Differential Equations
Lia Vas

The Second Exam Review

1. Homogeneous equations with constant coefficients. Solve the following equations.

(a) ¥ =2y +5y=0 b) v =2y +y =0
(c) yW —y=0 (d) y™ —5y" —36y=0
(e) y® — 32y = 0. (f) y® +32y=0.

2. Non-homogeneous equations with constant coefficients. Variation of Parameters.
Solve the following differential equations. Note that parts (a) and (c¢) cannot be solved using
Undetermined Coefficients method.

(a) y// _ 6y’+9y — 137363%. (b) y// o 5y/ —|—6y = 2¢% ( ) y// +4y +4y =7 -2 7290

3. Non-homogeneous equations with constant coefficients. Undetermined Coefficients.
Find general solution of problems (a)-(d). In problems (e)—(g), find the form of particular solu-
tions and the general solutions. For (e)—(g), you do not have to solve for unknown coefficients
in particular solutions.

(a) y" — 5y + 6y = 4e** (b) v + 4y = ba2e”

(¢) v =2y +y=Txe" (d) y" + 2y’ — 3y = 5sin 3z
(e) v — 3y — 10y = 3we* + 5e=2* (f) v’ — 8y’ + 16y = 3z* — 5el®
(g) '+ 4y + 13y = —2sin3x + e ** cos 3z

4. Applications of higher order differential equations.

(a) Consider a motion of an object modeled by the equation u” + iu’ + u = 0 where the
position u (in meters) is a function of time (in seconds). Assume that the object is set in
motion from equilibrium with an initial velocity of 1 meter per second. (i) Determine the
position u as a function of time. (ii) Graph the solution and classify the type of motion
the graph displays by noting what happens with the amplitude of the solution.

(b) Consider a motion of a 1-kg mass which stretches a spring by 9.8 meters. Use the value
of 9.8 m/sec? for g. Assume that there is no damping and that the mass is acted on
by an external force of 1 cos 0.8t newtons. (i) Write down an equation which models the
motion. (ii) Assume that the mass is set in motion from resting at its equilibrium position.
Determine the position u as a function of time ¢. (iii) Graph the solution, and classify
the type of motion the graph displays by noting what happens with the amplitude of the
solution.

(c) Assume that the force in the previous problem changes to %cost newtons and that the
initial conditions are determined by assuming that the mass is set in motion by pulling it
1 meter from the equilibrium position and then releasing it from rest. Do the parts (i) to
(iii) of the previous problem in this case.

1



(d) Consider a motion of an object modeled by the equation u” 4+ 2u’ + u = 0 where the
position u (in meters) is a function of time (in seconds). Assume that the object is set
in motion from resting at 1 meter from the equilibrium position. Determine the position
u as a function of time. Graph the solution and classify the type of motion the graph
displays by noting what happens with the amplitude of the solution.

(e) A series circuit has capacitor of C' = 0.25 - 107° farad and inductor of L = 1 henry. If
the initial charge on the capacitor is 107% coulomb and there is no initial current, find the
charge () as a function of t. Graph the solution and classify the type of motion the graph
displays by noting what happens with the amplitude of the solution.

(f) Determine the values of v for which the equation u” + vu' + 9u = 0 has solutions which
are not overdamped.

Solutions

1. Homogeneous Equations.

@)y =2y +5y=0=1r2-2r+5=0=r = L{m =142 = y; = e*cos2x and
Yo = €”sin 2x. General solution y = cie” cos 22 + co€” sin 2.

(b) y""—2y"+v/ —O:>r —2r4+r=0=1r(r—1)2=0=1r = 0isazero and r = 1 is a double
zero = y; = €% =1, y; = €% and y3 = ze”. The general solution is y = ¢; + cze® + c3ze®.

)y —y=0=r"-1=0= (r2—1)(r*+1) =0 = r = +1 and r = +i = the general
solution is y = ¢1€” + ™ + c3cos T + ¢4 8in .
Alternatively, you can find the four solutions by considering v/1 = v/1e% = 1 eI = T
for k=0,1,2,3. Thenrog = 1,7, = 1,7 = —1 and r3 = —1i yield the same general solution.

