Differential Equations
Lia Vas

First Exam Review

1. Checking if a given function is a solution. Classification.

(a) Check if y = 22 and y = 2+ e~*" are solutions of differential equation ' + 3z2y = 622,

(b) Classify the equation y” — 3y’ + 2y = 0 based on the order and linearity and show that
y = ce?® is a solution of this differential equation for every constant c.

(c) Show that y = cje® + c2€*® is a solution of differential equation y” — 3y’ + 2y = 0 for
any value of ¢; and ¢o. Then, find the constants ¢; and ¢y such that the initial conditions
y(0) = 2 and ¥/(0) = 5 are satisfied.

(d) Determine all values of r for which 6y” — 7y’ — 3y = 0 has a solution of the form y = e".

(e) Find value of constants A, B and C for which the function y = Axz? + Bx + C is the
solution of the equation 3" — v + 4y = 8z2.

(f) Find value of constant A for which the function y = Ae* is the solution of the equation
y" — 3y + 2y = 63",

2. Solving the first order equations. Solve the following differential equations.

(@) ¥ —2y =z

(b y/ _ y2x€2m

(c) a3y* + (z%y® +2y)y' =0
(d) v =+v4r+38, y(-2)=3
(e) 2y + 2zy = ¢*

(f

)y =zt w0)=
() ¥ —y+2y°=0

—3x . 3 ] 1 4 )3
(k) ¥’ = % (Hint: rewrite right side as %)

3. Autonomous equations. Find equilibrium solutions and determine their stability. Sketch
the graph of solutions of the following equations.

(a) ¥ =yly+1)(y—2) (b) ' =y(2—y)*(G—y)?
() ¥ =(y—a)y—10) (d) v = ylay* — b), a > 0.

4. Modeling with differential equations.



(a)

A population of field mice inhabits a certain rural area. In the absence of predators, the
mice population increases so that each month, the population increases by 50%. However,
several owls live in the same area and they kill 15 mice per day. Find an equation describing
the population size and use it to predict the long term behavior of the population. Find
the general solution.

A population of bacteria grows at a rate proportional to the size of population. The
proportionality constant is 0.7. Initially, the population consist of two members. Find the
population size after six days.

A glucose solution is administered intravenously into the bloodstream at a constant rate
r. As the glucose is added, it is converted into other substances and removed from the
bloodstream at a rate proportional to the amount present at that time.

(a) Set up a differential equation that models this situation.

(b) If » = 4 and the proportionality constant is 2, find the equilibrium solution, examine
the stability and determine the amount of the glucose present after a long period of time.
Sketch the graphs of general solutions.

(c) If 1 mg is present initially, find the formula describing the amount present after ¢ hours.

If the current temperature of an object is 7, and the room temperature is 7;., the New-
ton’s Law of Cooling states that the rate of cooling of the object is proportional to the
temperature difference between the room temperature the temperature of the object.

(a) Write a differential equation and initial condition that model the temperature of the
object as a function of time. Find the equilibrium temperature and check the stability.

(b) Let us consider a 95° C coffee cup that is in a 20° C room. Assume that the propor-
tionality constant is 0.1. Solve the differential equation in part (a) Use the solution to
estimate the temperature of the coffee after 20 minutes.

Suppose that a 10-kg object is dropped from the initial height. Assume that the drag is
proportional to the velocity with the drag coefficient of 2 kg/sec.

(a) Formulate a differential equation describing the velocity of the object. Find the limiting
velocity by analyzing the equilibrium solutions.

(b) Find the formula describing the velocity of the object.

A tank initially contains 15 thousands gallons of pure water. A mixture of water and
dye enters the tank at the rate of 3 thousands gallons per day and the mixture flows out
at the same rate. The concentration of dye in the incoming water is increasing in time
t according to the expression 0.5¢ grams per gallon. Determine the differential equation
and an appropriate initial condition that model this situation. Find the corresponding
particular solution and use it to determine the amount of dye in the tank after 3 days.

5. Exact equations with parameters. Find the value of parameters for which the following
equations are exact and solve them using those parameter values.

(a)
(b)
()

(ae” +2y)y — 223 4 2z y = 0
2z sinay + (2% cosy — by?)y' =0
ay®ed + 227y + (dye®” 4+ 22® +12eM)y’ = 0



1.

