THE GRADED CLASSIFICATION CONJECTURE HOLDS FOR GRAPHS
WITH DISJOINT CYCLES

LIA VAS

ABSTRACT. The Graded Classification Conjecture (GCC) states that the pointed K§'-group is a
complete invariant of the Leavitt path algebras of finite graphs when these algebras are considered
with their natural grading by Z. The conjecture has previously been shown to hold in some rather
special cases. The main result of the paper shows that the GCC holds for a significantly more general
class of graphs — countable graphs with disjoint cycles, with only finitely many infinite emitters,
finitely many sinks and cycles and such that every infinite path ends in a cycle. In particular,
our result holds for finite graphs with disjoint cycles (the Toeplitz graph is such, for example). We
formulate and show the main result also for graph C*-algebras. As a consequence, the graded version
of the Isomorphism Conjecture holds for the class of graphs we consider.

Besides showing the conjecture for the class of graphs we consider, we realize the Grothendieck
Z-group isomorphism by a specific graded #-isomorphism. In particular, we introduce a series of
graph operations which preserve the graded x-isomorphism class of their algebras. After performing
these operations on a graph, we obtain well-behaved “representative” graphs, which we call canonical
forms. We consider an equivalence relation &~ on graphs such that E ~ F' holds when there is a graph
isomorphism between some of the canonical forms of F and F. In the main result, we show that the
relation F ~ F' is equivalent to the existence of an isomorphism f of the Grothendieck Z-groups of
the algebras of F and F' in the appropriate category. As F = F' can be realized by a finite series
of specific graph operations, any such isomorphism f can be realized by an explicit graded x-algebra
isomorphism. Because of this, our main result describes the graded (*-)isomorphism classes of the
algebras of graphs we consider. Besides the ties to symbolic dynamics and Williams’ Problem, such
a description is relevant for the active program of classification of graph C*-algebras.

1. INTRODUCTION

If E' is a directed graph and K a field, the Leavitt path algebra Ly (FE) and its operator theory
counterpart, the graph C*-algebra C*(FE), are naturally graded by the group of integers Z. It is
often advantageous to consider the algebras with this grading. For example, it is easy to come up
with examples of graphs with isomorphic pointed Ky-groups of their Leavitt path algebras while
the algebras themselves are not isomorphic. No such examples are known if the algebras are con-
sidered with the grading and their Ky-groups are adjusted accordingly. The Graded Classification
Conjecture, formulated for finite graphs by Roozbeh Hazrat in [15], states that such examples do
not exist.

1.1. The conjecture and its state. In the unital case (when E has finitely many vertices), the
Z-grading of Lk (FE) induces an action of the infinite cyclic group I' = (t) = Z on the set of the
graded isomorphism classes of finitely generated graded projective Ly (FE)-modules. This action
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makes the Grothendieck group, formed using the finitely generated graded projective modules and
their graded isomorphism classes, into a pre-ordered I'-group. Although the notation K& (Lg(F))
has often been used for this group, we use K} (Lx(E)) in order to emphasize that the Grothendieck
group itself is not graded by I' but that I acts on it. If Lx(F) is unital, the graded isomorphism
class [Lx(F)] is an order-unit of the group K (Lx(E)). If Lx(F) is not unital, KJ (Lx(E)) can be
defined via a unitization of Lx(F) and a certain generating interval can be considered instead of
[Li(E)] (see section 2.7 or [19] for more details). A widely accepted formulation (e.g. in [I] and
in [3]) of The Graded Classification Conjecture (GCC) states the equivalence of the two conditions
below for finite graphs F and F' and a field K.

(1*) There is an order-preserving I'-group isomorphism of K} (Lx(E)) and K} (Lx(F)) which
maps the order-unit [Lx(E)] to the order-unit [Lg(F)].
(2*) The algebras Lk (E) and L (F') are graded isomorphic.

By allowing infinite emitters to be present and by considering the generating intervals instead of
the order-units, one can also formulate the GCC for the non-row-finite and the non-unital cases and
thus extend its scope to all graphs. This generalized version, which we also refer to as the GCC, is
stating the equivalence of conditions (1) and (2) below. Any involution on K equips Lk (E) with
an involution and we also consider the equivalence of condition (3) with (1) and (2).

(1) There is an order-preserving I'-group isomorphism of K} (Lx(FE)) and K} (Lxk(F)) which
maps the generating interval Dy, gy onto the generating interval Dy, ().

(2) The algebras Li(E) and Lg(F') are graded isomorphic.

(3) The algebras Li(E) and Lg(F') are graded *-isomorphic.

In [15], the GCC is shown to hold for polycephalic graphs. These are finite graphs in which
every vertex connects to a sink, a cycle without exits, or to a vertex emitting no other edges but
finitely many loops and the graph is such that when these loops and an edge of each cycle with
no exits are removed, the result is a finite acyclic graph. In [3], a weaker version of the GCC is
shown to hold for finite graphs without sources or sinks. In [19], the GCC, generalized to include
the non-unital case, is shown to hold for row-finite, countable graphs in which no cycle has an exit
and in which every infinite path ends in a (finite or infinite) sink or in a cycle if the involution on
the underlying field is reasonably well-behaved (as the complex-conjugation on C is). By [13], the
GCC holds for countable graphs for which whenever there is an edge from a vertex v to a vertex w,
there are infinitely many edges from v to w. In [11], the GCC is shown to hold for two subclasses of
the class of graphs we consider: acyclic graphs with finitely many vertices and 2-S-NE graphs with
finitely many vertices. We also note that [10] contains a survey of the present state of the GCC.

In recent work [11], the term “Graded Classification Conjecture” is defined differently, as a
statement that condition (1) without the condition on the generating intervals is equivalent to the
condition that the Leavitt path algebras are graded Morita equivalent. In our present work, we use
the term GCC to refer only to its original form.

The strong version of the GCC states that the functor K| is full and faithful when considered
on the category of Leavitt path algebras of finite graphs and their graded homomorphisms modulo
conjugations by invertible elements of the zero components. Recently and almost simultaneously,

in [0] and in [28], it was shown that the functor K} is full, in [28] for countable graphs with finitely
many vertices and, in [6] for finite graphs. In [3], it is shown that K} is not faithful.
1.2. The composition S-NE graphs. Composition series of graphs were introduced in [29]. Since

this concept is pivotal for our approach to the proof, we review it in section 2, together with some
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material on porcupine-quotients, the graph I'-monoid and some other results of [29]. We recall that
each graded ideal of L (E) uniquely corresponds to a pair (H,S) of two subsets of the set of vertices
E° of a graph F called an admissible pair. The admissible pairs can be ordered in such a way that
the lattice of graded ideals is isomorphic to the lattice of admissible pairs. The porcupine-quotient
graph (G, T)/(H,S) of two such pairs (H,S) < (G,T), also introduced in [29], has its Leavitt path
algebra graded x-isomorphic to the quotient I(G,T)/I(H,S) of the two corresponding ideals. This
correspondence enables us to transfer the consideration of a graded composition series of Lx(E) to
the consideration of a composition series of E. In particular, F has a composition series of length
n if there is a finite chain of admissible pairs

(0,0) = (Ho, So) < (Hy1,S81) < ... < (Hy, Sn) = (E°,0)

such that the porcupine-quotient graph (H;i1,S;+1)/(H;,S;) is cofinal for all ¢ = 0,...,n — 1
(cofinality of a graph corresponds to graded simplicity of its Leavitt path algebra, see section 2.2
for a review of this concept).

By [29, Theorem 5.7] (stated here as Theorem 2.3), a cofinal graph has exactly one of four types
of certain terminal vertices. Only two of the four types are relevant in this paper: a sink or the set of
vertices on a cycle without exits. If only those two types appear for every cofinal porcupine-quotient
of F/, we say that E is an S-NF graph. Here S is used for “sinks” and NE for “no-exits”. If E is
an S-NE graph and it has a composition series, we say that E is a composition S-NE graph. If the
length of such a composition series for £ is n, E is an n-S-NE graph (Definition 3.1).

If F is a composition S-NE graph, each of its (finitely many) infinite emitters is a sink of exactly
one composition factor. Each of the (disjoint and finite in number) cycles of E is a cycle without exits
of exactly one composition factor. Our choice to work with composition S-NE graphs with possibly
infinitely many vertices is not a vacuous exercise in generalization, but an absolute necessity: a
porcupine graph of a graph with finitely many vertices can have infinitely many vertices as the
example of the Toeplitz graph in section 1.4 illustrates.

1.3. 1-S-NE graphs. To prove our main result, Theorem 5.4, we start by considering 1-S-NE
graphs (i.e., cofinal graphs with either a sink or a cycle without exits) in section 3. It is known
that the GCC holds for such finite graphs ([15, Theorem 4.8]) and such general graphs under some
assumption on K ( [19, Theorem 5.5]). We show that GCC holds for all 1-S-NE graphs in Proposition
3.4. We introduce a canonical form of a 1-S-NE graph (unique up to a graph isomorphism) and
show that the conditions from the GCC are equivalent to the canonical forms of the graphs being
isomorphic (as graphs). In graphical representations of canonical forms of 1-S-NE graphs below, we
abbreviate the graphs as follows: if v receives k edges originating at sources, no matter whether k

is a finite or an infinite cardinal, we depict this as e W g .

The first graph below is a canonical form of a 1-S-NE graph with a sink. Its algebra is graded
isomorphic to M, (1, p1, g2, - - -, pix), where k can be finite or infinite cardinal and « is the (cardinal)
sum 1 + Zle ;- The second graph below is a canonical form of a 1-S-NE graph with a cycle of
length m. Its algebra is graded isomorphic to ML, [z, =™ (tto, ft1, - - - » ftm—1), Where & = 37"t p;.
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We refer to the horizontal line of length k& in the first graph as the spine of the graph and to the
edges not on the spine which end in the spine as the tails. In the second graph, we also refer to the
edges ending in the cycle but not on the cycle as the tails.

1.4. 2-S-NE graphs. The work on the 2-S-NE graphs in section 4 contains crucial arguments for
the general case. We introduce canonical graphs (Definition 4.10) of 2-S-NE graphs and we develop
graph operations needed to transform a given 2-S-NE graph into its canonical form. For example,
if F is the Toeplitz graph ( e —— " | then it is a 2-S-NE graph since its composition series is
(0,0) < ({w},0) < (E°,0). The composition factors are the porcupine graph Py, listed first, and
the quotient E/{w} listed second below.

........... > @ ° ® v ( o’

It turns out that the Toeplitz graph E is its own canonical form and that it is a canonical form of
any of the graphs below.

C.—>.—>. C. . . .

The order-unit is not available to us for graphs with infinitely many vertices. So, for such graphs,
we use cardinality arguments instead of considering the order units — we count the tails. The next
example illustrates how this is achieved in a simple case.

Let E1, Es, E3, and E4 be the four graphs below.
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By Definition 4.10, F; and E, are canonical and the two graphs below, Ej and Ej}, are canonical
forms of F5 and Fj.
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If the types of exits from cycles differ (as, for example, they do for E; and E,), we show that
there is no isomorphism (in the appropriate category) of the I'-groups of the graphs. If the types of
exits are the same but the number of tails is different (as, for example, it is the case for E; and EY),
we also we eliminate the possibility that the I'-groups are isomorphic. Thus, the four graphs have
['-groups in different isomorphism classes and, consequently, their algebras are in different graded
x-isomorphism classes.

A canonical form is obtained by a series of graph operations we introduce. Some of these
operations are out-split and in-split plus moves and their inverses and, as such, are the “graph
moves” of symbolic dynamics. However, some of the operations we consider are not any of the
previously considered graph moves in particular if they entail infinitely many changes of some graph
elements. Each of the operations ¢ : E — F' we consider is defined on the set of vertices and edges
of E and its values are elements of L (F) which satisfy the axioms (V) and (E1) of the Leavitt path
algebra axioms (we review them in section 2.3). The map ¢ is such that ¢(v) # 0 for v € E°, such
that ¢(v) is a homogeneous element of degree zero, and such that ¢(e) is a homogeneous element
of degree one for e € E'. The map ¢ is also such that if the values on the ghost edges are defined
by ¢(e*) = ¢(e)* for e € E', then ¢ is such that (E2), (CK1), and (CK2) hold. By the Universal
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Property of Leavitt path algebras, ¢ extends to a homomorphism which we continue to call ¢. The
property ¢(e*) = ¢(e)* ensures that the extension is a x-homomorphism. The extension is a graded
homomorphism by the requirement on the degrees of ¢(v) and ¢(e) for v € E° and e € E' and
it is injective by the Graded Uniqueness Theorem. For every such map ¢, we check that there is
an operation ¢ : F' — F having analogous properties as ¢ and such that ¢ and ¥ compose to the
identity maps on the sets of vertices and edges. This requirement implies that the extension of ¢ is
a graded x-algebra isomorphism. In particular, the process of obtaining a canonical form of a graph
E yields a specific graded *-isomorphism of the algebras of E and its canonical form.

The basic operations we consider are of the following three types. The first two types are the
existing out-splits and in-split plus moves. The operation we refer to as a path rearrangement is
related to in-split plus moves except that it can be conducted without any consideration of the
in-split minus helper. The third type is an operation we refer to as a cut map. Cut maps have not
been considered before and they are applicable only to graphs with infinitely many vertices. As
opposed to the out-splits and in-split plus moves, both the path rearrangement and the cut maps
are global operations in the sense that they are not related to any specific vertex.

We also introduce an equivalence relation ~ on n-S-NE graphs so that E ~ F holds if there are
canonical forms FE.,, and F,, of F and F’ which are isomorphic. This makes the graphs F and F
relatable on the graph level by gb}qubE for op : F — FEean, O : F — Fon, and ¢ @ FEeay = Fean.
Theorem 4.13, In the main result on countable 2-S-NE graphs, we show that the relation

(4) E~F.

holds exactly when conditions (1) to (3) hold. In addition, if f : K} (E) — K{(F) is an isomor-
phism from condition (1), we realize f by a specific graded *-algebra isomorphism obtained from a
graph operation on two isomorphic canonical forms of £ and F. By ‘realize f”, we mean that we
exhibit a graph operation which extends to a graded *-isomorphism ¢ of the two algebras such that
K} (¢) = f. Since every canonical form is obtained by a finite series of specific graph operations,
any isomorphism of two ['-groups of any two graphs, not necessarily canonical, is realizable. We
generalize this result to countable n-S-NE graphs. Thus, canonical forms can be used to explicitly
describe the graded (*-)isomorphism class of Leavitt path and graph C*-algebras.

The proof of Theorem 4.13 consists of three steps. First, we show Proposition 4.14 which we refer
to as the Quotient Proposition and which focuses on the in-split plus related moves. It establishes
an isomorphism of the quotients of graphs under certain conditions. Second, we prove Lemma
4.17, which we refer to as the Cut Lemma. It implies that the tail graphs have equal cardinality of
tails under certain conditions. This lemma focuses on the cut maps. Having the proposition and
the lemma, the proof of Theorem 4.13 focuses on the format of the POMP-isomorphism and the
operations related to out-splits.

1.5. The main result and its corollaries. In section 5, we introduce the graph operations on
n-S-NE graphs for n > 2 and define canonical forms of such graphs. Suitably selected out-splits
transform an n-S-NE graph to a graph without breaking vertices and with hereditary and saturated
sets H;,j=1,...,nsuch that ) C Hy C H, C ... C H, = E is a composition series of E.

Let ¢; be a terminal cycle of the 1-S-NE graph H;.,/H; (we treat a sink as an improper cycle of
length zero) for j = 0,...,n—1. Our particular focus is on the most involved case when ¢;;; emits
paths to ¢; for every j. We start consideration with the 1-S-NE graph E/H,,_; which we refer to as
the 1-quotient. Using out-splits, we make ¢, emit exits to H,_; from a single vertex, say v,q and
we look for a form which either prevents us from making certain in-split plus moves or allows us to
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make arbitrarily many of them. Out-split reducing the resulting graph as much as possible does not
impact the 1-quotient any more and we continue the process by considering the 2-quotient E/H,,_
and by repeating the previous steps: we make ¢,_; emit exits to H,_» from a single vertex, then
we consider the in-split plus moves of this vertex and make E/H,_» have the 2-quotient canonical
form in the 3-S-NE graph E/H,,_3. This process involves the consideration of H,_1/H, 2, so each
porcupine-quotient gets to have its role in the process.