(d) y¥W —5y"—36y =0=11-5r2-36=0= (r’—9) (1’ +4) =0=r = £3 and r = +2i =
the general solution is y = ¢;e3* + cpe 3% + ¢3 cos 2x + ¢4 sin 27.
2k

() y» — 32 =0 =" —32 =0 =17 =32 = 32" = r, = /32 5" = 25 for

k=0,1,....4. 1 = 2" = 2, r; = 2”5 = 2(cos & + isinZ) = 0.618 + 1.902,

= 2¢'™/5 = 2(cos 4T + isin 4?”) = —1.618 + 1.176i, r5 = 2e5™/°> = 2(cos & + isin &) =
—1.618 — 1.176i, 7y = " geswils 2(cos & + isin &) = 0.618 — 1.902i.

r1 and ry are conjugated and 7y and r3 are conjugated. The general solution is y =
1% 4 920187 05 1.9022 + 326187 5in 1.9022 + ¢, 16187 c0s 1.1762 + e~ 16187 5in 1.1762.

() y® +32 =0 = P +32 =0 =15 = —32 = 32™ = 1}, = /32" 5 " =2 5
for k = 0,1,...,4. 7o = 2™/ = 2(cosT + isinZ) = 1.618 + 1.176i, r; = 2e>™/° =
2(cos 2F + i sin %’r) = —0.618 4 1.902i, ry = 2™ = 2(cos7r +ising) = =2, r3 = 27/ =
2(cos I +isin TF) = —0.618 — 1.902i, ry = 2e"™/% = 2(cos I + isin ) = 1.618 — 1.176:.

To and ry are conjugated and r; and r3 are conjugated. The general solution is y =
cre 2 £cyet 0187 c05 1.1767+c3e 0187 sin 1.17624+c4e 0187 cos 1.9022+c5e 2618 5in 1.902z.

(2k+1)7r .
5

2. Variation of Parameters. See more detailed solutions on the class handout.

13:10 1,.—1_3x

a) yn = 1% + core’® and . The general solution is y = cle3x+c2xe3m+ Te
(a) y Yp = g y=



(b)
()

yn = c1€* + 23 and y, = e®. The general solution is y = ;€ + cpe® + €.

—2z 2x

— ¢72%_ The general solution is y = (¢; —
2 _lnx e %2,

yp = c1e”%% + coxe and y, = —Ilnz e~
1)e %" + core™® — Inz e~ which is the same as y = cie™** + cyze

3. Undetermined Coefficients.

(a)

The zeros of the characteristic equation are r = 2 and r = 3 and y, = 1% + cpe3®.
We have that p = 2 and pi(z) = 4 so y, = 2°Ae**. Since 2 is a (single) zero of the
characteristic equation, s = 1 and so y, = Aze**. Find the derivatives Yy, = Ae* 42 Axe?
and y = 24e** + 24e* + 4Aze® = 4Ae** 4+ 4Aze** and plug them and y, the into the
equation. Obtain that 4A4e?® +4Axe®® —5Ae* — 10Axe®® + 6Axe®® = 4e** = 4A+4Ax —
5A — 10Ax + 6Ax = 4 = 4A — 5A = 4 = A = —4. Thus, y, = —4xe? and the general
solution is y = ¢1%* + coe3* — 4xe??.

The zeros of the characteristic equation are r = +2i and so y, = ¢; cos 2x + ¢ sin 2x. We
have that p = 1 and pi(z) = 52? so y, = 2°(Ax? + Bx + C)e”. Since 1 is not a zero of
the characteristic equation, s = 0 and so y, = (Az? + Bz + C)e”. Find the derivatives
y, = (2Az+ B)e" +(Az*+ Br+C)e" = (2Az+ B+ Az*+ Bz +C)e” and y)) = (2A+2Ax+
B)e* + (2Az + B+ Az* + Bx + C)e* and plug them and y, the into the equation. Obtain
that (2A+2Az + B)e” + (2Ax + B + Ax? + Bx + C)e” + (4Ax? + 4Bx +4C)e” = bzrie” =
2A+2Ax + B+ 2Ax + B+ Ax? 4+ Bx + C + 4Ax* + 4Bz + 4C = 52%. Equating the terms
with 22, we obtain that 54 = 5 so A = 1. Equating the terms with x, we obtain that
4A4+5B =0= 5B = —4A = —4since A = 1. Hence, B = —%. Equating the terms with no
7, we obtain that = 24+2B+5C = 0 = 50 = —24-2B = —2+% = 2250 C = —%. Thus,
2