(a)

Solutions

y = 22 = y = 2z. Plug the function and its derivative into the equation vy’ + 32%y =
62% = 2z + 32%(2?) = 62* = 2z + 32* = 62%. This equation does not hold for every value
of  (for example if x = 1 the equation false identity 2+ 3 = 6) so y = x? is not a solution
of the given equation.

=2+ = Yy = —3x2e, Plug the function and its derivative into the equation
y + 322y = 622 = —322e " + 3222+ ') = 62° = —32% " + 62 + 322" =
622 = 622 = 622. This identity holds for every z so the given function is a solution of the
equation.

Linear, second order ordinary differential equation. y = ce** = 3 = 2ce®® = y" = 4ce?®.
Plug into the equation y” — 3y’ + 2y = 0 = 4ce* — 6ce* + 2ce®™ =0 = (4 — 6+ 2)ce* =
0 = 0 = 0. The given function is a solution.

First part is similar to the previous problem. Use the initial conditions to get 2 = ¢;e%+cye”
and 5 = c1e” + 2c9e? = ¢; + ¢ = 2 and ¢; + 2¢, = 5. Solve for ¢; and ¢y and get
Ccl = —1, Cy = 3.

If y = €™, then v = re™, and " = r2e". Plugging that into the equation 6y” — 7y’ —3y = 0

gives you 6r2e™ — Tre™ — 3e™ = (. Factor e™. Get e™(6r* — Tr — 3) = 0. Since ¢" is larger
than zero for any value of ¢, 6r? — 7r — 3 has to be zero. This happens just when r = —1/3
and r = 3/2. Thus, y = €' is a solution for r = —1/3 and r = 3/2.

Find the derivatives of y = Az?+ Bz +C to be ¢ = 2Ax + B and y” = 24 and plug them
into the equation y” — o' + 4y = 822 to get 2A — 2Ax — B +4Ax? +4Bx + 4C = 82°. Note
that both sides are polynomial functions which need to be equal for all values of x. This
is possible just if the coefficient of polynomials with each term are equal. Thus,

e cquating the terms with 22 obtain that 44 =8 = A = 2.

e Equating the terms with x obtain that —2A 4+ 4B = 0. Since A =2, -4+ 4B =0=

B=1.

e Equating the terms with no z obtain that 2A—B+4C =0 = 4—-14+4C =0=C = ’73.
Thus, y = 222 + x — % is a solution of differential equation.
Find the derivatives of y = Ae3® to be ¢ = 34¢e3 and y” = 94e3 and substitute them
into the equation y” — 3y’ + 2y = 6€>" to get

9Ae* — 9Ae™ + 24e*" = 6™ = 24e* =6 =24 =6= A =3

Thus, y = 3e3 is a solution of differential equation.

Linear equation. P = —2. [ = ef 2z — o2 ye 2 — 207y = xe” = (ye ) =

re % = ye 2® = [xe **dx. Use the integration by parts with u = z and dv = e~**dx.
—x _—2zr_1_-2zx

Obtain that ye 2" = Zfe ™ — e 4 c= y = 266_—5‘;“ = =Z — 1+ ce™™.

Separable. y = y*ze® = % = ylre® = % = ze®*dr = _71 = [xe*dx. Use the

integration by parts with u = z and dv = e**dz for this integral to get jze® — 1e** +c.
Thus y = 55— 1

T 5. 15, — O = T 5 T 5. -
E$€2x7i62x+c y 7113621-5-%622-%0
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Exact equation since M, = 423y N F = [23'de = 12"y + g(y). Fy =2"y* + ¢ =

N=a"+2y=¢ =2y =g =1y>+c So, F = 1z*y* + y* + ¢ and the solution is

1wyt Yy He=0.

Separable Y =VA4r+8 = dy = Vixr +8dr = y = [4x + 8dx. Use u = 4o+ 8 get y =
(4x +8)3/2 + ¢. Using the initial condition = —2,y = 3, obtain that 3 = 0+c = ¢ = 3.

So the particular solution is y = §(4x + 8)3/2 + 3.