We continue the process of considering £/H; as the quotient of E/H,_ for j deceasing from n
to 2. The process terminates when the (n—1)-S-NE quotient £/H; is in its quotient canonical form.
After that, we consider the H;-to-H; part for j taking values 2,3, ..., n in that order. Any changes
to this part do not impact the quotient £/H; and they do not impact the Hy-to-H; parts for k < j.
This “bottom up” consideration of the quotients first followed by the “top down” consideration of
the paths ending in ¢, produces a graph which is a canonical form of E. The main result, Theorem
5.4, states that the conditions (1) to (4) are equivalent for countable composition S-NE graphs.

The proof of Theorem 5.4 consists of three steps which match those used for Theorem 4.13:
Proposition 5.2, the General Quotient Proposition focuses on the in-split plus related operations,
Lemma 5.3, the General Cut Lemma, focuses on the cut maps, and, finally, the proof of Theorem
5.4 focuses on the out-split related operations.

A direct corollary of Theorem 5.4 is that the GCC holds for countable graphs with finitely many
vertices and disjoint cycles (Corollary 5.5). In Corollary 5.6, we establish the graph C*-algebra
version of our main result: there is a gauge-invariant isomorphism of the graph C*-algebras of two
countable composition S-NE graphs if and only if the K}-groups of the two C*-algebras, considered
with their generating intervals, are isomorphic. This implies that the graded version of the Strong
Isomorphism Conjecture holds for the class of graphs we consider. The Isomorphism Conjecture,
posed in [2], states that two Leavitt path algebras over C are isomorphic as algebras precisely when
they are isomorphic as *-algebras, which is known as the Isomorphism Conjecture, and that any
such algebras are isomorphic as rings precisely when they are isomorphic as *-algebras, which is
known as the Strong Isomorphism Conjecture. By [2, Propositions 7.4 and 8.5], the latter conjecture
holds for Leavitt path algebras of countable acyclic graphs as well as row-finite cofinal graphs with
a cluster of extreme cycles. By [12, Theorem 14.7], the Strong Isomorphism Conjecture holds for all
graphs with finitely many vertices. The graded versions of these conjectures have every instance of
“isomorphism” replaced by “graded isomorphism”. Corollary 5.7 states that the following conditions
are equivalent with conditions (1) to (4) above.

(5) The algebras Li(F) and Lg(F') are graded isomorphic as rings.
(6) The algebras Li(FE) and Lg(F') are graded isomorphic as *-rings.
(7) The algebras C*(E) and C*(F') are graded isomorphic.

The equivalence of conditions (2) to (4) indicates that Theorem 5.4 does more than prove the
GCC for the class of graphs we consider — it describes the graded isomorphism class (and graded -
isomorphism class) of the algebra (Leavitt path as well as graph C*). This is relevant for an ongoing
initiative to classify all graph C*-algebra (the introduction to [ 2] contains a comprehensive overview
of such initiative and some important results towards obtaining a complete classification).

The operations realizing relation & on composition S-NE graphs are diagonal preserving (Lemma
5.9). Thus, the conditions (1) to (7) are equivalent with the requirements that the isomorphisms in
conditions (2), (3) and (5) to (7) are also diagonal-preserving (Proposition 5.10). Given [, Theorem
7.3], this relates the GCC to Williams’ Problem and section 5.9 contains more details.
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We briefly reflect on possible future directions. The methods of our proof indicate that the GCC
should generally be considered along with a condition on graphs and that using the length of a
composition series for induction is promising.

Every graph with finitely many vertices has a composition series where each composition factor
has either a sink, a cycle without exits, or a cluster of extreme cycles. When considering composition
graphs whose factors may have any of these three types of terminal elements, some of the methods of
our proof may still be applicable. The remaining roadblock to proving the GCC for all graphs with
finitely many vertices seems to be proving it for cofinal graphs with extreme cycles. If this turns
out to be possible, some of our arguments on the length of a composition series could be applicable
to establishing the equivalence of conditions (1) to (7) for graphs with finitely many vertices.

2. PREREQUISITES

In the rest of the paper, we use Z* to denote the set of nonnegative integers and w for the same
set but when considered as the countably infinite cardinal (the smallest infinite ordinal). When
considering n € w as a finite cardinal, it is equal to the set containing all of the finite cardinals
smaller than it, so n = {0,1,...,n — 1}. Writing ¢ € n means that i is an element of the set
{0,1,...,n — 1}. When working with cardinals, we assume the usual cardinal arithmetic laws. We
also let +,, denote the addition modulo n (i.e. the addition in Z/nZ).

We let I' = (t) be the infinite cyclic group generated by ¢ and K be a field trivially graded by Z.

While the sets of vertices and edges of graphs in section 3 have arbitrary cardinalities, all graphs
in subsequent sections have countably many vertices and edges.

2.1. Graded rings. A ring R (not necessarily unital) is graded by a group I' if R = @, .- R, for
additive subgroups R, and if R,Rs C R,; for all 7,0 € I". The elements of the set U'yEF R, are
said to be homogeneous. A left ideal I of a graded ring R is graded if I = 69761“ I'NR,. Graded
right ideals and graded ideals are defined similarly. A graded ring is graded simple if there are no
nontrivial and proper two-sided graded ideals (note that we do not require it to be graded Artinian).

A ring R is an involutive ring, or a *-ring, if there is an anti-automorphism * : R — R of order
two. If R is also a K-algebra for some commutative x-ring K, then R is a x-algebra if (kz)* = k*z*
for all k € K and x € R. If R is a I'-graded ring with involution, it is a graded x-ring if R, C R,-1.

We use the standard definitions of graded right and left R-modules, graded module homomor-
phisms and we use =,, for a graded module or a graded ring isomorphism. If M is a graded right
R-module and v € T', the ~-shifted graded right R-module ()M is defined as the module M with
the I'-grading given by (vy)M; = M, for all 6 € I'. If N is a graded left module, the vy-shift of NV is
the graded module N with the I'-grading given by M (v)s = Mj, for all § € T..

Any finitely generated graded free right R-module has the form ()R @ ... & (v,)R and any
finitely generated graded free left R-module has the form R(v;) @ ... ® R(v,) for v1,...,7, € T
([17, Section 1.2.4] contains more details). A finitely generated graded projective module is a direct
summand of a finitely generated graded free module.

The presence of the shifts vy, ..., 7, in the above form of a finitely generated graded free module
explains the presence of vq,...,7, € T' in the graded matrix ring over a graded ring R. In [17],
M, (R) (71, - - -, Vn) denotes the ring of matrices M,,(R) with the I'-grading given by

(rij) € Mu(R) (3,5 m)s if 7y € Roag, forid,j=1,...,n,
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The definition of M,(R)(71,...,7,) in [21] is different: M, (R)(y1,...,7,) in [21] corresponds to
M, (R)(7; Y, ..., v 1) in [17]. More details on the relations between the two definitions can be found
in [25, Section 1]. Although the definition from [21] has been in circulation longer, some matricial
representations of Leavitt path algebras involve positive integers instead of negative integers making
the definition from [17] more convenient for us. Since we deal almost extensively with Leavitt path
algebras, we opt to use the definition from [17]. With this definition, if F' is the graded free right
module (77 YR @ -+ @ (7, 1) R, then Homg(F, F) 2, M, (R)(71,.-.,7,) as graded rings.

We also recall [21, Remark 2.10.6] stating the first two parts in Lemma 2.1 and [17, Theorem
1.3.3] stating part (3) for I' abelian. Although we use the lemma below only in the case I' = Z, we
note that it generalizes to arbitrary I'. The part on the isomorphism being *-isomorphisms follows
by [19, Proposition 1.3].

Lemma 2.1. [21, Remark 2.10.6], [17, Proposition 1.4.4, Theorems 1.3.3 and 1.4.5], [19, Proposition
1.3]. Let R be a I'-graded *-ring, v1,...,v, € I', and let e;; denote the standard matriz unit for
i,7€{1,...,n}.
(1) If m a permutation of the set {1,...,n}, the K-linear extension of the map e;j — €x-13;)r—1(;)
18 a graded x-isomorphism
M, (R) (71,92 -+ -5 ¥n) Zae Ma(R)(Vr(1), Yr2) - -+ V) -
(2) If 6 in the center of T', then e;j, which is in the yi’y;l—component, can be considered as
an element of the v;0(v;0)~-component, so the identity becomes a graded x-isomorphism
M (R) (1,72, -+ ) = Min(R)(110, 720, - -, Ya).
(3) If 6; € T is such that there is an invertible element as, in Rs, for i = 1,...,n, then the
K-linear extension ¢ of the map e;; — agilagj eij 15 a graded 1somorphism
Mn(R)(’yla Y2, 7771) %"gr MN(R)(’yl(Sl’ ’7262 <o 7’7n5n)

If the elements as, can be found so that agil = aj , then ¢ is a graded *-isomorphism.

If T is abelian and R and S are I'-graded division rings, then

M”(R)<717 Y25 .- 77n) ggr Mm(s)(617 (52, Ce ,5m)

implies that R =, S, that m = n, and that the list (01,02,...,6,) is obtained from the list
(71,72, - - - Yn) by applying finitely many operations of the lists as in parts (1) to (3).

We are going to be interested exclusively in the case when I' = 7Z and the matrices are formed
over either a field K graded trivially by Z or the ring K[z™, 2~™] of Laurent polynomials Z-graded
by K[z™ ™™ = K™ and K[z™,x™™], = 0 if m does not divide n. Note that K[z™ z7™],
graded as above, is a graded field.

It turns out that dealing with graphs having infinitely many paths ending in a sink or a cycle
requires us to generalize previously noted results to matrices of arbitrary size. Let I' be any group,
K be a I'-graded division ring, and let x be an infinite cardinal. We let M (K') denote the ring of
infinite matrices over K, having rows and columns indexed by x, with only finitely many nonzero
entries. If 7 is any function k — I', we let M, (K)(%) denote the I'-graded ring M, (K) with the
d-component consisting of the matrices (aqs), o, 8 € K, such that ans € Kza)-1555). If K is a
graded *-ring, M, (K)(7) is a graded #-ring with the x-transpose involution.

The first part of Lemma 2.1 has been generalized in [19, Proposition 4.12] as the lemma below.

Lemma 2.2. [19, Proposition 4.12] Let I" be an abelian group, R be a I'-graded x-ring, k a cardinal,
vy €I, and enp denotes the standard matriz units for o, B € K.
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(1) If 7 is a bijection kK — Kk and 1 denotes the composition of 7 and w, then the R-linear extension
of the map eqs + ex-—1(a)r-1(g) 5 a graded *-isomorphism M, (R)(¥) =4 M. (R)(yT).

(2) If 0 is in the center of I' and 7§ denotes the map (79)(«) = 7F()d, then eqg, which is in the
F()¥(B) "t -component, can be considered as an element of the ¥(a)d(7(B)d) ™ -component, so
the identity becomes a graded isomorphism My (R)(7) =g M. (R)(F9).

(3) If § : k — T is such that the component Ry, contains an invertible element a, for every
« € K, then the R-linear extension of the map eqp — ajtageqs is a graded isomorphism ¢ :
M, (R)(7) g M, (R)(F0). If the elements a, are unitary (i.e. a;' = ai,), then ¢ is a graded
x-1.s0morphism.

2.2. Graphs and properties of vertex sets. If F is a directed graph, we let E° denote the set
of vertices, E' denote the set of edges, and s and r denote the source and the range maps of E. If

K is any cardinal, we use e’ —— o™ to depict that v emits x edges to w. If V' C E°, a subgraph
generated by V' is the graph with V' as its vertex set and with its edge set consisting of the edges
of E which have both their source and their range in V. The graphs E and F' are isomorphic,
written as £ = F, if there are bijective maps f° and f! of their vertices and edges such that
s(f(e)) = fOs(e)) and r(f1(e)) = fO(r(e)) for all e € E'. It is direct to show that this definition
corresponds to f = (f°, f!) being an invertible graph homomorphism in the sense of [I, Definition
1.6.2]. In this case, we write f : F = F and refer to both f° and f! as f.

A sink of F is a vertex which emits no edges and an infinite emitter is a vertex which emits
infinitely many edges. A vertex of F is regular if it is neither a sink nor an infinite emitter. A graph
E is row-finite if it has no infinite emitters and F is finite if it has finitely many vertices and edges.

A path is a single vertex or a sequence of edges ejes ... e, for some positive integer n such that
r(e;) = s(ejqq) fori =1,...,n — 1. The length |p| of a path p is zero if p is a vertex and it is n if
p is a sequence of n edges. The set of vertices on a path p is denoted by p®. A line of length n is
a path of length n such that all its vertices, except possibly the source and the range, do not emit
edges except the one in p and do not receive edges except the one in p.

The functions s and r extend to paths naturally. A path p is closed if s(p) = r(p). A cycle is
a closed path such that different edges in the path have different sources. A cycle has an ezit if a
vertex on the cycle emits an edge which is not an edge of the cycle. A cycle c¢ is extreme if ¢ has
exits and for every path p with s(p) € c°, there is a path ¢ such that r(p) = s(¢q) and r(q) € . Two
cycles ¢ and d of any graph are disjoint if ¢ Nd° = 0.

(&
If Fis e :fj e it is not uncommon to hear a reference to the “single cycle” of E. However,

E has two cycles: ef and fe. In our work, if ¢y = eg...e,_1 is a cycle of length n, we use [¢] for
the set of n elements ¢; = e;e;4,1...€;_,1 for i =0,...,n — 1. The relation ¢ ~ d if [c] = [d] is an
equivalence relation of the set of all cycles of a graph. Thus, while a cycle in the above graph with
two vertices is not unique, there is a unique equivalence class of the relation ~ on this graph.

If u,v € E° are such that there is a path p with s(p) = u and r(p) = v, we write u > v. For
V C E° theset T(V) = {u € E° | v > u for some v € V'} is called the tree of V, and, following [27],
we use R(V) to denote the set {u € E° | u > v for some v € V} called the root of V. If V = {v},
we use T'(v) for T({v}) and R(v) for R({v}).

An infinite path is a sequence of edges ejes ... such that r(e,) = s(e,41) for n = 1,2.... Just
as for finite paths, we use p® for the set of vertices of an infinite path p. In [29, Definition 5.3], an
infinite path p of a graph E is said to be terminal if no element of T'(p°) is an infinite emitter or
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on a cycle and if every infinite path ¢ originating at a vertex of p is such that T'(¢") C R(¢"). Note
that the property T'(p") C R(p°) is shared for any path (finite or infinite) which contains a vertex
which is on an extreme cycle, or on a cycle without exits or which is a sink and the relevance of
these types of vertices is evident from [29, Theorem 5.7] which we review in Theorem 2.3. A vertex
is terminal if it is a sink, on a cycle without exits, on an extreme cycle or on a terminal path.

Let E<* be the set of infinite paths or finite paths ending in a sink or an infinite emitter. A
vertex v is cofinal if for each p € E=* there is w € p° such that v > w and E is cofinal if each vertex
is cofinal. This property matches the existence of a unique equivalence class of terminal vertices
such that w ~ v if and only if v and w are on the elements of E<* which have the same root (see
[29] for more details). In [29], this equivalence class of terminal vertices is called a terminal cluster,
or a cluster for short. For example, the cluster of a sink v is {v}, the cluster of a cycle ¢ without
exists is ¢, and the cluster of a vertex on an extreme cycle c is T'(°).

A subset H of EV is said to be hereditary if T(H) C H. The set H is saturated if v € H for
any regular vertex v such that r(s™*(v)) C H. For every V C E°, the intersection of all saturated
sets of vertices which contain V' is the smallest saturated set which contains V. This set is the
saturated closure of V. The saturated closure V of T(V) is both hereditary and saturated and it is
the smallest hereditary and saturated set which contains V.

2.3. Leavitt path algebras. If K is a field, the Leavitt path algebra Lk (E) of E over K is a free
K-algebra generated by the set E° U E' U {e¢* | e € E'} such that
(V) vw =0 if v # w and vv = v, (E1) s(e)e = er(e) =,
(E2) r(e)e* = e*s(e) = e, (CK1) e*f =0if e # f and e*e = r(e),
(CK2) v=73" -1, ee” for each regular vertex v

hold for for v,w € E® and e, f € E'. Let v* = v forv € EY and p* = e’ ...¢e} forapathp =e;...¢e,.
The set of elements pg* where p and ¢ are paths of E with r(p) = r(q) generates Ly (E) as a K-
algebra and (Y1, kipig?)" = Y., kfqip}, where k; — k} is any involution on K, is an involution
of Lg(FE). In addition, Lg(F) is graded locally unital (with the finite sums of vertices as the local
units, the elements u such that for every finite set of elements F', zu = ux = x for every x € F).