yp = (z? — 22— %)e” and the general solution is y = ¢; cos 2z + ¢y sin 2z + (2% — t2 — 2= )e”.

The characteristic equation is 1> —2r+1=0 = (r—1)(r—1) = 0 so r = 1 is a double zero
and yp, = c1€”+coxe”. We have that p = 1 and py(z) = Tz so y, = 2°(Ax+B)e”. Since 1 is a
double zero of the characteristic equation s = 2 and so y, = 2*(Az+B)e® = (Ax*+ Bx?)e”.
Find the derivatives y;, and g, and plug them and y, into the equation. Obtain that A = %,
and B =0so y, = %x?’e“" and the general solution is y = c;e” + coze” + %xsex.

The zeros of the characteristic equation are r = —3 and 7 = 1 and so y;, = c1e73% + cye®.
We have that p +ig = 0 + 3i and py(z) = 5 so y, = 2°Ae’ cos 3z + 2° Be" sin 3z. Since
3¢ is not a zero of the characteristic equation, s = 0 and so y, = Acos3z + Bsin3z.
From here y, = —3Asin 3z + 3B cos 3z and y, = —9A cos 3z — 9B sin 3x and the equation
becomes —9A cos 3x — 9B sin 3z — 6Asin 3x + 65 cos 3x — 3A cos 3x — 3B sin 3x = Hsin 3x.
Equating the terms with cos 3x and the terms with sin 3x obtain =94+ 658 —3A4 = 0 and
—9B — 6A — 3B = 5. From the first equation B = 2A and from the second —6A — 24A =
b= -30A=5= A= —%. Thus B = —% and y, = —%cosSa: — %sin?)x. The general
solution is y = ¢;e73% + c9e® — écos 3r — % sin 3x.

The roots of the characteristic equation r* — 3r — 10 = (r — 5)(r +2) = 0 are 5 and —2

so the homogeneous solution is y, = c¢1€°* + cye™ 2.

2 separately and obtain

You have to consider functions g;(z) = 3ze** and gy(x) = e~
two separate particular solutions y,; and yp.
For g;(z) = 3ze**, p = 2 and py(z) = 3z s0 y,1 = x*(Az + B)e®*. Since 2 is not a solution

of the characteristic equation, s = 0 and so y,; = (Ax + B)e*.
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For go(z) = 5e72%, p = —2 and py(z) = 5 0 yp2 = 2°Ce™**. Since —2 is a (single) solution
of the characteristic equation, s = 1 and so y,e = z'Ce 2" = Cze 2.
The general solution has the form y = c1€° + cye™* + (Azx + B)e*® + Cre 2.

The characteristic equation is 72 — 8r +16 = (r —4)(r —4) = 0, so r = 4 is a double zero.
The homogeneous solution is y;, = ¢;e?® + coze?®. Consider the functions g, (x) = 322 and
ga(x) = —5e'® separately and obtain two separate particular solutions y,; and yps.

For gi(z) = 32 = 322", p = 0 and py(z) = 32? so y,1 = z%(Az? + Bx + C)e’. Since 0
is not a solution of the characteristic equation, s = 0 and so y, = Az? + Bz + C.

For go(x) = —5e*, p = 4 and pi(x) = —5 s0 yp2 = 2°De*”. Since 4 is a double zero of the
characteristic equation, s = 2, and 80 y, = x?De*® = Dz?e'”.

The general solution has the form y = c;e** + cyxe®® + Az? + Bax + C + Da?e®.
—AEVIGZD2 _ A6 943,

The characteristic equation r2+4r+13 = 0 has solutions r =
So, the homogeneous solution is vy, = c1e~2* cos 3x + coe** sin 3.