Bernoulli’s equation with n = 3. Useu = ¢'? =y 2 = y =u™/? = ¢ = JLu32/.
Substitute into the equation. Zlaz?u=/*u + 2zu~? = w¥? = Zla?u/ + 20u = 1 =

w' — 2u = = This is a linear equation. [ = ef ~A/adz _ =4z _ =4 After multiplying

by I,get ur™ = [Zde = 2 +c=u=2+a'=>y=(2 +a) V= —F—.
’ T —5x x x \/m

Homogeneous. Using the hint obtain 3’ = 1+ % + (¥)?. Use the substitution v = ¥ =
y=ur =y =ur+utogetvr+u=1+u+u®>= u'zr=1+u> Separate the variables.
du =4 — tan~lu =In|z| + ¢ = u = tan(ln|z| + ¢) = y = ztan(In |z| + ¢).

14u? ==z
Exact equation since M, =1 =N, F = [2z +y)de = 2> + 2y + g(y). F, =z +¢ =
N=2-2y=¢ = -2y =g9=—-y*+c. F=2%>+2xy— 19>+ c and the solution is

4+ xy—y*+c=0.
Linear and you need to divide by x first. ¢’ + y =22 P = % = [ =ef3dr = 2o

z5
e = g2 = /22 4 2py = = (y2?) = 2* = ya? :fx4d:v:505—5+c:>y:?+cz

22
3
x c
5 +932

Separable. 1y = x2+1 = d;y = ;é‘fl = lny = [ gédfl. Use the substitution u = z? + 1.

Obtain that Iny = LIn(2? + 1) + ¢ = y = ez @ HD+e = @+ ee — 032 4 1)1 =
Cv/x? 4+ 1. Using that y = 2 when z = 0, 2 = Cv/1 = C = 2. So the particular solution
isy=2vVx?+1.

Bernoulli’s equation withn = 3. Useu=9'? =y 2 =y =u"'? and ¢/
Substitute into the equatlon Get 1 w3 — w2 2u =0 = W+ 2u = 4 This is

a linear equation with I = e?* and solutlon u=2+ce 2. Thus y = \/ﬁ

1 w324

Homogeneous. Using the hint get iy’ = % = ur+u= 4“ 3 = ur = % —u =

4“*32*25”2 = “2;21;*3 = é?;;&d% =2 = 7(1251?6[“) =% Use the parmal fractions for the
integral of the left side. Obtain %/; + ;/4 =4 S5 L = o S|y 3]+

Inju—1=4In|z|+c= |u+3|°lu—1] = O‘:L"4 = |u — 1] = C]x\ lu + 3|°. Substitute
back |4 — 1| = Clz|*|£ + 3[°. Multiply by z to get |y — x| = C|y + 3z|°.

Note that at the step when we multiplied both sides by |u + 3|° we assumed this term is
nonzero. In case when this is zero, the line u = —3 = y = —3x is also a solution. So, the
general solutions have the form |y — x| = c|ly + 3z|*> or y = —3u.

Equilibrium solutions: y = —1, ¥y = 0 and y = 2. Checking the sign of ¢, conclude that
y = 0 is stable and y = —1 and y = 2 are unstable.

Y =y2-yP6-y’=0=y=02-yP?=00r(5-y)’=0=y=0,y=2o0ry=5
Checking the sign of ¢’ conclude that y = 0 is unstable, y = 2 is semistable and y = 5 is
stable.



()

(b)

()

(d)

(e)

You can consider the following cases: a > b, a < b and a = b. In the first case, y = b is
stable and y = a is unstable. In the second case, y = a is stable and y = b is unstable. If
a = b, there is just one equilibrium solution and it is semistable.

Note that y = y(ay* —b) = 0 = y = 0 or y* = L. This brings you to the following
cases: g < 0 and 2 > 0. In the first case, y = 0 is the only solution and it is unstable.

In the second case, there are three solutions y = 0 and y = i\/g and y = 0 is stable and
y = j:\/g are unstable.

If y stands for the size of the mice population and ¢ for the time in months, the model can
be obtained as y:rate in - rate out= 0.5y — 15-30 = 0.5y — 450. The equilibrium solution
is y = 900 and 1t is unstable. So, 900 mice is the threshold level for the population to
survive: the number of mice drop to zero if initially there is less of 900. Just if the initial
number is above the threshold, the population will survive.

The equation y’ = 0.5y — 450 is a separable equation with the solution y = ce’/? + 900.

The equation is % = 0.7y. Separating the variables and solving gives you y = C'e®™. Using

the initial condltlon y(0) = 2, the solution becomes y = 2¢%. Plugging 6 for ¢ produces
y(6) = 133 protozoa.