The algebra Lk (E) is unital if and only if E° is finite in which case Y, _po v is the identity.

If we consider K to be trivially graded by Z, Lk (FE) is naturally graded by Z so that the n-
component Lg(F), is the K-linear span of the elements pg* for paths p, ¢ with |p| — |¢| = n. This
grading and the involutive structure make Ly (F) into a graded *-algebra.

If R is a K-algebra which contains elements p, for v € E°, and z. and y. for e € E' such that the
five axioms hold for these elements, the Universal Property of Lx(F) states that there is a unique
algebra homomorphism ¢ : Lx(E) — R such that ¢(v) = p,, ¢(e) = x., and ¢(e*) = y. (see [I,
Remark 1.2.5]). If R is Z-graded and p, € Ry forv € E°, 2, € Ry and y, € R_, for e € E', then ¢ is
graded. By the Graded Uniqueness Theorem ([!, Theorem 2.2.15]), such graded map ¢ is injective
if p, # 0 for v € E° If R is involutive and ¢ is such that y. = x?, then ¢ is a *-homomorphism
(i.e., ¢(z*) = ¢p(x)* for every x € Li(E)).

We recall [29, Theorem 5.7] characterizing graded simplicity of Lk (FE) in terms of the existence
of exactly one type of four types of terminal vertices.

Theorem 2.3. [29, Theorem 5.7] Let E be a graph and K be a field. The following conditions are
equivalent.

(1) Lg(E) is graded simple (equivalently, E is cofinal).
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(2) The set of terminal vertices is nonempty and it consists of a single cluster C' such that E° is
the (hereditary and) saturated closure of C.
(3) Ezactly one of the following holds.
(a) The set E° is the (hereditary and) saturated closure of a sink. In this case, E is row-finite
and acyclic and E° = R(v) for a sink v.
(b) The set E° is the (hereditary and) saturated closure of ® for a cycle ¢ without exits. In this
case, E is row-finite, E° = R(c°), and c is the only cycle in E.
(c) The set E° is the hereditary and saturated closure of c® for an extreme cycle c. In this case,
every cycle of E is extreme, every infinite emitter is on a cycle, and E° = R(c").
(d) The set E° is the hereditary and saturated closure of a° for a terminal path o. In this case,
E is acyclic and row-finite and E° = R(a°).

2.4. Porcupine-quotient graphs. If H is hereditary and saturated, a breaking vertex of H is an
element of the set

By = {v € E° — H|v is an infinite emitter and 0 < [s~'(v) N~ (E° — H)| < w}.

For each v € By, let v stands for v — 3 ee* where the sum is taken over e € s™'(v)Nr~!(E° — H).

An admissible pair is a pair (H,S) where H C E° is hereditary and saturated and S C Bpy.
For an admissible pair (H,S), the ideal I(H,S) generated by H U {v¥ |v € S} is graded since it
is generated by homogeneous elements. It is the K-linear span of the elements pg* for paths p,q
with r(p) = r(¢) € H and the elements pv?¢* for paths p,q with r(p) = r(q) = v € S (see [23,
Lemma 5.6]). Conversely, for a graded ideal I, H = I N EY is hereditary and saturated and for
S={veByg|vlel}, I=1I(HS) ([23, Theorem 5.7], also [I, Theorem 2.5.8]). If S = 0, we
shorten (H,() to H and I(H,{) to I(H).

The set of admissible pairs is a lattice with respect to the relation
(H,9) < (G, T) f HCKand SCGUT
(see [1, Proposition 2.5.6] for the meet and the join of this lattice). The correspondence (H,S) —

I(H,S) is a lattice isomorphism of this lattice and the lattice of graded ideals.

An admissible pair (H,S) gives rise to the quotient graph E/(H,S) and to the porcupine graph
Piu,sy so that the algebras Lg(FE)/I(H,S) and Lg(E/(H,S)) are graded isomorphic and that
the algebras Ly (Pp,s)) and I(H,S) are also graded isomorphic (by [23, Theorem 5.7] and [26,
Theorem 3.3]). Recently, the two constructions have been generalized by a single construction and
the porcupine-quotient graph corresponding to the quotient of one admissible pair with respect to
another admissible pair was introduced in [29]. Below are the relevant definitions.

If H C @ are two sets of vertices of E, let
BS = {v € E° — H | v is an infinite emitter and 0 < [s™*(v) N~ (G — H)| < w}.
If (H,S) and (G, T) are two admissible pairs of a graph F such that (H,S) < (G,T), we let

FI(G—H,T—-S5)={eies...e,isapathof E|r(e,) € G—H,s(e,) ¢ (G—H)U (T —S)} and
Fo(G—H,T—S)={pisapathof EF|r(p) €T — S,|p| > 0}.

The porcupine-quotient graph (G,T)/(H,S) is defined by letting the set of its vertices be
(G—H)U(T-S)U{uw? |pec F(G—H,T-S)UFG—-HT-S)}u{v|ve (GUT)-S)NnB%}
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and the set of its edges be
{e € E' | r(e) € G — H and either s(e) € G — H or s(e) € T — S}U
{fPlpe Fl(G—H,T—-S)UFG—-HT-S)}u{d|rle) e (GUT)—-S)NBS}.

The source and range of an edge of (G,T)/(H,S) which is also in E! are the same as in E.

Ifee E'N(F(G—H,T—S)UFy(G—H,T—2S)), welet s(f¢) = w® and r(f¢) =r(e). lf p=eq
where e € E', g € Fi(G—H,T—S)UF,(G—H,T—S), and |q| > 0, let s(f?) = w? and r(f?) = w?.

If re) € (GUT) - S)N BE, we let r(¢/) = r(e). If r(e) € (G — S) N BY and if s(e) €
(G—H)U(T - 295), we let s(¢) =s(e). If s(e) ¢ (G— H)U (T —S), then either s(e) ¢ GUT or
s(e) € SNT. In either case, e € F1(G — H,T — S) and we let s(¢/) = w®. If r(e) € (T — S) N B,
then e € Fo(G — H, T — S) and we let s(e') = w*.

If S=1T =0, we write (G,0)/(H, D) shorter as G/H.

If (G,T) = (E° (), the porcupine-quotient graph is exactly the quotient graph E/(H,S). If
(H,S) = (0,0), the porcupine-quotient graph is exactly the porcupine graph P 1.

By [29, Theorem 3.6], the Leavitt path algebra of a porcupine-quotient (G,T)/(H,S) is graded
isomorphic to the quotient I(G,T)/I(H,S) of two corresponding graded ideals.

2.5. Out-split and in-split plus moves. If E is a graph and v a vertex which emits edges, let
&1,...&E, be a partition P of s7!(v). We review the definition of the out-split graph E,p below
([1, Definition 6.3.23]) and the out-split operation F — E, » which we call the out-split of v with
respect to P. If s7H(v) = & U... UE,, the sets of vertices and edges of E, p are

B = E°— {0} Ufvr, .ol Bl ={fusfu | f € BLx(f) = 0} U{F € B [ x(f) # 0},

the range of f; in E, p is v; and the range of f in E, p is r(f), the source of g € Ei,P is

v if g=f; €& (sos(f)=r(f) =v)
v, ifg=fe& (sos(f)=wvandr(f)#v)
s(f) if g = f; and s(f) # v (so r(f) = v)
s(f)if g=f and s(f) # v (sor(f) #v).

The map on the vertices and edges of E given by ¢(v) = > 7", v, d(w) = w for w € E° — {v},
O(f)=>1", fiifr(f) =vand ¢(f) = f otherwise, extends to a graded *-monomorphism L (E) —
L (E,p). This map is a graded *-isomorphism if v is regular or if it is an infinite emitter with all but
one set &1,...&, finite. In this last case, and if &, is the infinite set, the inverse of ¢ can be defined
on the vertices and edges by ¥(v;) = > o ee* fori=1,....n =1 ¢(v,) = v — S D ece, €€5,
P(w) = w for w € E° — {vy,...,v,}, and ¥(f) = f(r(f)). If v is an infinite emitter and more
than one partition set is infinite, ¢ may not be onto. For example, the first graph below has a
composition series length 3 (see section 2.9). The second graph is the out-split of v with respect to
the two-element partition consisting of the sets of all edges with equal range. It has a composition
series of length 4, so the algebras of the two graphs are not graded isomorphic.

2— , — —— v T~
oO<—0 —>0 oe<—0 [ J — 0

All out-splits we consider are with respect to either a partition of the set of edges emitted from
a regular vertex or the set of edges emitted from an infinite emitter such that only one partition
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set is infinite. The operation of taking the out-amalgamation of a vertex v with respect to some P
is the inverse of taking the out-split. So, the graph £ is the out-amalgamation of E, p.

We often deal with the case when v is regular and &; is a single element set for i = 1,...,|s7(v)].
We call the out-split graph with respect to this partition the mazimal out-split of v. If V. C E° is a
set of regular vertices, the graph obtained by performing the maximal out-splits of every v € V is
said to be the maximal out-split of V and the term the maximal out-split is used in the case when
V' is the set of all regular vertices. We are interested in the case when V is the set of all regular
vertices not on any cycle. We say that the maximal out-split with respect to this set is the total
out-split of & and denote it by Fi,. So, Ei is a graph in which every regular vertex which is not
in a cycle emits exactly one edge.

If v is a regular vertex of a graph E and if &,7 = 1,...,n is a partition P of r~!(v), an in-split
of v with respect to P is defined analogously as the out-split except that the roles of r and s are
reversed. If some of the partition sets are allowed to be empty (in which case the collection is still
called a partition despite the deviation from the standard definition), the resulting operation is
called an in-split minus move. If v is a regular vertex of a graph M and E and F' are the outcomes
of the in-split minus moves applied to v and the partitions of r~*(v) with the same number of
elements, then we say that E is an in-split plus of F' (and, vice versa, F' is an in-split plus of FE).
We refer to the graph M as the mother grzﬂgh\{which relates £ and F' by the in-split minus moves.

For example, if M is the graph o — > oV ;e and F and F are two graphs from Example 3.3,

-
then the in-split minus of M with respect to {{e}, {f}} produces E and the in-split minus of M
with respect to {{e, f},0} produces F.

An in-split plus move extends to a graded *-isomorphism of the algebras by [14, Theorem 2.2.3]
(and this may not be the case for in-split and in-split minus moves). The reference [11] also has more
information on the origin and the use of the in-split plus move. For composition S-NE graphs, the
in-split plus move of a vertex which does not emit exits is related to the relative path rearrangements
of the cofinal subgraph from Proposition 3.5.

2.6. Pre-order monoids and their order-ideals. If G is an abelian group with a left action of a
group I' compatible with the group operation, then G is a I'-group. If M is an abelian monoid with
a left action of a group I' compatible with the monoid operation, then M is a I'-monoid. Let > be
a reflexive and transitive relation (a pre-order) on a I-monoid M (I-group G) such that g; > ¢
implies g1 +h > go+h and vg; > vgs for all g1, go, hin M (in G) and v € I'. We say that such monoid
M is a pre-ordered I'-monoid and that such a group G is a pre-ordered I'-group. Let POM denote
the category whose objects are pre-ordered I'-monoids and whose morphisms are order-preserving
[-monoid homomorphisms and POG denote the category whose objects are pre-ordered I'-groups
and whose morphisms are order-preserving I'-group homomorphisms (Z[[']-homomorphisms).

If G is a pre-ordered T'-group, Gt = {x € G | © > 0} is a pre-ordered I-monoid. If a T-group
homomorphism f : G — H is order-preserving, then f(G™") C H*. Conversely, if M is a cancellative
pre-ordered I'-monoid, then its Grothendieck group is a pre-ordered I'-group such that GT = M
and if f : M — N is an order-preserving ['-monoid homomorphism of cancellative pre-ordered
[-monoids, then f induces an order-preserving homomorphism of the Grothendieck groups of M
and N. The objects of POM we consider are cancellative, so the formulation of our main result in
terms of the elements of POM is equivalent to the formulation in terms of the elements of POG.

If Z* denotes set of nonnegative integers, the set of finite sums of the Z*-multiples of the elements
of ' is a pre-ordered I'-monoid which we denote by Z*[I']. An element u of a pre-ordered I'-monoid
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M is an order-unit if for any x € M, there is a nonzero a € Z*[['] such that z < au. If M and N
are pre-ordered I-monoids with order-units u and v respectively, we refer to the pairs (M, u) and
(N,v) as the pointed monoids. An order-preserving Z[I']-module homomorphism f : M — N is a
homomorphism of pointed monoids if f(u) = v. Let POM" denote the category whose objects are
pointed monoids and whose morphisms are homomorphisms of pointed monoids.

An element u of a pre-ordered I'-group G is an order-unit if u € G and for any x € G, there is a
nonzero a € Z*['] such that x < au. Let POG" denote the category whose objects are pairs (G, u)
where GG is an object of POG and w is an order-unit of G and whose morphisms are morphisms
of POG which are order-unit-preserving. If GG is an upwards directed pre-ordered I'-group, then
u is an order-unit of G if and only if u is an order-unit of G*. Since all the objects of POG we
consider are going to be upwards directed, the formulation of our main result in terms of objects
and morphisms of POMY" is equivalent to the formulation in terms of their counterparts in POG®".

A submonoid I of a pre-ordered monoid M is an order-ideal of M if x > y and x € I implies
y € I. A I'-submonoid I of a pre-ordered I'-monoid M which is an order-ideal is a I'-order-ideal.
A subset D of such M is conver if v < z < y for z,y € D and z € M implies z € D. A subset
D of M is upwards directed if for x,y € D, there is z € D such that x < z and y < 2. If M
is a pre-ordered I'-monoid, a subset D of M is a generating interval if D it is upwards directed
and convex such that Z*[[]D = M. Let POMP? denote the category whose objects are pairs
(M, D) where M is an object of POM and D is a generating interval of M, and whose morphisms
are morphisms of POM which map the generating interval into the generating interval. Thus, a
POM-homomorphism f : (M, D) — (N, F) is a POM” homomorphism if and only if f(D) C F.
If f is an POMP"-isomorphism, then F = f(f~'(F)) C f(D) C F, so f(D) = F.

If G is a pre-ordered I'-group, a subset D of G is a generating interval of G if D is a generating
interval of Gt. Let POG? denote the category of POG objects considered with their generating
intervals and POG-morphisms mapping the generating interval into the generating interval. For
the I'-monoids and T'-groups we are considering, the categories POMP® and POG?” are equivalent.

2.7. The I'-monoid and the Grothendieck I'-group of a graded ring. If R is a unital I'-
graded ring, let V' (R) denote the monoid of the graded isomorphism classes [P] of finitely generated
graded projective right R-modules P with the addition given by [P] + [Q] = [P & Q] and the left
[-action given by (v, [P]) — [(7~!)P]. The monoid V'(R) can be represented using the classes of
left modules in which case the T-action is (v, [P]) — [P(7)]. The two representations are equivalent
(see [17, Section 1.2.3] or [25, Section 2.3]). Note that the action in [17] is given by (v, [P]) — [(7)P],
not as above. For abelian groups, this is equivalent, but for non-abelian groups, this map would not
be an action, so we consider the action with (v, [P]) ~ [(7~!)P]. This causes some formulas to be
different than in [17]. The monoid V'(R) can also be defined via homogeneous matrices (see [17,
section 3.2]). Although we focus on the case when I' is Z, we note that the definitions and results
of [17, Section 3.2] carry to the case when I' is not necessarily abelian by [25, Section 1.3].

The Grothendieck T-group K} (R) is the group completion of the I-monoid V'(R) with the
action of T" inherited from V'(R). If ' is the trivial group, K} (R) is the usual Ky-group. The
pointed monoid (V' (R), [R]) is an object of POM" and the image of V' (R) under the natural map
V' (R) — K{(R) makes (K} (R),[R]) into an object of POG". If ¢ is a graded ring homomorphism,
then V!'(¢) is a morphism of POM and K( (¢) is a morphism of POG. If ¢ is unital (i.e. ¢ maps
the identity onto identity), V''(¢) is a morphism of POM" and K} (¢) is a morphism of POG".
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If K is a I'-graded division ring, recall that the support I'x = {y € ' | K, # {0}} is a subgroup
of I. If T is abelian, the map V'(K) — Z*[['/Tk] given by [(7y )EK” @ ... & (v, )K™] —
S pi(%iT'k) is a canonical isomorphism of I-monoids by [17, Proposition 3.7.1] (note that the
difference of signs in the formula in [17, Proposition 3.7.1] is present because the action of " on
VI'(R) is different than the action we consider here).

