Differential Equations
Lia Vas

The Third Exam Review
1. Use the definition of the Laplace transform to show that L[t] = s%

2. Find the Laplace transform of the following functions.

(a) tte™ + cos bt — 7 (b) f(f e dr (c) f(f sin(27) cos(2t — 27) dt

3. Find the inverse Laplace transform of the following functions.

(a) 2 (b) == (¢) 52— (d) =t (e) 5524352 (f) 352 4st5

s244) (s+1)3> $243s—47 2425457 34252 (s—1)(s2+1)
4. Use the Laplace transform to solve the equation y” — 6y + 5y = 2, y(0) =0, 3/(0) = —1.

5. Assume that an undamped harmonic oscillator is described by the following differential equation
where y is in ¢cm and ¢ is in seconds. Find the solution, write your answer as a piecewise function,
sketch its graph and describe the motion.

1 5<t <20
" _ ’ — ’ — / —
(a) Y +y—{ 0’ t<5andt220 y(O)—07y(0>—0 6

0, t <9,
(b) y"+4y=< t—5 5<t<10, y(0)=0,y(0)=0
5, t > 10.

The function on the right side of the equa-
tion is known as ramp loading and can be
represented as us(t)(t — 5) — u1o(t)(t — 10).

(c) ¥ +4y =0(t —4m), y(0) = 1, y'(0) = 0.
(d) " + 3y + 4y = 8(t — 3), y(0) = 0, ¥/ (0) = 0.

6. Solve the following equations.
(a) y(t) + [yt = T)y(r) dr =t (b) ¥/ (8) + Jyy(t =) e dr = 1, y(0) = 1
7. Solve the following systems.
(a) @'=—z+y y=-2—y, 2(0)=1, y(0) =2
(b) 2’ =—-2-3y y=—x+y, z(0)=1, y(0)=0
Solutions

1. L]t] = fooo te~s'dt To evaluate this integral, use the integration by parts with u = ¢ and
dv = e™*'. We have —te™" — Le |5, The limit of the first term for ¢ — oo is 0 (you may
use L’Hopital’s rule to see that). The limit of the second terms is also zero for ¢ — oo since
e =L ==L =0. At t = 0, the antiderivative is =. So, L[t] =0 — = = .

e 52
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D.

- (a) (542;;_)5 + i — u (b) The function is the convolution of #* and e’. Thus the Laplace
transform is LF]L[e'] = %Ll = —54(3_1). (¢) The function is the convolution of sin 2t and
cos 2t. Thus the Laplace transform is L][sin 2t|L[cos 2t] = 522+ 17 = (52184)2-

_ 5 _ 5 p— 2 5 s 2 B B B
(a) £ 1[s2+4] = 3L 1[2_+4] = 3sin2¢ (b) £71 [ G+1)° ] =L |:8+1 + (SH)Q + (s+1) =
£ ] [+—1>] T3l [(w)g] = et = 2te! + gt

(c) Since s*+ 3s — 4 factors as (s +4)(s— 1), in order to find the Laplace transform, we need to

find the partial fractions 2 +-£. We obtain A = —2, B = 2. So, L7} [Z4+ 2] = —2e " +2¢".
(d) s* +2s+5 cannot be factored in a product of two linear real terms, so you need to write it
as sum of squares as s> +2s+5 = (s +2s+ 1) +4 = (s +1)> +2>. Then 2= = (Si)ljfﬁ —
(SJFSJ;HQ + %(S+1)22+22. Hence the inverse Laplace is e~ cos 2t + —e tsin 2t.

(e) Using the partial fractions, 552132?2 =448+ &2 L4 3 Ll is2—t 43
(f) Using the partial fractions, % = S_il + gi—ilc = il + S‘Zf’l L71is 2et + cost — 3sint.

The Laplace transform of the equation is s?Y + 1 — 6sY +5Y = 2 = V(s — 6s + 5) =

2-1=Y(s— 1)(5 —5) = 2—23 :> Y = 555 The partial fraction decomposition is
_ 2 3 _ 3 5t 1
Y =5 — 205 (s ry- Thus y = 5 — 55¢ f- el

(a) The function on the right side is a boxcar function given by wus(t) — uQO( ). Takmg the
Laplace transform of the equation with Lly] =Y, we obtaln Y 4V = &

here Y = (7% — ¢7209) e QH) Let F(s) = (321+1) =44 Biilc Find the coefﬁ(nents to be

A=1,B=—1,and C =0 so that F(s) = 1 — 2%5 :>f() L7YF(s)] =1 — cost.
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Thus, the solution is y = L7'[Y] =
L7 (e F(s)— e F(s)] = us(t) f(t—5) —
ugo(t) f(t — 20) = wus(t)(1 — cos(t — 5)) —
ugo(t)(1 — cos(t — 20)). See the handout for
more details on getting the piecewise repre-
sentation and the graph.