(a) Let y denotes the amount present at time ¢. The rate in is r and the rate out is ky
where k is a proportionality constant. So, the differential equation vy = r — ky models
this situation.

(b) ¥ = 4 — 2y. The equilibrium solution is 4 — 2y = 0 = y = 2 and it is stable. Thus,
2 mg will be present after sufficiently long time period regardless of the initial amount
present.

(c) Separable (also linear) If separating the variables, you have % = 4 — 2y = 2y =

—2c

4 — e—Qt 20 = y = 2 _ 1 —2t 2¢ _ 2 —2t =9 _ 06_%.

If y(0) =1, thenl—Q—Ce =1=2-C=C=1 Thusy=2—e¢?,
(a) dT'/dt = k(T, —T) and T'(0) = T,. The equilibrium solution T= T, is stable. (b) This
is a separable differential equation with general solution 7' = T, — ce™**. Substituting the
initial condition, we obtain T' = T, — (T} — T,)e~*. Thus, if k = .1, T, = 20 and T, = 95,
and t = 20, then 7" = 30.15 degrees Centigrade.

dv =mg —2v = % =

(a) Total force = grav1tat10n - drag. Thus, the equation is m?; 0
g — v = 9.8 — £. The equilibrium solution is v = 49 and it is stable. Thus, the limiting
Velomty is 49 meters per second regardless of the initial velocity.

(b) Separate the variables = 2% = dt = —5In(49—v) =t +c= In(49 —v) = F +c =
49 — v = e ¥5C. General solutlon v =49 — Ce />, As the object is dropped, the initial
velocity is 0. Find the particular solution with v(0) = 0 from v = 49 — Ce "/®. Get
0=49 — C. So, C' =49 and thus v = 49 — 49¢ />,

If @ denotes the amount of dye (in grams) and ¢ the time (in days), the total rate of

change of @) is rate in - rate out. Since the rate in is 3 - 103%0.515% and the rate out is

dv



3- 103%%%, the equation @)’ = 1500t — 0.2Q) models this situation. Since the tank

initially contains no dye, the initial condition is Q(0) = 0.

The equation Q' = 1500t — 0.2Q is linear. Write it as Q' 4+ 0.2Q = 1500t. I = €%2!. So,
Qe = 1500 [ te®dt = 1500(g5te®? — g52e®?) + ¢ = Q = 7500(t — 5) + ce™ .

Q(0) =0=0=0-37500 + ¢ = ¢ = 37500. The particular solution is @ = 7500(¢t — 5) +
37500e7%2 = 7500(t — 5 + 5e¢792?*). When t = 3, Q = 5580.44 grams or 5.58 kg.

M= —2x73+ 2xew2y and N = ae® + 2y. My = N, = M, = 2ze” = 2axze™ = N,. Thus
2=2a=a=1

In2this case, F' = [(—227% 4+ 2z y)dr = 272 + "y + g(y). F, = ¢ +¢(y) = N =
e® + 2y So ¢'(y) = 2y, giving you that g(y) = [2ydy = y* + c¢. Thus, the solution is
F:x*2+ew2y+y2+c:0. or 612y+x*2+y2 =C.

Let M = 2zsinay and N = z? cosy — by?. Then M, = 2axcosay and N, = 2z cosy. If
M, = N,, then a has to be 1 and b can take any real value.

F = [2xsinyde = #?siny + g(y). F, = 2?cosy + ¢'(y) = N = z?cosy — by* = ¢ =
—by* = g = —2y® + c. Thus, the solution is 22 siny — 24> 4+ ¢ =0 or 2?siny — 2y* = C.

Let M = ay®e® + 2z%y and N = 4ye®™ + 223 + 12e*. For the equation to be exact, M,
should be equal to N,.. M, = 2aye® + 22% and N, = 12ye®* + 222, Thus 2a = 12 and so
a = 6.

In this case, F' = [(6y2e® + 22%y)dx = 2y%e* + 223y + g(y). F, = dye™ + 22° + ¢/ (y) =
N = 4ye3® + %953 +12e* So ¢'(y) = 12e*, giving you that g(y) = 3e¢* + c. Thus, the
solution is F' = 2y%e** + 228y + 3™ + ¢ = 0 or 2y%e* + 22y 4 3™ = C.