If the grade group is the group of integers and K is a trivially graded field, K} (K) is a
Z|Z]-module. To avoid confusion of working with Z-modules which also have an additional Z-
action, we consider the infinite group I' = (¢) on a single generator ¢ to act on the monoids
and their Grothendieck groups. Hence, if n is a positive integer, v1,7v2,...,% € Z, and R =
M., (K) (1, ---,7), then R is graded by Z, but its T-monoid V'(R) and the T-group K{ (R) are
considered with the action of I' = () not the action of Z. By Lemma 2.1, we can assume that
Y1,Y2, - -+, Yn € ZT when considering R. Let k& be the maximum of 71,7, ...,7, and I, ..., be
such that [; is the number of times ¢ appears on the list v1,79,...,7, for ¢ = 0,..., k. There is a
canonical POM"-isomorphism

faz (W (ML (K)(7)), ML (K) () = (ZF [t 7 thl

(both [25, Section 3.1] and [19, Section 1.5] have more details). The choice to consider POM"
instead of POM is relevant: if I' = (t) = Z, R = K = K(0), and S = M,(K)(0,1), then both
VI'(R) and V'(S) are isomorphic to Z*[t,t71], so only their order-units, corresponding to 1 and
1 + t respectively, carry the information on the size of R and S and their shifts.

Let m and n be positive integers, 71,7%2,...,7 € Z and R = M, (K[z™, 7™])(7). By us-
ing Lemma 2.1 when considering R, we can consider the shift ; modulo m so we can assume
Y5yY2s -+ € {0,1,...,m — 1}. Let ly, ..., 1,1 be such that [; is the number of times i appears

on the list v1,792,...,7, for i =0,...,m — 1. There is a a canonical POM"-isomorphism
m—1
Fams s V' (M (K™, 27 ™) (7)), M (K [ 2 ) (3)]) = (2] /@ = 1), ) L)
=0

Let x be any cardinal now. Let 7 : K — Z* be a map and p, be the cardinality of ¥~ !(n) for
any n € Z*. We use e,s for a standard matrix unit and we denote the standard matrix unit with
one in the first row and the first column by egy not eq; so that this agrees with the fact that 0, not
1, is the smallest element of a finite ordinal n. With this convention, we note that the standard
generating interval D5 of V'(M,(K)(7)) consists of the finite sums of the elements of the form
Lt [ego Ml (K)(7)] where [,, is the cardinality of a finite subset of p,,.

If ¥(«) is considered modulo m for every a € k, and p, is the cardinality of 7 !(n) for any
n €{0,...,m — 1}, the standard generating interval D~ of V' (M, (K[z™, x~™])(¥)) consists of the
finite sums of the elements of the form [,,t"[ego M, (K [2™, 27™])(7)] where [, is the cardinality of a
finite subset of p,,.

2.8. The talented monoid. For any infinite emitter v of a graph F and any finite and nonempty
Z Cs7'(v), let ¢ = v—> . ee*. If it is clear which infinite emitter we consider, we use gz for
q%. If T' = (t) is the infinite cyclic group on t, the talented monoid or the graph T'-monoid M is the
free abelian T-monoid on generators [v] for v € E° and [¢%] for infinite emitters v and nonempty
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and finite sets Z C s7!(v) subject to the relations

l= Yt [l =lag]+ Y tl(e)], and [g5] = [ai] + Y tlr(e)]

ecs1(v) ecZ eeW—-2

where v is a vertex which is regular for the first relation and an infinite emitter for the second two
relations in which Z C W are finite and nonempty subsets of s7!(v). The map [v] — [vLk(E)] and
[¢%] — [¢% Lk (F)] extends to an isomorphism ~% of ML and V' (Lk(F)) (see [+, Proposition 5.7]).

If Mg is the monoid obtained analogously but by considering the trivial group instead of the
group I', the monoid Mg registers only whether two vertices are connected, while the “talent” of
MY is to register the lengths of paths between vertices: if p is a path of length n, the relation
s(p)] = t"[r(p)] + z holds in ML, for some x € M.

If E has finitely many vertices, the finite sum ug = Y, _zo[v] is an order-unit of My, If E° is
infinite, Dp = {& > 0| 2 < ), _p[v] for some finite FF C E°} is a generating interval of M}, (one
can indeed check that Dg is convex, upwards directed, and that Z*[[']D generates M}). The interval
Dp coincides with the “standard” generating interval of V'(L(F)) obtained using unitization of
Li(E) (see [17, Section 3.5], [19, Section 4.1], and [25, Section 4.3]). If F' is another graph and
¢: Lg(E) = Lg(F) is a graded homomorphism, then V' (¢) is a morphism of POM?” and K} (¢)
is a morphism of POG”. We use ¢ to shorten the notation of both morphisms. If ¢ : E — F is
a graph isomorphism, it extends to a unique graded x-algebra isomorphism which we continue to
denote by ¢ and a unique POMP-isomorphism which we denote by 7.

If (H,S) is an admissible pair of a graph F and I(H,S) the graded ideal of Lx(F) generated
by {v|v e H}U{v# | v € S}, then the T-order-ideal J"(H,S) of ML generated by {[v] | v €
H} U{[v"] | v € S} is such that (H,S), I(H,S) and J'(H,S) correspond to each other in the
isomorphisms of the three lattices: the lattice of admissible pairs of F, the lattice of graded ideals
of Ly (E), and the lattice of T-order-ideals of M}, (by [I, Theorem 2.5.8] and [, Theorem 5.11]). By
[29, Proposition 3.7], if (H, S) and (G, T) admissible pairs of a graph E such that (H,S) < (G,T),
then there is a pre-ordered I'-monoid isomorphism M}, aryms) = J "G, 1)/J"(H,S).

We briefly review an alternative construction of ML which we also use in one of the proofs. Let
FL be a free commutative I-monoid on generators v € E° and ¢} for v infinite emitter and Z finite
and nonempty subset of s7!(v). The monoid ML can be obtained as a quotient of FL subject to
the congruence closure ~ of the relation —; on Fj, — {0} defined by (A1), (A2) and (A3) below for
any n € Z and a € F. In (A1), v is a regular vertex and in (A2) and (A3), v is an infinite emitter
and Z and W are finite and nonempty subsets of s™*(v) such that Z C W.

(AL) @+ "0 =1 a+ 3 o1y " 'r(e).
(A2) a+t"v =1 a+1t"qz + >, " r(e).
(A3) a+1t"qz =1 a+t"qw + Y e, t"'r(e).

If — is the reflexive and transitive closure of —; on F%, then ~ is the congruence on FJ, generated
by the relation —. We review the Confluence Lemma.

Lemma 2.4. The Confluence Lemma. [!, Lemma 5.9] Let E be a graph and a,b € FL — {0}.
The relation a ~ b holds if and only if a — ¢ and b — ¢ for some c € Fg — {0}.

The monoid M} is cancellative (by [, Corollary 5.8]) so the natural pre-order is, in fact, an
order. By [20, Proposition 3.4], the relation x < t"x is impossible for any z € ML and any positive
integer n. The remaining possibilities give rise to the following types.
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1) If z = t"z for some positive integer n, we say that x is periodic.
p g Yy p
2) If x > t"™x for some positive integer n, we say that z is aperiodic.
p g y 4
(3) If x and t"x are incomparable for any positive integer n, we say that x is incomparable.

If z is periodic or aperiodic, = is comparable. This terminology matches the one used in [20]. We
note that [18] uses “cyclic” for “periodic” and “non-comparable” for “incomparable”. In our termi-
nology, the authors of [13] define a I'-order-ideal I of ML to be periodic (respectively, comparable,
incomparable) if its every nonzero element is periodic (respectively, comparable, incomparable). We
also say that [ is aperiodic if its every nonzero element is aperiodic.

We summarize some results of [29] which we use.

Theorem 2.5. [29, Theorems 5.7, 7.4 and 7.5] Let E be any graph.

(1) If E is cofinal, exactly one of the following holds.
(a) E has a sink, has no infinite paths, and every x € ML, x # 0, is incomparable.
(b) E has a cycle ¢ without exits, every infinite path ends in ¢, and every x € M}, is periodic.
(c) E has an extreme cycle and two non-disjoint cycles and every x € My, x # 0, is aperiodic.
(d) E has a terminal path and an infinite path which does not end in a cycle and every x €
ML, x # 0, is incomparable.

(2) The following two conditions are equivalent for any graph E.
(a) If (H,S) and (G,T) are admissible pairs of E such that (G,T)/(H,S) is cofinal, then

M(FG,T)/(H,S) 1s either periodic or incomparable.

(b) The cycles of E are mutually disjoint.

2.9. Composition series. By [29, Corollary 4.3], the following are equivalent for any graph F.

(1) There is a chain of admissible pairs
(0,0) = (Hp, So) < (H1,81) < ... < (H,,S,) = (E°,0)

such that the porcupine-quotient graph (H;.1, S;+1)/(H;, S;) is cofinal for alli = 0,...,n—1.
If S; = 0 for all i, we write the above chain shorter as ) = Hy < H, < ... < H,, = E°.

(2) There is a chain of graded ideals {0} = [y < I} < ... < [, = Lg(FE) such that the graded
algebra I;1/I; is graded simple for all i =0,...,n — 1.

(3) There is a chain of T-order-ideals {0} = Jy < J; < ... < J, = M} such that the I'-
monoid J;,1/J; is simple (i.e., without any nontrivial and proper I'-order-ideals) for all
i=0,...,n—1.

If the above conditions hold, we say that E (respectively L (E), ML) has composition length
n. The graph E (respectively L (E), ML) has a composition series if E (respectively Li(E), ML)
has composition length n for some positive integer n.

Let Ter(FE) denote the saturated closure of the (hereditary) set of terminal vertices. In [29], the
composition quotients of a graph E are graphs defined by

Ey=FE and E,. = E,/(Ter(E,, Bre,))) if Ter(E,) C EY and E,41 = 0 otherwise.
These quotients are used to characterize graphs with composition series in the result below.
Theorem 2.6. [29, Theorem 6.5] The following conditions are equivalent for a graph E.

(1) The graph E has a composition series.
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(2) There is a nonnegative integer n such that E,.1 = 0 and E,, # 0 and for each n for which the
composition quotient F, is nonempty, Ter(E,) is nonempty, the set of terminal vertices of E,,
contains finitely many clusters, and the set of breaking vertices of Ter(E,,) is finite.

By [29, Corollary 6.6]), every graph with finitely many vertices has a composition series.

One can use Theorem 2.6 to obtain a specific composition series. We illustrate the construction
in the example below.

Example 2.7. Let E be the graph " _ This graph has composition length 4.
// [
.w1 .wO .’Ul

We have that Ter(E) = {vo}, Brex(r) = {wo, w1}, so that F; is the graph e, ®u0 .”13

with a unique cluster containing v, so Ter(F;) = EY and

(0,0) < ({vo},0) < ({vo}, {wo}) < ({vo}, {wo, wi}) < (E°,0)
is a composition series of E. The composition factors are the porcupine graph of the pair ({vg},0),
and the graphs e, .« —— e, .o, and e, %, .“13

3. 1-S-NE GRAPHS

We recall that we use Z™1 to denote the set of nonnegative integers, I' = (¢) for the infinite cyclic
group generated by ¢, and K for a field trivially graded by Z. For any positive integer n, we consider
K[z", 27 "] to be graded as in section 2.1, we let +,, denote the addition modulo n (i.e. the addition
in Z/nZ), and i € n means that i is an element of the set {0,1,...,n—1}. If ¢ is a Z-graded algebra
homomorphism, then ¢ denotes the map induced by ¢ on the I'-monoids and on the I'-groups.

3.1. S-NE graphs. We recall that S shortens “sinks”, that NE stands for “no-exits” and indicates
cycles without exits, and we recall the definitions from the introduction.

Definition 3.1. A graph F is an S-NFE graph if (G,T)/(H,S) has either a sink or a cycle without
exits for every two admissible pairs (H,S) < (G,T) such that (G,T)/(H,S) is cofinal. An S-NE
graph FE is an n-S-NE graph for a positive integer n if E has composition length n. An S-NE graph
E is a composition S-NE graph if it is an n-S-NE graph for some positive integer n.

By Theorem 2.3, E is a 1-S-NE graph if and only if E is a cofinal graph with a sink or a cycle
without exits. A finite acyclic graph with n sinks is an n-S-NE graph. The Toeplitz graph (see the
introduction) is a 2-S-NE graph and the graph from Example 2.7 is a 4-S-NE graph. By Theorem
2.5, an S-NE graph has disjoint cycles. If E has finitely many vertices, the converse holds by
Theorem 2.6 as well as by [29, Corollary 6.6]. By Theorem 2.6 and [29, Lemma 6.3 and Corollary
6.6], E is a composition S-NE graphs if and only if the cycles of E are disjoint, E has finitely many
cycles, sinks and infinite emitters, and every infinite path ends in a cycle. The first graph below is
an S-NE graph which is not a composition S-NE graph because it has infinitely many cycles. The
second graph below is an acyclic graph of composition length two, but it is not an S-NE graph
because there is an infinite path which does not end in a cycle.
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By [29, Proposition 4.2], E has a composition series if and only if Py g and E/(H,S) have
composition series for each admissible pair (H,S) of E. By this result and by Definition 3.1, E' is
a composition S-NE graph if and only if Py ) and E/(H,S) are composition S-NE graphs.

3.2. The graded isomorphism classes of matrix algebras. In Proposition 3.2, we generalize
the second part of Lemma 2.1, show that x and the cardinals py, for k € Z*, considered in section
2.7, are unique for the graded isomorphism class of M, (K )(7) and for the graded isomorphism class
of M, (K[z™,x~™])(7) for positive integer m. If k is infinite, the proof of Lemma 2.1 as in [17]
does not generalize to the matrix algebras of infinite size because the endomorphism ring of a x-
dimensional K-vector space, when represented via k X k matrices, contains matrices with infinitely
many nonzero entries (most prominently, the identity has infinitely many nonzero entries on the
diagonal). Hence, such an endomorphism ring is not isomorphic to the ring M (K) if  is infinite.
So, to prove the proposition, we use a different strategy which involves the Grothendieck I'-monoids.

Proposition 3.2. Let k and k' be cardinals, 7 : k — Z* and §' : &' — Z* be any functions, and
let eqp to denote the standard matriz units of a matriz algebra of Kk X K size.

(1) Let py, be the cardinality of ¥~ '(k) and w), be the cardinality of (¥)~'(k) for any k € Z*. If
£ (V' (M,(K)(®)), D5) = (V' (M. (K)(7)), D+) is a POMP-isomorphism, then
Kk =~k and pg = p, for each k € Z*

and there is a bijection p : Kk — Kk and a graded algebra x-isomorphism ¢ : M, (K)(7) —
M, (K) (') such that ¢(eap) = €pa)p(p) for every o, B € k and such that V'(¢) = f.

(2) For positive integers m and m', a € k, k € m, o/ € k', and k' € m/, let py, be the cardinality of
7 1(k) when () is considered modulo m and let 1), be the cardinality of (')~ (k) when 7' () is
considered modulo m'. If f : (V' (M, (K[2™,27™])(¥)), D7) = (V' (M (K[z™, 2™ 1) (7)), Dv)
is a POMP -isomorphism, then

k=K', m=m', there is i € m such that uy, = ;. ; for each k € m,

and there is a bijection p : kK — Kk and a graded algebra x-isomorphism ¢ : M, (K[z™, z7™])(7)
— M, (K[z™, 27 ™])(7") such that ¢ maps a standard matriz unit e,g to the element of the form
xlmep(a)p(g) for some | € Z determined by o and 3 using 5 and %y and such that V'(¢) = f.

Proof. To show part (1), let f.~ be the POMP-isomorphism V' (M, (K)(¥)) — Z*[t,t"!] induced
by the map [eq] — 1 and let f. = be analogous such isomorphism for " and 7’. The assumption
of part (1) implies that g = fu 5 ff.5 is a POMP-isomorphism (Z*[t,t71], D,) — (Z*[t,t7'], D)
where the generating intervals D, and D, are as in section 2.7. As g(D,) C D,y and ¢~* (D) C D,
D,, and D, have the same cardinality, so k = &'.