0, t<b
Yy = 1 — cos(t — 5), 5 <t<20,
— COS(t — 5) + COS<t — 20), t > 20. 2 s 10 15 20 25 30 35 40
(b) The Laplace transform of the equation is 52Y +4Y =e 5 —e 1%L Thus Y = (e —
67105)m Let F(s) = m 4484 ngif Determine that A C=0,B=1,
and D = =L. So, F(s) = % — éﬁ and f(t) = L7F(s)] = 1t — £ sin2¢. Thus,

y=LY]=ust)f(t —5) —uw(t)f(t —10) =

u5(t)(i(t _5)— ésinZ(t _5))— ulo(t)(i(t —10)— ésinZ(t —10)).

See the handout for more details on getting the piecewise representation and the graph.
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0, 0<t<5,
y = 1(t —5) — gsin2(t — 5), 5<t<10,
é—-sm2(t—5)+-sm2( —10), t>10.

Thus, there are no oscillations before 5. Be-
tween 5 and 10 seconds, the mass oscillates
about the line (¢ — 5). After 10 seconds,
the mass oscillates about 2 with a constant | | | | |
amplitude_ 0 5 10 15 20 25

(¢) The Laplace transform of the equation is 15}

S2Y — s +4Y = e~ 4™ Thus YV = £ +s

s244 0.5
Then y = ()5 sin 2(t — 47) 4 cos 2t =

cos 2t, t <A4m, 1
cos2t + $sin2(t —4m) ¢ > 4. 1

(d) Let Y = L[y]. Applying the Laplace transform to the equation y” +3y +4y =4 (t 3) with
y(0) = 4/(0) = 0 produces 32Y +3sY +4Y =73 From here Y = 55— Complete the

denominator of F(s) = m3

(s+32)24+I. Thus f(t) = L7F(s)] = E‘l[m] = \%E‘l[(s+§)2+%] = ﬁe_?’t/2 sin ¥Tt.
y = L] = Lg5Gm = s
L™ F(s)] = us(t)f(t — 3) =

3

us(t) \%e (t=3)/2 sm*[( -3) =

0, t<3
%6’3(t’3)/2 sin g(t -3), t>3.

Thus, the object starts oscillating only after
3 seconds. It oscillates with a decreasing 005

amplitude given by %6_3“_3)/ 2 converging to 0 and the oscillations become negligible in

time.
6. (a) The equation is y + ¢ x y = ¢. Taking £, obtain Y + Y = 5 =Y = S2+1 = y =sint.
(b) The equation is 3 + y*x e * = 1. Thus sY —14+Y 5 =1 = Y(s+5) =1 +1 =
YS(S‘:L# =y = 5(1;;252121)) = (1;25‘19;2) = 555121)' Find the partial fraction decomposition
tobeng—H—l:y—Q—e t

7. (a) Let X = L]z] and Y = L[y]. Taking £ of both equations produces sX —1=—-X +Y and
sY —2 = —X —Y. From the first equation ¥ = sX + X — 1. Plugging that in the second gives



yous(sX +X —1)—2=-X—(sX+X—-1) =X +2sX +2X =s5+3 = X = 213

) ) $2+4254+2°
__ 8°43s5+s4+3—-5*—25—2 __ _ 2s5+1
Thus Y = 5242542 T 52425427
Then z = L71X] = E‘l[(;fll)ﬁl] = E‘l[(sffgéﬂ - 2(s+11)2+1] = e'cost + 2e'sint and
_ pol[y] ol 2s41 ] plif2s42-1 7 _ p—1lg_ s+l 1 - —t
y=L Y=L F0m =L Gl =L [2(5+1)2+1 — Greral = 2¢7 T cost — e sind.

(b) If X = L[z] and Y = L]y], taking L of both equations produces sX —1 = —X — 3Y and
sY = —X + Y. From the second equation, X =Y — sY. Substitute that in the first equation.
sS(Y=8Y)=1=—(Y —=sY)=3Y = sY -’V —1=sY —4Y = -1 =(s>—4)Y = YV =

1
Thus X =Y — sY = 852_714. The partial fractions decomposition produces ¥ = EIT/; + ;{—42 and
X = 51_% + j’%. Thus, z = L7 X] = 2e* + 3¢72 and y = L71[V] = e + T2,



