.

Hence,

1
u = cost + Etsint.

(¢) The presence of trigonometric functions in-
dicate oscillations. The presence of ¢ in front of
the sine function indicates an increasing ampli- S
tude. So, the oscillations are with a resonance. 0 10 20 300 405060 70 80

. The solutions are not overdamped if the characteristic equation has complex solutions (since
just in this case the solution has periodic functions present). The characteristic equation is

r?2 4+ yr +9 = 0. The solutions are r = EVTE0 W. Thus, the complex solutions are present
just if the expression under the root is negative. So, v* — 36 < 0 = (7 — 6)(y + 6) < 0. This
inequality has the solution —6 < v < 6. In addition, since 7 is nonnegative, this corresponds
to the interval 0 < v < 6.

. Find k first by &k = %2, So, k = 0'(1].(358) = 19.6. Since there is no damping and the oscillations
are free, the equation of motion is mu” + ku = 0. Thus, 0.1u” 4+ 19.6u = 0 = u” + 196u = 0.
The characteristic equation has solutions » = +14¢ and the general solution is u = ¢; cos 14t +
o sin 14¢. Since the mass is set in motion from the equilibrium position u(0) = 0. The initial

velocity is 10 m/sec so «/(0) = 10. From the first initial condition, 0 = ¢(1) + ¢2(0) =

¢y = 0. Since v = —14¢q sin 14t 4+ 14¢, cos 14¢, the second initial condition produces 10 =
_1401(0) + 1402(1) = Cy = % — %
08f
Hence, 7
5 0.6
U= - sin 14¢. 04

These are undamped free oscillations: the so- o

lution is a periodic function with a constant
0.2+

amplitude.
0.4}
The frequency of oscillations is 14 and the pe- oel
. s 2 ’
riod is 77 = Z. wf 0 R
The mass is at the equilibrium when v = 0. o 05 1152 25 3 35 4

2sin 14t = 0 = sin 14t = 0.

The first solution of this equation is 14t = sin™'(0) = 0 = t = 0 which just denotes the first
initial condition. The second solution is 14t = 7 — 0 = t = I, = .22 seconds which is the time

14
when the mass first returns to equilibrium position after it is set in motion.

. The equation of motion is 20u” + 400w’ + 3920u = 0. The roots of characteristic equation
2012 4+ 400r 4+ 3920 = 0 are —10 £ 41/6i. So, the general solution is u = c;e 1% cos 4v/6t +
coe 1% sin 44/6t. The initial condition are u(0) = 2 and «/(0) = 0. From the first condition,
2 = ¢1(1)+¢c3(0) = ¢; = 2. Find the derivative v’ = —10c,e™'% cos 4v/6t —4+v/6c e~ 1% sin 4y/6t —
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10coe 1% sin 44/6t 4 4v/6coe 1% cos 44/6t and use u'(0)
(0) — (0) + 4v6ca(1) = 20 = 4V6cy(1) = ¢y =
2¢ 10t cos 44/6t + %e’m sin 4/6t.

0 and ¢; =2 to get 0 = —10(2)(1) —
5 Thus, the solution is u =

g
S

(b) The presence of sine and cosine in the solution means that the motion is not overdamped
and that there are oscillations. Since e 1% — 0 for ¢ — oo and e~'% is present in both terms

of the solution, u converges to 0 meaning that
the oscillations have a decreasing amplitude. st

The term e !% converges to zero rather fast,

so the oscillations become negligible in size
fast too and the graph resembles that of an
overdamped oscillator. Still, the presence of

trigonometric functions indicates that there of

are oscillations so the motion is underdamped,

not overdamped. % 02 04 06 08 1
k= 9598 — 49 and v = 5 so the equation of motion is 0.5u” 4 5u’ + 49u = sin £ or, to avoid

fractions, u” + 100’ + 98u = 2sin L. The characteristic equation is 7* + 10r + 98 = 0 and has

zeros r = —b5 + /73i. So, the solution of the homogeneous part is u, = ce™ cos(\/7_3t) +
coe % sin(y/73t). Since %@ is not a zero of the characteristic equation, s = 0 and a particular
solution is of the form u, = ACOS% + Bsin%. Find the derivatives, substitute them in the
equation and equate the terms with sines and cosines. The cos-terms equation produces —f +
5B+98A = 0 and the sine equation produces —% —5A+98B = 2. From the first, 391A+20B =

0= B= %. Plugging that in the second produces (—400 — 391%)A = 160 = A = —0.001.
Hence, B = 0.0204 and so u = c;e™ cos(v/73t) + coe™* sin(v/73t) — 0.001 cos £ + 0.02sin 5.
The initial conditions are u(0) = 0, «/(0) = .03. Using the first one, 0 = ¢;(1) + c2(0) —
0.001(1) 4+ 0.02(0) = ¢; = 0.001. Find «' and use the second condition and ¢; = .001. Get
0.03 = —5¢1 + V73ce + 0.01 = /73cy = 0.025 = ¢ = 0.0029.

Thus, u = 0.001e " cos(v/73t) + 002}
0.0029¢ ' sin(v/73t) — 0.001 cos £ + 0.02sin L.
Since e — 0 for t — oo, uy, converges to 0. OOOZ;
So, after some time only u, remains relevant. 0
Note that the graph looks like that of an un- 0,005 |
damped free oscillator (this is how a graph of 001}
u, also looks like) except of the small part at 0,015
the beginning (this is the only part where the 0.02f
presence of wy, is visible). o 2 4+ 6 & 10 12 14 1
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