The isomorphism g is uniquely determined by the image of 1. Assume that g(1) = p(¢) for
some Laurent polynomial p(t) € Z*[t,t7']. As p(t) € D, p(t) contains no negative powers of ¢.
Analogously, if ¢(t) is the polynomial g~*(1), then ¢(¢) does not contain any negative powers of ¢
as ¢ € D,. Since 1 = g(g7'(1)) = g(q(t)) = q(t)g(1) = q(t)p(t), the degrees of p and ¢ add up to
zero which implies that p(t) = a and ¢(t) = b are constant polynomials for some a,b € Z*. Since
ab = 1, we have that a = b = 1 which shows that g(1) = 1.

If k is finite, equating the order-units Y, puxt” and Y, pjt* implies the relation uy, = . If £ is
infinite, ¢ maps the set of monomials of the form [;t*, where [, is the cardinality of a finite subset
of puy, to the set of monomials of the form I,t* where [}, is the cardinality of a finite subset of ). As
g(1) =1, this implies that the cardinality of the set of all finite sets of py, is equal to the cardinality
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of the set of all finite sets of pj. If py is finite, this implies that p) is finite and that uy = pj. If
ik is infinite, this implies that py is infinite. As the cardinality of the set of all finite subsets of an
infinite cardinal is equal to that cardinal, we have that uy = ). Thus, u = p), for any k € Z+.
Let m : K — Kk be a bijection which permutes the images of 7 so they are listed in the
non-decreasing order and let 7’ be analogous such bijection for 7. Let ¢, and ¢, be graded -
isomorphisms induced by the maps e, = €r(a)0 and eqo = €/ (a)o Tespectively. If i1 : k — k denotes

the map 77, we have that f.5 = f,maﬂ and that f, 5 = f,maﬂ,. Hence, g = f,@ﬁaﬂ, fo. ! e % is the

identity which implies that ¢, f¢. "is the identity so that f = g_b;,lg_bﬂ = gb;,lgbﬂ. This shows that if
we take p = ' '7 and ¢ = ¢ bx, then p is as required in the statement of (1) and ¢ is a graded
s-isomorphism such that f = ¢. The isomorphism ¢ is obtained by compositions of two maps as in
part (1) of Lemma 2.2, so it maps a standard matrix unit to a standard matrix unit.

To show part (2), let f.m~ be the POMP-isomorphism V' (M, (K [z™,z~™])(7)) — Z*[t,t7"]/
(t™ = 1) induced by the map [ego] + 1 and let f. 5 be analogous such isomorphism for &', m/,
and %'. The assumption of part (2) implies that g = fu .y ffo iﬂ is a POMP-isomorphism
(Z*[t, t7/(t™ = 1), D,) — (ZF[t, 7] /(t™ = 1), Dy). As g(D,) € D,y and g~Y(D,s) € D, D,
and D, have the same cardinality, so k = . As t™ = t™g(g~ (1)) = g(t"g (1)) = g(¢ (1)) =1,
the relation ¢™ = 1 holds in Z*[t,t~]/(t™ = 1). Thus, m > m/. Analogously, m’ > m, so m = m'.

The map ¢ is uniquely determined by the image of 1. Assume that g(1) = p(¢) for some
p(t) € Z*[t,t7/(t™ = 1). As p(t) € D,s, p(t) contains no negative powers of t. Analogously,
if q(t) € ZT[t,t71]/(t™ = 1) is g~'(1), then ¢(¢) does not contain any negative powers of t. As
1=g(g71(1)) = g(q(t)) = q(t)g(1) = q(t)p(t), p = t* and q = t™* for some i € m. Hence, g(1) = t*.

Let o be the cyclic permutation given by k — k+,,¢ (recall that +,, denotes the addition modulo
m). If x is finite, equating the order-units ZZL:_Ol pith and ZZZOl iR implies py = Hoy- I K s
infinite, ¢ maps the set of monomials of the form [, * for [;, the cardinality of any finite subset of s,
to the set of monomials of the form [ t*** for [, the cardinality of any finite subset of ., . The
first set has cardinality s and the second set has cardinality p., ;, so px = . ,; for any k € Z*.

Let & be the list obtained by permuting the images of 7 so that when they are considered modulo
m, they are listed in a non-decreasing order. Let 7 : Kk — Kk be the corresponding bijection and let
7’ be the analogous bijection for 7. Let @ = 7w and i’ = 7'7’. Let p; : kK — k denote a permutation
so that ofipy = 7. Let ¢, , be the graded algebra isomorphism ¢,, , : M (K[z™, z7™"]) (@) —
M, (K[z™,27™])(i) determined by first permuting the shifts so that the list 1y = p,,) moves from
the k-th place to the (k —,, 7)-th place and then adding ¢ modulo m to each of the shifts producing
exactly the i’ list. Note that this second operation can be obtained by considering the graded -
isomorphism induced by the map e,z +— x(”(ﬁ(ﬁ))_”(ﬁ(a)))meag. As any element of the form z/™.1 € Z
is unitary, the map ¢,, , is a *-isomorphism.

If ¢, and ¢, denote the graded x-isomorphisms induced by the bijections 7 and 7/, we have that

= = = 1,1 - -1
fli,m,ﬁgbﬂ’ = f/ﬁ,m,ﬁ and fﬁ,m,ﬁ'¢ﬂ’ - fﬁ,m,ﬁ/ SO tha’t g - fli,m,ﬁgbﬂ’quw fm,m,ﬁ = fn,m,ﬁ’¢p1,a Kym,i° Thus?

o fo - g_bpw which implies that f = 5;,1@17057(.

This shows that for ¢ = gb;,lgbpwgbﬂ, we have that f = ¢. Letting p = 7'~!py7, we obtain a bijection
as needed and we have that ¢(e,g) = z(@EE)—oE@me | o o, O



GCC FOR GRAPHS WITH DISJOINT CYCLES 21

3.3. 1-S-NE graphs and their canonical forms. Recall that F is a 1-S-NE graph if and only
if F is a cofinal graph with a sink or a cycle without exits. If a cofinal graph F has a sink vy and if
P is the set of paths ending in vy, let xk be the cardinality of P so that we can index the elements
of PY by the elements of x and write P as {p, | « € k}. We can chose a bijection k — P
indexing the elements of P" so that 0 corresponds to the zero-length path vy. Let 7 : k — Z7
map « to the length of the path p,. If en5, @, 8 € k are the standard matrix units of M, (K)(7),
the correspondence p.pj; — eqp extends to a graded #-isomorphism Ly (E) =g M (K)(7) ([19,
Proposition 5.1] has more details). The paths from P" corresponds to the standard matrix units
in the first column and vy corresponds to egg.

If 1y, is the cardinality of 7~!(k), the list of cardinals pig, fi1, ft2, - - -, is such that pug = 1 (because
Po = v is the only element of P" of length zero) and if py # 0 for some k > 0, then p; # 0 for all
i < k (because the suffices of a path of length k have lengths i < k). One can generalize the proof
of [24, Proposition 3.2] (given for x finite) to show the converse: for every x and a list of cardinals
i, k € ZT with the above two properties, there is a cofinal graph, which we denote by E.,,, such
that that Ly (Fean) g M, (K)(5) where v is such that [y (k)| = uy for any k € Z*.

The graph E.,, can be constructed by the following inductive process. Let Ej be a single vertex
Voo, let £ be obtained by adding 111 new vertices vy, & € g and pq new edges e, where s(e14) = v14
and r(ej,) = vgo for all @ € ;. Let E3 be obtained by adding ps new vertices vg,, @ € g and pig
new edges originating at the new vertices and ending at vig. If Fy, k € w, is the graph obtained by
continuing this process, let F.., be the directed union of Ej, k € w. Note that all vertices of E..,
except the sink vgg are regular and they emit exactly one edge.

If there is k such that u; = 0 for all ¢ > k and ui # 0, then k is the spine length and the
path ey ...egeqq is the spine of E.,,. Otherwise, E.,, has the spine of infinite length and the
left-infinite path ... egeqq is the spine of E..,. The p; — 1 edges €;o, a € p; — {0} are referred to as
the (i — 1)-tails. This terminology reflects the fact that the i-tails end at vy.

To make graphical representation of the tails clearer, we introduce the following abbreviation:
if v receives k edges originating at sources, no matter whether k is finite or infinite cardinal, we

k
depict this as e W, g . S0, a canonical form with infinite spine length can be represented by the
graph below.

----------- ~ @ ° ° °
(M41)T (MUT (H21)] (MUT
° ° ° °

If Fis a 1-S-NE graph and if its algebra has the matrix representation Mio(1,1+2,1+5,1+41),
then our abbreviated graphical representation of E.,, is the first graph below. Its spine length is
three. As another example, the third graph below is a canonical form of the second graph.

. (UE (5)I (Q)E e .%E_)E

k
The notation e N e is not to be confused with e —> e since the first notation indicates that
there are k sources each emitting a single edge to the terminal vertex and the second indicates that
there are two vertices and the source vertex emits k edges into the terminal vertex.
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This construction enables one to come up with a way to associate a graph, unique up to a graph
isomorphism, to all graphs with the algebras in the same graded *-isomorphism class: if E is such
that Lx(F) is graded x-isomorphic to M, (7), then we can repeat this construction using possibly
different bijection 7 (k) and paths of length k in E and obtain some E. . However, the only
difference between F.,, and E! . is the labeling of the edges and vertices and, by construction,

E!. = Ecan. Because of this, a canonical form E.,, is unique up to a graph isomorphism.

If a cofinal graph E has a cycle ¢ of length m > 0 without exits and vy = s(c), let P" be the set
of paths ending at vy and let

P;’O be the set of paths ending in vy which do not contain the cycle c.

If k is the cardinality of PJ, we index the elements of P by the elements of £ so that py = vp is
the path of length zero. Then, let 7 : kK — Z* be the map a +— |p,|. The correspondence mapping
PaPj > €ap extends to a graded s-isomorphism Ly (E) =, M (K[z™,27™])(¥) ([19, Proposition
5.1] has more details) which maps vg to egy. The paths from P} corresponds to the standard matrix
units in the first column.

Let uy, be the cardinality of ¥71(k) for k € m. The list of cardinals pg, fi1, . . ., flm_1 is such that
i > 0 for each & € m since there is a paths of length k£ within the cycle c. By generalizing the
proof of [24, Proposition 3.4] to infinite cardinals, one can show the converse: for any x, any integer
m > 0 and a list of nonzero cardinals pyg, 11, ..., tm—1 there is a cofinal graph FE.,, with a cycle
without exits of length m such that Ly (FEean) =g My (K [2™, 7)) (105 - - - 5 fom—1)-

The graph FE.., can be obtained as follows. Let Ey be an isolated cycle ¢ of length m and let
Vg, U1, - - - Um_1 be the vertices of ¢ listed in the order they appear in c. The graph E.,, is obtained
by adding p; — 1 new vertices v;, and p; — 1 new edges €;,, o € p; such that s(e;n) = v;, and
r(ejo) = v;_, 1 for all i € m. Such graph E.., is a canonical form of any graph whose algebra is
graded #-isomorphic to the matrix algebra M (K[z™,27™])(po,- - -, ftm—1). It is unique up to a
graph isomorphism and it can be represented as the graph below.

~— (no—1)
e —— 0% o'm-1l <« —

C b
(h2=1) o D)
[ B < 0

For example, the second graph in Example 3.3 below is a canonical form of the first graph.

If m > 1, let vg,vy,...,v,_1 be the vertices listed in the order they appear in ¢ and let ¢;,7 € m,
be the element of the equivalence class [¢] with s(¢;) = v;. Consideration of ¢; instead of ¢ impacts
the values of g only up to the cyclic permutation given by k& — k +,, ¢. The change from ¢ to ¢;
corresponds to the graded isomorphism on the matricial level mapping ey onto e, for some o € &
such that ¥(a) = 7. The induced map on ZT[t,t71]/(t™ = 1) corresponds to the map with 1 > .

Let us consider an example illustrating the switch from ¢ = ¢y to another ¢; € [¢].

Example 3.3. Let E and F' be the two graphs below and let ¢ and ¢’ be their cycles considering
starting at vy and vy, respectively.
=\ , TN
o—>0——> o o!1 o —— o e<—o
The paths in P;,’O have lengths 0, 1, 1, and 2. If ¢; is the cycle based in vy, the paths in P:;ll have
the lengths, 0, 1, 2 and 3. Hence, both My(K[z? x7%])(0,1,1,2) and My(K|[z? x7%])(0,1,2,3) are
matricial representations of L (E). The two representations are graded -isomorphic by Lemma 2.1
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since, when the shifts are considered modulo 2 and listed in non-decreasing order, the resulting list
is 0,0,1,1 in each case. The change from ¢ to ¢; corresponds to mapping the unit egy to ey;. This
change induces [eqo] — [e11] = t[ego] on the I'-monoid level, so this corresponds to the automorphism
of Z*[t,t7']/(t* = 1) mapping 1 to ¢.

For the second graph, the lengths of paths in P;{’ are 0,1,1,2 and, considered modulo 2 and
listed in non-decreasing order, we obtain 0,0, 1, 1. As this is the same list as the list for E, we have
that Ly (F) 2y Lx(F) by Lemma 2.1. Mapping P’ to P;é bijectively and such that the lengths
of paths remain the same modulo 2, induces such a graded isomorphism.

This example also illustrates that the Leavitt path algebras of two graphs can be graded iso-
morphic without the graphs being out-split equivalent (i.e obtained one from the other by finitely
many out-splits and out-amalgamations).

To integrate the terminology, we would like to unify the cases when a 1-S-NE graph has a sink
and when it has a cycle by treating a path of zero length as a cycle of length zero. We say that
such a cycle is an improper cycle. If E is a 1-S-NE graph with the terminal cluster ¢® for a cycle
¢ (possibly improper) and if m = |¢|, then m = 0 indicates that E has a sink and m > 0 indicates
that E has a cycle with no exits. If vg = s(c) and m = 0, we let P,* = P*.

We say that 1-S-NE graphs E and F' are 1-S-NFE equivalent and write E ~ F if E.., = Fean.

Next, we show that the GCC holds for 1-S-NE graphs. This is known to hold for some special
types of 1-S-NE graphs (the introduction has more details) but not for all 1-S-NE graphs and
all underlying fields. In addition, condition (2) of the proposition below has not been previously
considered together with (1) and (3).

Proposition 3.4. The GCC holds for 1-S-NE graphs. The following conditions are equivalent
for 1-S-NFE graphs E and F.

(1) There is a POMP-isomorphism f: My — MF.
(2) E~F.
(3) There is a graded x-isomorphism ¢ : Lx(E) — Li(F).

If (1) holds, the isomorphism ¢ from condition (3) can be found so that f = ¢.

Proof. Since both L (F) and L (Fean) are graded s-isomorphic to the same graded matrix algebra
by the definition of E.,,, we have that (2) = (3). The implication (3) = (1) is direct, so it remains
to show (1) = (2) and the last sentence of the theorem.

Assume that (1) holds and let m be the length of the terminal cycle of E. If m = 0, then every
nonzero element of ML is incomparable. So, every element of M~ is incomparable, which implies
that F has a sink. If m > 0, then every nonzero element of M}, is periodic with the period m. The
existence of f implies that every nonzero element of M} is periodic with the period m. Hence, F
has a cycle without exits of length m.

Let @ and @' be the maps corresponding to the shifts of the matrix representations Mg and
Mp and let ¢ and ¢p be graded x-isomorphisms of the Leavitt path algebras and their matrix
representations. The map ¢p fqb_E_l is a POMP-isomorphism. By Proposition 3.2, the cardinalities
r and i, k € Z* from Proposition 3.2 match and there is ¢ € m such that ju, and p;,, ; for k € Z*
have the same values modulo m. If i # 0, we can choose a different matrix representation of Ly (F)
so that the images of ¢r and ¢ is the same matrix algebra. If id is the identity map on this matrix
algebra, then ¢p f(b_Efl = id. Thus, f = ¢p id ¢, so we realized f by a graded x-isomorphism.
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Since the two graph algebras have the same matrix algebra representation, we have that E.,, = F.,
and so E =~ I holds. U

3.4. Relative canonical form. If F'is a 1-S-NE graph, let vy, . .., v,,_1 be the vertices of a terminal
cycle c. In addition to the sets PY and P)°, we also consider the following set for j € m and a
positive integer k.