For gi(z) = —2sin3z = —2e%sin3z, p+ig = 0+ 3i and pi(z) = —2 s0 y,1 =
25 Ae% cos 3z + 2°Be’ sin 3x. Since 0 + 37 is not a solution of the characteristic equa-
tion, s = 0 and so y,; = Acos3x + Bsin3x.

For go(z) = e **cos3z, p+iq = 0+ 3i and pi(z) = 1 so y, = 2°Ce > cos 3w +
2°De " sin 3z. Since —2 + 3i is a solution of the characteristic equation, s = 1 and
80 yp2 = x(Ce™** cos 3z + De~**sin 3x) = Cze >* cos 3z + Dre " sin 3.

The general solution has the form y = ¢;e72% cos 3z + coe 2% sin 3x + A cos 3x + Bsin 3z +
Cze % cos 3x + Dre 2® sin 3z.

4. Applications.

(a)

I W
(i) The characteristic equation is r? + ir + 1 = 0 and it has solutions M =
/=63 .
% + e = % + @ —.1254:.992i. Thus, the general solution is u = c;e™12% cos .992t +
cpe™ 127 sin .992¢. Since the object is set in motion from the equilibrium position, u(0) = 0.

Since it is set in motion with an initial velocity of 1 m/s, u/(0) = 1. Use the condition
u(0) = 0 (plug 0 for ¢t and set u equal to 0), we have that 0 = ¢;(1) + c2(0) = ¢.
To use the condition u'(0) = 1, find «’ first, then set it to 1 and plug 0 for ¢. As v’ =
—.125¢;e7 125 05 .992t—.992¢; e~ 125 sin 992t —.125¢0e 125 sin .992¢+.992¢5e 127 cos .992¢
and ¢; = 0, we have that 1 = —.125(0)(1) — .992(0)(0) — .125¢5(0) 4+ .992¢2(1) = .992¢5 =
¢2 = 555 = 1.008. Hence, u = 1.008¢ %% sin .992¢

(ii) The presence of sine and cosine in the
solution means that the motion is not over-
damped so there are oscillations. Since
e~ 125 5 ( for t — oo and e~1?% is present
in both terms, u converges to ) meaning that
the oscillations have a decreasing amplitude.
Thus, this is an underdamped free oscillator.

(i) The general equation of motion is mu” + yu' + ku = F(t). We are given that m =
L,y =0,L = 9.8, and F(t) = %cos 0.8t. Compute k using the formula k& = “. Thus,
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k = 9988) = 1. Hence the equation v’ + u = }cos0.8¢ models this motion. (i) The

characteristic equation is 72 + 1 = 0 and has solutions r = 4. Hence, the homogeneous
solution is uy = cjcost + cysint. For F(t) = %Cos().&f, p+ig = 0+ 0.8, pp(t) = %
and so u, = t°(Acos0.8¢ + Bsin0.8t). Since 0.8 is not a solution of the characteristic
equation, s = 0and u, = Acos 0.8t + Bsin 0.8¢. Find u;,, = —.8Asin 0.8t + .8 B cos 0.8t and
u, = —.64A cos 0.8t —.64B sin 0.8¢ and plug them in the equation to have —.64A COS 0.8t —
.64Bsin 0.8t+ A cos 0.8t+ B sin 0.8t = = COS 0.8t = 36A cos 0.8t+.36Bsin 0.8t = 3 COSO 8t.
Equating the terms with cosine, 36A =3 = A= %2 = 1.39. Equating the terms with

sine, B = 0. Thus u = ¢y cost + cysint + —COSO 8t.

The initial conditions are u(0) = 1 and u (0) = 0. Using the first condition, we have that
O/Z))cl(l())+02(0) + fg(l) =+ %g = = —%g. Asu/' = —¢ysint +cycost — 0. 8 smO 8t,
u'(0) =0,

and ¢; = —%g, we have that 0 = —¢;(0) + 3 ‘ ‘ ‘ '
co(1) — 0825(0) = cp = ¢ = 0. Hence, 2 ﬂ n ﬂ n
u=— 25cost—|— 2 cos 0.8¢. )
(iii) The presence of trigonometric functions .

indicate oscillations. The presence of two
different frequencies 1 and 0.8 indicate os-
cillates with a periodic amplitude. So, the

oscillations are with beats. Zo w0 e e w0 1

-2

(i) The equation is v’ +u =  cost. (ii) The homogeneous solution is u, = ¢; cost+cy sint.