Uj

.~ 1s the set of paths of length £ ending in v; which share no edge with the cycle c.

Let P = U P,”, and let E% be the subgraph generated by the vertices of the paths in P,
0<kew

We use calligraphic P instead of P to highlight the difference between P% and P%: the first set
contains all paths ending at v; while the second can be strictly smaller. The sets P and P;j can
also be different. The graph E% is a 1-S-NE graph and v; is its sink.

Let E = Ei be a 1-S-NE graph and V C E°. We define a graph Ecan,v which is canonical only
relative to the root of V and we call it the canonical form relative to V. f V=10, Ecany = FEecan
so this construction also presents a specific operation transforming a 1-S-NE graph E to E..,. If V
contains a vertex of the terminal cycle ¢ or the sources of P}’ paths for all j € m, then Eeany = E.

Our main application of this construction is ensuring that the paths connecting one cycle with the
other in an n-S-NE graph are as short and direct as possible. In particular, we use this construction
for the porcupine-quotient graph c? +1/¢; of an n-S-NE graph and its two cycles ¢; and ;41 such
that ¢; emits exits to ¢j;; and with V' being the set of vertices which are not in 0_9. The outcome of
such constructions is a direct-ezits form of the (j + 1)j-connecting part of the graph.

We let Ey be the subgraph of E generated by ¢ U R(V). We define E., v as a graph which
contains Fy as well as some new vertices and edges. We introduce these new elements simultaneously
with creating a bijection o of the set P;’O of F and P;’O of Ecany.

The case m > 0. For any k > 0, we let ¢(;,—,, k)0 be the part of ¢ from vy, to vo if m—, k # 0
and ¢(m—, k)0 = Vo if m—,,k = 0. With this notation, we let o(c;o) = ¢jo for j € m and o(hcjo) = hcjo
for h € P;” such that s(h) € R(V).

For k > 0, and p = gq € P,’ where g is an edge and ¢ € P,” | is such that s(q) ¢ R(V), we
consider the cases s(g) ¢ R(V) and s(g) € R(V).

If s(g) ¢ R(V), let v, be a new vertex and e, be a new edge with the source v, and range
vj_,.k- Thus, one can consider that the path p of E is replaced by the tail e; in Egan v, so we let
o(pcjo) = e4C(j—laho- Note that the length of pcjq is 1 + |g| +m —p, j and the length of e, q10
i5 1+ —p (j — |a) = 1+ =0 G -+ lal- S0, o(peso)] = [pezol(mod m).

If s(g) € R(V), let e, be a new edge with the source s(g) and range v;_, ; and let o(p) be defined
as in the previous case. Requiring that s(g) = s(e,) ensures that (E1) holds for the images of the
map ¢ from the proof of Proposition 3.5.

If p = rgq is such that all vertices of r are in R(V'), g € E' is such that r(g) ¢ R(V) and q € P,’
for some k and j € m, we let o(rgq) be ro(gq). With these definitions, the map o becomes defined
on P;O and it bijectively maps it to the set P(;O of Ecanv-
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For example, if E is the first graph below and V' = {v}, Ecanv is the second graph below.

v 9 h v €h
o — 0 ——> 0 [ J

FEEENY

The case m = 0. If there is a maximum of lengths of paths from a vertex in V' to vy, let us
denote it with k. If there is no such maximum k, let k = w.

We let e;_1...€0 (...e160 if K = w) be a new path containing new edges and new vertices except
its range vy. We refer to such path as the spine of E relative to V. Pick a path p; in the set of paths
in P}° with sources not in R(V') and let P, be the remaining set of paths in P;° with sources not
in R(V), if any. If there is a preference for one such path p; (see the last sentence of Proposition
3.5), we can make a choice so this preference is satisfied.

For each p € P, we add a tail e, to vy (i.e. a new edge e, ending in vy and a new vertex v,
as the source of e,) and we let o(p) = e,. We also let o(p;) = ep. If p is a path in P;° such that
s(p) € R(V), then this path is also a path of Ey and we let o(p) = p.

If £ > 1 we continue this process by considering the set of paths p = gh in P3° such that
s(h) ¢ R(V'), we again consider the cases s(g) ¢ R(V) and s(g) € R(V).

If s(g) ¢ R(V), then the set P, of all paths in P3° such that neither the source or the range of
the first edge is in R(H) is nonempty. Let py be arbitrary element of P,. If there is a preference for
one such path p,, we can make a choice so this preference is satisfied.

Let Py = P, — {p,}. If P} is nonempty and if p € P, we add a new edge e, and its new source
v, = s(ey) to be a tail to s(eg), we let o(p) = eyeq, and we let o(ps) = e;ep.

If s(g) € R(V), we add a new edge e, with s(g) as its source and s(eg) as its range (recall that
ep is the last edge of our newly added spine). In addition, we let o(p) = e eo.

If & = 1, then there are no paths p = gh € P,° such that s(g) € R(V) and r(g) ¢ R(V).
So, in this case, it is sufficient to consider the case when s(g) ¢ R(V) and this case is similar to
the consideration of the same case if £ > 1: the condition s(g) ¢ R(V') rules out the possibility
s(h) € R(V), so we have that s(h) ¢ R(V). In this case, we let o(p) = ezeo for a new edge e,
starting at a new source v, and ending in s(ep).

We continue this process by considering P;° if needed. Eventually, the map o becomes defined
on the entire set P and it bijectively maps it to the set P of E .y v.

For example, let E be the first graph below so that E consists of paths p, of length n ending at
vp for every n such that p, and p; have no common vertices or edges except their range vy if n # [.
If s(pn) = v, for n € w, let V= {vy,vq,...} be the set of the sources of E. Then, E.., v is the
second graph below.

o3 — >0 ——>0 o< o2 . ° ° °
\ / j(w) l(w) l(w) lw
oVt ° ° ° o0 oVt S L S )
° ° ° °

We show that the algebras of £ and E,, v are graded x-isomorphic.
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Proposition 3.5. Canonical path rearrangement. If £ = Fi, is a 1-S-NE graph and V C
E°| then there is an operation E — E.any which extends to a graded x-isomorphism Li(E) —

Lk (Eean,yv)-

If E F, and f are as in Proposition 3./, there are operations ¢p : E — Fean, 2 Eean = Fean,
and ¢p : F — Fean, and [ can be realized as Qﬁl;lL(bE = f.

Ifm =0 and fx, fr_1,..., 1 are edges not in the subgraph generated by R(V'), and such that the

length of the path from x(f;) to the sink isi—1, fori =1,... k, then we can have that the edges
Jrs fi—1, .., f1 are mapped to the edges of the suffix of length k of the spine of Ecan v .

Proof. Let us consider the case m > 0 first. Keeping our previous notation, let ¢ be the bijection
introduced along with E..y, 1. We define a map ¢ on E°U E' by mapping the vertices and edges of
Ey identically onto themselves. For p = gq € P,’, g € E', and ¢ € P,” , such that s(q) & R(V), let

#(9) = egcj— k00 (qcjo)*. 1fs(g) € R(V), we also let ¢(s(g)) = vy.

Defining ¢(g*) as ¢(g)* ensures that the algebra extension of ¢ will be a *-homomorphism. It is
direct to check that (V) holds. To check (E1), let g be an edge as above such that s(g) ¢ R(V). If
k> 2 and g = hr for h € E', we have that

P(9)9(r(9)) = €4C(i—mr)00(qCj0) vn = €4C(j—nr00(qcjo)” = ¢(g)
where the middle equality holds since o(gcjo) is a path which originates at the source of the new
edge with vy, as its source, so o(qcjo) vy, = o(gcjo)*. If k =2, then g = h, o(qcjo) = qcjo = hejo and
?(9)9(r(9)) = €gc(j—nkpoCioh" d(s(h)) = egc(j—kpoCioh"s(h) = egc(j— k00 (hejo)™ = ¢(g)
If s(g) € R(V), the argument is very similar. The relation ¢(s(g))o(g) = ¢(g) is direct to check.

By the definition of ¢ on the ghost edges, (E2) holds since (E1) holds. If ¢’ k', and j’ are
analogous to g, k, and j above, then (CK1) holds since

*

a(q'cjr0)c(jr—, 1y0C €aCGI—mk)0T(qCj0)"

is zero unless ¢ = ¢, j = j', k = k' and ¢ = ¢/ and, in that case, the above expression is

*

(qcjo) (i, k)0€aCaCli—mk)00 (qCi0)" = 0(qcjo)c(j, kyoCi—mk)00(qCj0)" =

a(qcjo)voo(gejo)” = s(o(qcjo)) = d(s(q)) = d(r(g))-
If ve E%isin ®UR(V)—V or it is a source of a path in P,”, then it is direct to check that (CK2)
holds. Otherwise, v emits a single edge, say g with its range not in R(V'). There is unique k and j
and unique path ¢ € P,’ | with s(¢q) = r(g). If s(g) € R(V) then ¢(v) = v and ¢(v) = v, otherwise.
In either case, ¢(v) is a vertex of E,,y which emits a single edge ey, and ¢(v) = ¢(g)p(g)* since

* ES * _ . E3 * _ . * _ *
€4C(j—mk)00(Cj0)"0(qCj0) (i, 110€5 = €4C(I—mk)OVOC(j— . k)0Cg = EgVj—mk€y = Eg€y-

By the Universal Property, ¢ extends to a homomorphism which is graded and a x-homomorphism
by the definition of ¢ on vertices, edges and ghost edges. Using the inverse of o, we can obtain the
inverse of ¢, so ¢ is a graded *-isomorphism.

If m = 0, we define a map ¢ on E°U E' by mapping the vertices and edges of Fy identically on
themselves. So, for p = gq € P° with 0 <[ <k, g € E', and ¢ € P/°,, it is sufficient to consider
the case s(q) ¢ R(V). In this case, we let

d(9) = eger—1ei—2 ... ego(q)*. If s(g) ¢ R(V), we also let ¢(s(g)) = v,.
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By this definition, ¢(g)¢(r(g)) = ejei—1€1—2 ... €00 (q)*vy = egei_1€1—2 ... €00 (q)* = ¢(g) and check-
ing that (E1) holds in other cases is direct. With ¢(¢*) = ¢(¢)* and (E1) holding, (E2) holds.
Checking (CK1) and (CK2) is similar to the m > 0 case. The argument that ¢ extends to a graded
x-isomorphism is also the same as in the m > 0 case.

If E,F, and f are as specified, the previous part of the proposition establishes the existence of
graph operations ¢g : E — FE.., and ¢p : F — F,, which extend to graded *-isomorphisms of the
algebras. The existence of f and the proof of Proposition 3.4 implies that there is ¢ : Fean = Fran
such that ng_qu_b; =17. Hence, f = ¢ 105

The last sentence of the proposition holds by our ability to choose paths pi,ps, ..., pr so that
their first edges are fy, fi_1, ..., f1 respectively when forming the new spine. O

4. 2-S-NE GRAPHS

In this section, we define a canonical form of a countable 2-S-NE graph and prove Theorem 4.13,
the main result for this class of graphs.

If F is a 2-S-NE graph, there is an admissible pair (H,S) such that (0,0) < (H,S) < (E°,0)
is a composition series of E. Since E/(H,S) is cofinal, S = By. As H is nontrivial and Py g) is
cofinal, S = () and so By = (). The set H contains no infinite emitters as H is the saturated closure
of a sink or a cycle without exits. Since F/H is cofinal, it has at most one sink, so E° — H contains
at most one infinite emitter v. Since E/H is row-finite, v does not emit infinitely many edges to
E°— H. As By = 0, v emits zero edges to E° — H, so v emits all the edges it emits to H. As both
Py and E/H are cofinal, E cannot have more than one infinite emitter, more than two cycles, or
more than an infinite emitter and a cycle (the existence of any such elements would imply that the
composition series is longer than two). The graph FE has either one or two terminal clusters.

4.1. 2-S-NE graphs with two terminal clusters — the easy case. If there are two terminal
clusters ¢ and 9, then E does not have an infinite emitter or a cycle with exits. The algebra

Li(E) is graded s-isomorphic to the direct sum of I(c9) and I(c3). Say that H = ¢¥ so that

I(Y) =4 Lx(E/H). The total out-split Fi in this case consists of two disconnected 1-S-NE

graphs whose algebras are graded s-isomorphic to I(c?) and I(cJ), so we can consider i instead
of E. For example, if E' is the graph

oo —>0o )

then Fi, consists of two connected components e <— e and e ——e Q )

If E = Fiy is a 2-S-NE graph with two terminal clusters and E; and F5 are the two disconnected
graphs forming E, we can consider the 1-S-NE canonical forms of E; and Es and we let E ., be
the union of these two canonical forms. With this definition, if £ and F' are two 2-S-NE graphs
with two terminal clusters and if Fi,, = Fy U F, and F; N F, = (), we define the relation E ~ F by
FEi =~ F) and Ey = F; or By = Fy and Fy ~ F;. Thus, we have that

EFEx~F <+<— FE..=F.n.

4.2. 2-S-NE graphs with a unique terminal cluster. Having the easy case out of the way, we
remain primarily interested in the case when E has only one terminal cluster. In this case, H is the
saturated closure of that cluster and E° — H contains an infinite emitter or a cycle with exits to H.
We introduce some notation which we use for this type of graphs. Let ¢ be the terminal cluster of
E/H and d° be the terminal cluster of E (so H = d°). Recall that we allow the case that ¢ and d
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are improper cycles so that this scenario encompasses the situation that ¢ is an infinite emitter or
that d° is a sink. Since d° is the only terminal cluster of E, ¢ C R(H) (otherwise ¢” would be the
terminal cluster of E also), so there are paths from c® to d°. We say that p is a c-to-d path if the
source of p is in ¢, the range in d° and no edge of p is on ¢ or d. The examples with the Toeplitz
graph from the introduction illustrates that graphs whose algebras are graded *-isomorphic may
have different number of c-to-d paths of certain length.

Let n = |d| and m = |c|. If m > 0, then ¢ is a proper cycle with at least one exit to H and
such that all its exits have ranges in H. The cycle ¢ is without exits in £/H and E is row-finite.
In this case, E is a cycle-to-cycle graph if n > 0 and a cycle-to-sink graph if n = 0. If m = 0, ¢
is an improper cycle and vy = s(c¢) is an infinite emitter of £ which emits all of its edges to H
and which is a sink in E/H. In this case, F is an infinite-emitter-to-cycle graph if n > 0 and an
infinite-emitter-to-sink graph if n = 0. If m = 0, we say that the edges which vy emits are exits.
This enables us to unify the terminology in the m = 0 and m > 0 cases.

For example, the first graph below is cycle-to-cycle (m > 0 and n > 0), the second (the Toeplitz
graph) is cycle-to-sink (m > 0 and n = 0), the third is infinite-emitter-to-cycle (m = 0 and n > 0),
and the fourth is infinite-emitter-to-sink (m = n = 0).

C.—>.Q C.—>. .3.3 1

For the rest of this section, let £ = E be a 2-S-NE graph with a single terminal cluster, H be
its nonempty and proper hereditary and saturated set, m = |c| be the length of the terminal cycle
c of the 1-S-NE invariant of F/H, and n = |d| be the length of the terminal cycle d of the 1-S-NE
graph Py. Since E = FE, every vertex which not terminal for neither £ nor E/H emits exactly
one edge and any non-terminal vertex of E/H (if any) emits its only emitted edge to E° — H.

We start by a series of operations on 2-S-NE graphs. Some of these operations are out-splits
and out-amalgamations, so they belong to the class characterized as the “graph moves” of symbolic
dynamics. However, some of the operations we consider are not “moves” in the sense used in the
current literature. All of these operations have properties described in section 1.4, so they induce a
graded x-isomorphism of the graph algebras. The process from section 3.4 of transforming a 1-S-NE
graph into its canonical form is an example of such an operation for 1-S-NE graphs.