For F(t) = Lcost, p+qi = 0+ 14, pe(t) = 3 and so u, = ¢*(Acost + Bsint). Since i
is a solution of the characteristic equation, s = 1 and w, = Atcost + Btsint. Find
u, = Acost — Atsint + Bsint + Btcost and ujy = —Asint — Asint — At cost + Bcost +
Bcost — Btsint and plug them in the equation to have —Asint — Asint — Atcost +
Bcost+ Bceost — Btsint + Atcost+ Btsint = %cost = —2Asint+2Bcost = %cost =
—2A =0 and 2B = % = A=0and B = i. Thus, © = ¢y cost + cosint + itsint. Since
the object is set in motion at 1 meter from the equilibrium position, «(0) = 1. Since it is
set in motion from rest, v/(0) = 0. Using u(0) = 1, 1 = ¢1(1) +¢2(0) + 2(0) = ¢; = ¢; = 1.

1
Find the derivative ' = —c¢ysint+cy cost+ 20¢
Tsin ¢+t cost and use the condition u/(0) = i
0. Thus 0 = —¢1(0) 4+ ¢2(1)+0—0 = ¢, = 0. T
Hence, u = cost + 1tsint. Z
(iii) The presence of trigonometric functions sl
indicate oscillations. The presence of ¢ in 10!

front of the sine function indicates an in- st
creasing amplitude. So, the oscillations are 20
With a rr-esonance 0 10 20 30 40 50 60 70 80

The characteristic equation is 72 +2r +1=0= (r+1)(r +1) = 0 so —1 is a double zero
and the general solution is u = c¢;e ™t +cyte™. Since the mass is set in motion from 1 meter
from the equilibrium, u(0) = 1. Since the mass is set from resting, the initial velocity is
zero and so u/(0) = 0. Using u(0) = 1, obtain 1 = ¢;(1) 4+ ¢2(0) = ¢; = 1.



As v = —cre7t 4 cee™t — eote™ W/ (0) = 0, 1
and ¢ = 1, 0 = —1 4+ (1) — (0) = 0s
—1+4cy = cy =1. Thus, u = et +te”t. The
absence of trigonometric functions indicates
that there are no oscillations. Hence, this is
the overdamped case. The mass returns to 02
equilibrium position without oscillations. o

0.6

0.4

0 5 10 15

Note that R = 0, é = 4 -10° and there is no applied voltage so E(t) = 0. Thus,
the general circuit equation LQ" + RQ)' + éQ = E(t) becomes Q" + 4 -10°Q = 0. The
characteristic equation 72 +4-10° = 0 has solutions = 20004 and so the general solution
is Q) = ¢ cos 2000t + ¢5 sin 2000¢.

%10°°

The initial conditions are Q(0) = 107 and '
Q'(0) = 0. The first implies 105 = ¢;(1) +
c2(0) = ¢1. As @ = —2000c¢; sin 2000t +
2000c¢4 cos 2000¢, the second implies 0 = °
—2000¢1(0) + 2000¢2(1) = 2000¢5 = ¢5 = 0.
Thus, @ = 107%cos2000¢. This is an un-
damped free oscillator and the solution is a 1
periodic function with a constant amplitude. o o ooa oo  oos o1

The solutions are not overdamped if the characteristic equation has complex solutions
(since just in this case the solution has periodic functions present). The characteristic

equation is 72 +~r+9 = 0. The solutions are r = TV ﬁ. Thus, the complex solutions
are present just if the expression under the root is negative. So, 72 —36 < 0 = (y—6)(y+
6) < 0. This inequality has the solution —6 < v < 6. In addition, since v is nonnegative,
this corresponds to the interval 0 <~ < 6.