4.3. Direct-exit forms and connecting matrix. Let £ = E;, be such that d is a proper cycle
(so m > 0). Consider the porcupine graph Py and let V' be the set of all vertices of Py which are
not in H. Thus, V = R(V'). We define a 2-S-NE graph Eg;, which we call the direct-exit form of E.
We let Ey;, consists of the part of (Py)ean v (defined in section 3.4) outside of R(c”) and we let the
rest of Eg, be E/H. If ¢y is the graded *-isomorphism of Py and (Pp)can,v (see section 3.4 and
Proposition 3.5), we define a map ¢ on the vertices and edges of E by

¢(v) = py(v)if ve H and ¢(v) =vifv € E° — H and

d(e) = gu(e)ifr(e) € H and ¢(e) =eifr(e) € E° — H.
It is direct to check that the axioms hold for these images by the definition of (Py)can,v and ¢p.
Thus, ¢ extends to a graded x-homomorphism which is invertible since ¢y is invertible.
We point out some properties of Ey;,. First, all c-to-d paths have length one and the notation

“dir” for “direct” emphasized that the c-to-d paths are as direct as possible. Second, all edges with
sources in H — d° end at vertices of d. We refer to such edges ending at w; as the i-tails of Eg,.
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For example, the second graph is the direct-exit form of the first and the fourth graph is such
form of the third graph below.

7
SV OO VIS A R NS
NG

Let us consider an example with m = 0. Let E; be the first graph below and let E3 be the graph
obtained by replacing the c-to-d paths of F; by the paths of length three (the second graph below).

N\

=
o ——> 0 [ ]

We have that E; = (F1)g;, and the last graph is the direct-exit form of Ejs. If Ej is obtained by
replacing the c-to-d paths of F; by the paths of length k£ > 1, the last graph is the direct-exit form
of E} also. The Leavitt path algebras of F; and of Ey, k > 1 are not graded *-isomorphic because
the first algebra is unital and the second is not. A direct argument for the algebras of F5 and Fj
being graded *-isomorphic is that the two graphs have the same direct-exit form.

1)

SN

Q
;.Q o —0<—©0

If £ is a direct-exit graph with n > 0, we let aj;, j € m,7 € n, be the number of edges v; emits
to w;. If m > 0 this number is finite and we refer to the m x n matrix [a;;] as the c-to-d connecting
matriz. This matrix is dependent on the choice of d € [d] and ¢ € [¢], so the reference to ¢ and
d is needed. If ¢ € [(] is a different element, the ¢’-to-d connecting matrix can be obtained by
applying a degree m cyclic permutation of rows of the original matrix. Similarly, if d’ € [d] is a
different element then the c-to-d’ connecting matrix is obtained by permuting the columns of the
c-to-d matrix by a cyclic permutation of length n.

If m = 0, we allow w to be the entry of a connecting matrix. In this case, the connecting matrix
is a 1 X n matrix over w U {w} such that ag; is the cardinality of the exits ending at w;.

Let us move on to the n = 0 case. If £ = F\ has a sink, we define Fy;, analogously by letting
V' = R(V) be the set of vertices of Py which are not in H and pasting the graphs (Ppy)can,v and
E/H together with rearranging paths using Proposition 3.5 just as in the n > 0 case.

We also let H; (where t is for “tails”) be the subgraph of Eg;, generated by H and k; be its spine
length. The graph H; is a 1-S-NE graph and wy is its sink. We say that H; is the tail graph. If
n > 0, we define the tail graph analogously as the subgraph generated by vertices in H. Such a
definition enables us to unify the arguments of both n > 0 and n = 0.

For example, if F is the first graph below, the second graph is Fg;, and the third graph is H;.

Co\:/o . Covo I . .—>i—>.

Let w; be the vertex on the spine of H; which is at length ¢ from wy. If the set of i-values such
that w; receives an exit has the largest element k, we say that k is the spine length of E and the
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path from wy to wy is the spine of E. If such largest element does not exist, then n = 0 necessarily
and the tail graph has infinite spine length k; = w. In this case, we let k = k; and we let the spine
of E be the spine of the tail graph. If m > 0 and n = 0, k is necessarily finite. In the example
above, k = k; = 2. Some of the following examples exhibit graphs with & < k; and some of graphs
with k =k = w.

For a cycle-to-sink direct-exit graph with a spine of length k, we define its c-to-d connecting
matriz as the m x (k 4+ 1) matrix [aj] where aj; is the number of edges v; emits to w;. It is
dependent on the choice of ¢ € [¢] and a different choice of an element of [c] results in a matrix
with rows permuted by a cyclic permutation of degree m. For example, below is an m = 2,n =0

direct-exit graph with the spine of length £ = 3 and the connecting matrix [ (1) g g % } .
.UO
I~
1
) s s O .

If n = m = 0 and if & is the spine length (possibly w), the connecting matrix is a 1 x (k+1) matrix
with the cardinality of the exits ending at w; at the ¢-th spot. The first graph below is a direct-exit
graph with a finite spine of length two and connecting matrix [w 0 w]. The second graph below is
a direct-exit graph with the spine length infinite and the connecting matrix [w 0w 0w O .. .].

If F is the first graph below, its c-to-d part is “direct” but the path originating at a source in H
and ending in wy is not “canonical”. The second graph is Eg;,.

If the length of the path with all its vertices not in 7'(vg) which ends at wy were 7 instead of 4, the
following graph would be Eg;,. This graph is also an example of a graph with k =4 <k, = 7.

T T T
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4.4. Connecting polynomial. Let E = Eg, be a direct-exit 2-S-NE graph with m > 0 and let k
be the spine length in the case that n = 0. Let

ag(t) = Z a /Tl if g > 0 and  ag(t) = Z a; /T i n = 0.

JjEM, €N jem,i<k

We refer to ag as a connecting polynomial. It depends on ¢ € [c] and d € [d] but if it is clear which
cycles we use, we will shorten the notation to ag. The following lemma focuses on this polynomial.

Lemma 4.1. Let E be a direct-exit 2-S-NFE graph with m > 0 and let ag be its connecting polynomial
computed using ¢ and d. If vo = s(c) and | € Z*, then

[ _tlm —|'th ag w[)

Proof. We have that vy — t™vg + agwy — t2"vy + tMapwy + agwy — ... — My + Z] o Magwy

holds in F% for any nonnegative integer [, so [vo] = t™[vg] + Zl . tjmaE[wo] holds in M. O

We consider the m = 0 case next and prove a lemma analogous to Lemma 4.1. If m = 0, the
concept of a single connecting polynomial is replaced by polynomials defined for each nonempty
and finite Z C s71(vy) where vy is the infinite emitter. For such Z, let Pz be the set of paths in P;’O
which have the first edge in Z and let az € Z"[t] be the polynomial »_ _p tlPl. We let gy denote

v to unify the treatment. If we define the relation < on the set of polynomials such that a < b if
a + ¢ = b for some polynomial ¢, we have that Z C W if and only if az < ay .

Lemma 4.2. Let E = Eg;, be a 2-S-NE graph with m = 0 and let vy be the infinite emitter of F.
For any finite Z C s™(uvy), [vo] = [qz] + az[wy)].

Let b € ZT[t], [z] € M}, and let Z be finite subset of s~ (vg). If [qz] = [x] + blwg] holds, then
there is finite W C s (vy) disjoint from Z such that [z] = [qzow]| and b = aw[wy).

Proof. The first part holds since vy — ¢z + azwy holds in Fi. To show the second part, assume
that [gz] = [z] + b[wy] holds for some b, [z], and Z as in the statement of the lemma. This implies
that qz — y and z + bwy — y for some y € Fr by the Confluence Lemma (Lemma 2.4). The first
relation implies that such y can be chosen to have the form y = qzuw + awt*w, for some finite W’
disjoint from Z and some nonnegative integer k. Since ayt*"[w] = aw|wo] and wy is a terminal
vertex, the relation = + bwy — y implies that such W’ can be chosen so that b[wy] is a summand
of aw[wp]. As any summand of ay[wy] is of the form ay [wy] for some finite subset W of W', we
have that bjwg| = aw[w,] for some such W. Thus, we have that

[2] + aw[wo] = [x] + blwo] = [g2] = [qzow] + aw[wo].

By canceling ap [wp], we obtain that [x] = [gzuw]- O

4.5. The exit moves. Let E be a direct-exit graph with m > 0 and let ¢ € [¢] be such that v; € ¢
emits an exit e. We consider the out-split with respect to {e} and s™(v;) — {e} followed by the total
out-split of the new graph. We continue to use the label v; for the second new vertex in the out-split
because this vertex is between v;_, 1 and v,y in the cycle with exits of the new graph which we
continue to call c. With these labels, the parts £/H and d are unchanged in the out-split graph.
If v, is the second new vertex, it receives one new edge g. from v;_ ; and a copy of the subgraph
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generated by R(v;) —T'(v;) U{v;} ending at s(g.) instead of v;. The vertex v, emits the edge which
we continue to call e since it ends in r(e). We refer to the resulting graph as the e-blow-up of E.

For example, if E is the Toeplitz graph C e —>e  then C e ——> e —— e is the e-blow-up
of E. If f is the newly added exit from the cycle, then ( o ° ° e is the f-blow-up
of the previous graph. As another example, let E be the first graph below. The second graph is
the e-blow-up and the third graph is the f-blow-up.

S T TN

If m = 0 and e is an edge vy emits, the e-blow-up is the graph obtained by the out-split with
respect to {e} and s (vy) — {e} and then considering the total out-split of the obtained graph. For
example, if F is the first graph below and e is the first edge of the c-to-d paths of length two, then
the second graph is the e-blow-up of E.

A 1
| |

Performing a blow-up with respect to an exit e results in a graph which may not be direct-exit
any more. Let E. be the graph obtained by transforming the resulting graph to a direct-exit graph.
We call such an operation an exit move and write £ — E..

For example, if E is the first graph below, the second graph is the blow-up with respect to the
only exit and the third graph is the direct form of the second, hence, the exit move of F.

3y O ) () )y O

o ——> 0 o ——>0 —> @ O ———> 0 <— @

If E— E. and E, = F = (E.), for some exit g, we write £ —, F. For example, if both exits
of the first graph are moved, the second graph is obtained.

e —>0 [ ] e ———>0
~

We consider the impact of an exit move to the number of tails and the connecting matrix. If
n > 0, we let [; denote the cardinality of the set of i-tails for ¢« € n. If n = 0 and k; is the spine of
the tail-graph H,, we let [; denote the cardinality of the set of i-tails for ¢ < k.

An exit with source vj,j € m and range w; is an ji-exit where ¢ € n if n > 0 and ¢ < k if
n=20. Ifm>0,n >0 and an ji-exit e is moved, the only change in the connecting matrix is
that the aj-value decreases by one and the a¢;_, 1)i—,1))-value increases by one. The cardinality [;
increases by at least one (corresponding to e). To describe the increase in the number of i'-tails,
we extend the definition of P;’ to include the value k = 0 and let this set be the moved exit e. If
P,” is nonempty and ¢ € n is such that k + ¢ = i(modn), then w; gets |P,’| new tails. Thus, the
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number of i'-tails in the resulting graph is

L + > P (1)

ke{k|k=i—i'(modn)}
where the standard cardinal arithmetic holds if either [y or |P,’| is infinite.
If m >0, n =0, k; is the spine length of the tail graph H;, k; is the spine length of E7, and a
Ji-exit is moved for some j € m,7 < k, then aj; decreases by one and a;—,,1)(i+1) increases by one.

If i = k, the length of the spine of the new graph increases by one. If k; > k;, the length of the
spine graph increases. The number of #’-tails in the new graphs is equal to

ly +|P,}| for k' such that k' =i’ — . (2)

Formula (1) has ¢ — ¢ and formula (2) has ¢ — 7. This difference is present since the distance from
w;towgisn—t1ifn>0anditisiif n=0.

If m =0 and n > 0 and if a Oi-exit is moved, the Oi-value of the connecting matrix of the
resulting graph is ag; — 1 (here we use cardinal arithmetic to have that w — 1 = w if ag; = w). No
other entries of the matrix are changed. The number of i'-tails in the new graph is given by the
same formula as in the n > 0 and m > 0 case except that the only possible value of 7 is 0.

If m =n =0, k is the spine length, and a 0i-exit is moved, the Oi-value of its connecting matrix
is ag; — 1. The formula for the number of the #’-tails in the new graph is the same as in the m > 0
and n = 0 case except that the only possible j-value is zero.

Because P, is nonempty, if /; is finite, then a move of any ji-exit increases the number of i-tails
in the resulting graph. If /; is infinite, the move of an exit may produce a graph isomorphic to the
original graph. Example 4.3 below exhibits some such graphs.

Example 4.3. Moving any of the exits of the two graphs below produces a graph isomorphic to
the initial graph.
(w)

Ce 3@& . @_)Qﬂ .

We prove a short lemma we use for the cycle-to-cycle graphs.

Lemma 4.4. Let E = Eqg;; be a cycle-to-cycle graph with |c| = m,|d| = n, and let G be the greatest
common diwvisor of m and n. A ji-exit can be moved to become a lk-exit of the resulting graph if

and only if i — j =1 — k(mod G).

Proof. Let m = Gm' and n = Gn' for m" and n’ which are mutually prime.

By the definition of an exit move, a ji-exit can be moved to become a [k-exit of the resulting graph
if and only if there is &’ € Z such that j —k’ = k(modm) and i — k" = [(mod n). Assuming this holds,
let k' = j—k+mom = i— 1+ ngn for some mg, ny € Z. We have that j —k =i — 1+ G(non’ —mem')
which shows that j — k =7 — {(mod G) and so i — j = [ — k(mod G).

Conversely, suppose that i—j = [—k(mod G) so that j—k = i—Il(mod G) and let j—k = i—I+k"'G
for some k" € Z. Since m’ and n’ are mutually prime, let mg, ng € Z be such that 1 = m'mg +n'ng.
Hence, K'G = K"Gm/'my + k"Gn'ng = K"mmgy + k"nng so that j —k =i — 1 + K'mmg + K"nngy. Let
k' =1i—14 k"nng so that j — k = k'(modm) and that ¢ — [ = k'(modn). Thus, j — k' = k(mod m)
and ¢ — k' = [(mod n) showing that a ji-exit can be moved to become a lk-exit. UJ
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4.6. Reduction and reducibility. We would like to introduce the inverse of an exit move which
we refer to as reduction. Let us start with such consideration for cycle-to-cycle graphs.

Assume that FE is a cycle-to-cycle graph for which there are 7 € m and ¢ € n such that
a(j—ml)(i—nl) 7é 0 and such that
> Py (3)

ke{k|k=i—i'(modn)}

ly

v

holds for every i’ € n. In this case, there is an operation inverse to a move of a ji-exit and we say
that F is ji-reducible. Note that the relation (3) trivially holds for ¢ such that l; = w. We say that
E is reducible if there are i € n and 7 € m such that F is ji-reducible.

If E is ji-reducible and [aj;] is the connecting matrix of E corresponding to ¢ € [c] and d € [d],
we define a single ji-reduction E,eq1j of E as follows. The quotient of F,cq1;; is the same as the
quotient E. The c-to-d part of Eeq 1 j; is determined by the connecting matrix a;-,i, given by

’
J

Wy = agy if (j'# jor i #i)and (j' # j —m Lord #i—y1).
The graph Eieq, ;i has the number of i'-tails equal to

by — > Py

ke{k|k=i—i'(modn)}

aj; = aji + 1, a/(jfml)(ifnl) = A(j—pm1)(i—p1) — 1 and

if [, is finite and it has w i'-tails otherwise. If [, is finite, the cardinal subtraction is subtraction of
finite numbers because if [; is finite and relation (3) holds, then |P,’] is finite for any k such that
k =i —i'(modn). The scenario when both sides of relation (3) are w is considered in section 4.7.

By the definition of Eyeq ji, we have that Eeq:j —1 E holds. Hence, the algebras of £/ and
Eieq1,j; are in the same graded *-isomorphism class. Thus, if £ is ji-reducible, there is a graph F'
such that F' —; FE is the move of a ji-exit. The converse also holds: if there is such a graph F|
then a¢;_, 1yi—,1) # 0 and relation (3) holds. We use this condition to define reducibility for S-NE
graphs with composition length larger than two in section 5.

If Eredji is j'i'-reducible, we let Eieqoji v be the graph (Eied ji)red,1,j/- Continuing this ar-
gument, we define Ered,l,jlih...,jlil as (Ered,lfl,ju'l,‘..,jl,lil,l)red,l,jm- We write Ered,l,ji for the graph
Eredl,(j—m(1=1))(imn(1=1))errsGi=m1) (i—n1),ji WheT€ Ereq i (i (1=1))(imn(1=1))..,(j—m1)(i—n1),ji —1 £ 15 the move
of the same ji-exit [ times.

Let F be a graph in which [; is finite for at least one ¢. If £ is not reducible, we say that E
is reduced and write F = F,oq. If E is reducible, the process of reduction terminates after finitely
many steps producing a reduction F,.q of E. If FE is a graph with [; = w for all ¢ € n, we say that
E' is ji-reduced for every j € m and i € n. We also say that E is reduced and write £ = E,.q. Thus,
the case [; = w for all ¢ € n is the only case when a graph is both reduced and reducible.

We are interested in one particular type of a reduced graph — a graph reduced only with respect
to full revolutions of exits. If m > 0, n > 0, and if L is the least common multiple of m and n, let
Nj;i» be the number of ¢'-tails added to w; when a ji-exit is moved L-times. An explicit formula
for Nj;» can be obtained using formula (1) but we do not display it since we do not use it.

We repeat the process of defining a reducible and a reduced graph, but by considering reduction
of exits only for a full L-revolution instead of a single exit move. In particular, if F is such that
there are j € m and i € n such that a;; # 0 and such that l;; > N;; holds for every i’ € n, then E
is L, ji-reducible. We say that E is L-reducible if it is L, ji-reducible for some i € n,j € m.
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Let E be a graph in which [; is finite for at least one 7. If E is not L-reducible, then F is L-
reduced. 1f F is L-reducible, the process of reduction terminates after finitely many steps and it
produces an L-reduced graph which we refer to as an L-reduction of E. If E is a graph with [; = w
for all i, we say that E is L-reduced. We can unify the two cases by stating that F is L-reduced if
and only if for every j € m and ¢ € n, if Fleqr j is defined, then F' = Eq 1 ji-

Let E be the graph below where [y and [; countable cardinalities. This graph is reduced if and
only if both [y and [; are in {0,w}. This is because if 0 < [y < w, then E can be 01-reduced and, if
0 < l; < w then E can be 00-reduced. Two consecutive moves of any of the exits create one 0-tail
and one 1-tail, so £ is 2-reduced if and only if at least one of |y and [; is in {0,w}.

()

Next, let E be a graph with an infinite-emitter. If there is F' such that F' —; E and E is obtained
by a move of a Oi-exit, we say that E is Oi-reducible. We define a 0i-reduction, 0i-reducibility, and
being reduced analogously as for m > 0. Instead of L-reductions, we consider reductions with respect
to Oi-exits such that ag; = w and we call such reductions w-reductions. Thus, E is w-reducible if
there is a graph F such that F' —; E holds and it is a move of a 0i-exit with ag; = w. We say that
E is w-reduced if E is either not w-reducible or if it is isomorphic to any of its w-reductions. For
example, let E be an infinite-emitter-to-sink graph with quotient consisting of a single vertex, with
the infinite spine length, and such that ag; = a(; = w for all 0 # i € w and with agp < w. Then E is
reduced if any only if [; € {0,w} for ¢ > 0 and F is w-reduced if and only if [; € {0,w} for i > 0.

A cycle-to-sink graph FE is ji-reducible if F© —; E for a graph F' such that E is obtained by
moving a ji-exit of F' where j € m and i is less than or equal to the spine length of F'. We define
the concepts of a ji-reduction, of ji-reducibility and of being reduced analogously as when n > 0.

If £ is the spine length of a cycle-to-sink graph F, and if all exits except those with range wy, are
moved until they end in wy, then the spine length of the resulting graph is still k. We are interested
in graphs reduced up to the exit moves which would increase the spine length. In particular, we
say that F is spine-reducible if there is F' and [ such that ' —; F and F' has shorter spine length.
If E is not spine-reducible, we say that E is spine-reduced.

For example, let us consider the class of graphs with their quotients being a single loop and
with H; having the spine of infinite length with infinitely many i-tails for all ¢ € w. Let Fj be one
such graph with the connecting matrix [ag;], ¢ = 0,...,k and with k& > 0. Let Ex_; be another
such graph with the same quotient and the tail graph as Ej and with the first £ — 2 entries of the
connecting matrix the same, with the spine length & — 1 and with agx—1) + aox at the & — 1-spot of
the connecting matrix. The graph E is the result of moving ag-many of 0(k — 1)-exits of Ey_;. We

can continue this process to obtain Ej_s so that E,_s —,, , Ex—; and so on until £ is obtained.

The spine length of Ej is zero, its connecting matrix is [Zf:o aOi] , and FEj is spine-reduced.
1x1

4.7. Tail cutting. Reducing a graph limits the number of tails if the number of tails obtained by
an exit move is finite. To be able to control the infinite case also, we consider another type of the
tail number minimization. The following example illustrates this.
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Example 4.5. Let E, E' and F' be the three graphs below. The graph E’ is obtained by moving
the only exit of E. The graph E’ is also obtained by moving the (only) exit of F. All three graphs

are reduced.
w ()Y Oy
[ ] [ ) [ )

w ()} () (w)Q Qm.

o ——0 —> 0 [ J

Let vy be the exit-emitter in all three graphs and let wy be the vertex of the terminal cycle. Let
g : E — E' and ¢p : F — E’ be the exit moves. They both induce POMP-isomorphisms given
by [wo] — [we] and [vg] > [vo] + t{we] = [vo] + [we] with the inverses such that [vg] — t[ve] + t[wo] =
t[vo] + [wo]. So, the POMP-isomorphism f = @5, ¢ : M5 — ML has [vg] — [vo] and, hence, it is
the identity map. If g is the exit, {g, | n € w} are the edges originating at sources and ending in
Vo, Uy = 8(gn), f1 is the O-tail of ) and w; = s(f1), then a graded *-isomorphism ¢, which realizes
f can be obtained by

i 909d"s  Gn > Gn — 9n99" + G199,
by wy = flfl* = Lcut(fl)bcut(fl)* = 9099*93 and Up = gng:; = Lcut(Qn)Lcut(gn)* = Up — gngg*g;; +
9n+199" g1 and by mapping all other vertices and edges of I’ identically onto themselves. It is
direct to check that such a correspondence extends to a graded x-monomorphism with the inverse
lews such that

90— 9o — 9099 + frdg" and g, — gn — 9099 + gn—199” for n >0

and Up = 9095 = Lc_ult(go)[’c_ult(go)* = Uo — 9099*95 + wy and Up = gng;; = Lc_ult(gn)Lc_ult(gn)* =
Up — Gn99" G + Gn-199"g;_1 for n > 0.

In examples like these, if E’ is obtained from an exit move which increased the number of i-tails
by w for some i, we would like to highlight the fact that F is obtained from E’ by the inverse of such
exit move which is decreasing the number of tails by the maximal possible number. In contrast, the
inverse of the exit move producing F' from E’ is not such. So, we would like F to be the cut-form
of both F' and E’. Note that the graphs E and F have isomorphic quotients and equal connecting
matrices, so only the number of tails differentiates them.

If graphs have a sink, the tail cutting process requires some additional consideration so we
consider graphs with a sink first. We let E. = F if E'/H is finite. Let k; be the length of the spine
of the tail graph and let C'(i) stands for the following statement for i > 0.

C(i) There are j, j' € m,i’ € k;, and k', 1 € w such that [P’ | = w,a;y # 0, and [ +K'|c|+d(j,5") +
i =1
where d(j, j') stands for the length of the shortest path in ¢ from v; to v}. If C(i) holds, we say that

1-tails are cuttable. Note that here we are treating the edge of the spine from w;,; to w; as an ¢-tail.
This will enable us to decrease the length of the spine of the tail graph if (k; — 1)-tails are cuttable.

If m = 0, the condition C(i) simplifies to:
There are ¢’ € k¢, and | € w such that |P;°| = w, apr # 0, and [+ i’ =i,
The following example illustrates our approach to the type of the tail cutting which decreases

the spine length of the tail graph for 2-S-NE graphs with a sink.

Example 4.6. Let F,, Fy and E, be the three graphs below. The tail graph is the only distin-
guishing element of the three graphs and their I'-monoids are indistinguishable.

(w) Q (w) Q

° ° oo oWt ° oo oW1 o2
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(w) Q

° ° oo

w1 w2 w3

[ ] [ ] [ ] e

The spine length of the quotient graphs is one. We consider one edge of the quotient graph g; to
be the spine of the quotient graph and we let u; = s(g;). Let u,, be the other sources of the quotient
graph and g,, be the edges for n € w. Let e be the loop and g the exit in each graph and let f, be
the edge which w,, emits in each graph forn =11in F;, and n =1,2 in Fy, and n > 0 in E,,.

In this case, all i-tails for 7 > 0 are cuttable in 5 and E,,. These graphs have no tails for ¢ > 0 but
we can shorten the tail graph spine. The porcupine graphs of all three graphs are 1-S-NE equivalent
to the graph below and the existence of a bijection of the sets P*° of these graphs enables us to
define the tail cutting maps.

........... > @ o [ oo
(w) T (w) ] (w) T T
° ° ° oW1

We obtain one such bijection by matching f,f; of Ey with gog of Fy and g,g of Fs with g,119
of E; for n > 0. This enables to define the tail-cutting operation tey : Fo —cut £1 by mapping the
vertices vy, wo, wy, and u; and the edges e, g, fi, and ¢, identically on themselves and by mapping
the edges fy and g, as follows.

fo= fofifi = gogfi and g, gn — 9ng99" + G199

We let wy = fofs = teus(f2)teut(f2)* = 9099796 and wn = gngpy = teut(Gn)teut(9n)" = Un — 9ng9* gy, +
n+199% s+ 1- With these definitions, tewt(9ng) = gnt19 for n > 0. We define the inverse Lo
Ey —cut,—1 I also similarly as in Example 4.5 and it is such that

90— 90 — 9099 + f2f19",  Gn > Gn — 999" + Gn—199” for n >0

which determines the images of vy and w,,n > 0 to be uy — gogg*g; + w2 and u,, — g,99*g;, +

In-199*g%_, for n > 0 in order for (CK2) to hold. We have that ¢\ (gog) = fofi and i (gng) =
gn_19 for n > 0. The maps 7. and Lc_l
n,l > 0.

Let us consider E, and E; and the bijection of paths ending at wy in the two graphs given by
matching fof1 with gog, f3fofi with gieg, fafsfofi with gae?g, and so on. This bijection gives rise to
the tail-cutting operation ity : F, —cut ££1 which map the vertices vy, wg, w7 and the edges e, g, f1
identically on themselves and which maps the remaining edges by the formulas below. For those
formulas, we let ¢ stand for vy and e stand for (e*)" for n > 0. We also shorten the notation of
e"gg*e ™ to e, for n > 0 and we let ¢y = gg* so that the idempotents e, are mutually orthogonal.
With this notation, t¢,; is defined so that

are identities since [g,99%g:] = t?[wo] = [g199™ ;] for any

ut

fo=fn- ) (foor- 1) — gn_ge"_zg(gn_ge"_?’g)* = gn—2€€n_3g,_5 forn > 2,

f2 = f2f1f7 = 9097, and g, — g, — Zgnej + Zgn+1€j for n > 0.
=0 =0
In order for (CK2) to hold for the images, we let w,, = fi [ — teuws(fo)teut (frn)* = Gn_26n—20) 5,1 >
2 and u, = gn gk = Lot (Gn)teut (gn)™ = wy — Z?:o gn€ign + Z?:o Gn+1€j9y41- With these definitions,
we have that (e (gner) = gni1er for n > 0 and | < n and teyi(gner) = gner for I > n. We aim to
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define the tail-creating operation Lcut Ey —cut,—1 By, inverse to tey, so that Lgult(gnel) is gne; for
I >n, go1e forl <n,and f,io...fig"e™™ for [ = n. We achieve that by letting

n—1
9o = go — goeo + f2 /197, Gn > Gn — Zgnej + Zgn 1€j + fre2. .. frgte™" for n > 0.
7=0 7=0

It is direct to check that the maps extend to mutually inverse graded *-homomorphisms.
It £, is the graph below, its algebra is still graded *-isomorphic to that of £}.

™ ° oo oW1 oW2 oW3 <.
(w) T (w) T (w) T
° ° °

We can choose to map fafa to ggg7 fafofi to gaeg, fafsfofi to gse*g and, continuing this trend,
fi-o. f1 10 ga— 2) 2g = gy_4€'2g for 1 > 2. If W, are the sources of talls Ja,n) ending at w; for
[ >0, we can choose to map fo)f1 to g2ngfi and

famfi- - i 0 gau—a)roni2€’ g = Garyan—2e’ g for 1 > 2 and n > 0.
Let tewe map vg, wo, wy, U, €, g, f1, and g; identically onto themselves and let
Jir> garaeer_3g5 ¢ for 1 >2, for gogfi, fum) & 92ir2n—2e€1-295 4 for 1 >2,n >0 and
L5] L5)
gi— g1 — Zglej + Zg2l+1ej for { >0
5=0 §=0
where L%J is the floor function returning the value L'if [ is even and L if [ is odd. As in the

previous examples, we want (CK2) to hold for the i 1mages of the sources of the edges with already
defined images, so we let wy — gy—a€1_2g5_4 for I > 2, w( ) = garon—2€1-19519p—9, and uy — u; —

Z]L JO giejg; + Z] 0 G21+1€j9541- It is direct to check that teys extends to a graded *x-monomorphism.
The inverse (_: can be obtained by considerations of the (. -images of the elements of the form
gie, for [,n > 0 and have that Lcut maps ge, to ge, if n > L%J, to gren, if Il =2k 4+ 1 and n < k,
0 fint1pon)frt1--- frgte ™ if [ =2k and n < k, and to fyio... fig'e ¥ if | = 2k and n = k. This

.
enables us to define i (g;) by the condition g = topteut(91) = o (g1 — Z] 0 qiej + Z]LiJO G21+1€;)
so that
5] 15)
bt (9) = 9+ taw(91€) = Dt (gars1€5).-
5=0 j=0
Note that the edge f; cannot be cut from any of the graphs since the 0-tails are not cuttable.

The approach to obtaining the cut maps and their inverses in the previous example generalizes
to arbitrary graphs. We continue to consider 2-S-NE graphs with one terminal cycle and with sinks.

Definition 4.7. Let [; be the number of ¢-tails of a 2-S-NE graph E with one terminal cycle and a
sink for ¢ < k;. We define the cut form E. of E so that its quotient, d and the c-to-d part are the
same as for E' and the number of tails is specified as follows. For ¢ < k, E. has [; i-tails if i-tails
are not cuttable and it has zero i-tails otherwise. For the rest of the tails, if any, we consider the
following cases.
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(1) There is no kg € ky, kg > k such that i-tails are cuttable for all i € k;, i > ky. Then, the
number of i-tails is [; if i-tails are not cuttable and zero otherwise.

(2) There is kg € ki, ko > k such that i-tails are cuttable for all i € ki, i > ky. The length of
the spine graph of E. is kg in this case. For i < kg, the number of 7 tails is [; if i-tails are
cuttable and zero otherwise.

We say that a graph E' is cut or that it is in its cut form if E = F .

For example, for E,, E,, and E,,, of the previous example, ky = 1 and the tail spine length of
E,, BE,, and E,, can be reduced to one.

Proposition 4.8. If E is a graph with a sink, the map tey : F —cut Fewt extends to a graded
x-1somorphism of the corresponding algebras.

Proof. We fix some notation first. Since E has a sink, |d| = 0, so we can use “n” for other values
throughout the proof.

For 7 € ky, let ; be the cardinality of i-tails, for ¢ < k;, let w; be the vertices on the spine of H;
emitting the edge f; on the spine and let f(;,) be the i-tails for n € [; and w; ) be their sources.
Let C' C k; be the set of all 7 such that i-tails are cuttable.

Recall the definitions of the sets P,’, j € m and P = J,_;c,, P’ and graphs £, j € m, from
section 3.4. We can assume that E is a graph such that E% is in the 1-S-NE canonical form for all
J € m (we use this construction in the next section also).

For j €e mift m > 0 and j = 0 if m = 0, let k; be the spine length of E%. For [ € k;,l > 0,
there is a unique path p;;_; of length [ — 1 ending at v; by the definition of 1-S-NE canonical form
of a 1-S-NE graph with a sink. Let g;;,,n € |P,’| — 1 be the edge of E% ending in s(p;;_1) and
originating at a source w;;, = $(gjin). S0, gjin,m € |P,’| — 1 are the tails to s(p;;—1) and the
remaining element of the set of the first edges of paths in P;” is on the spine of E%.

Let ¢; be the element of [c] starting at v;, let ¢;;» be the shortest path from v; to v;, let g; be
any j'i' exit if a7 # 0, and let d; be the part of the tail graph spine from w; to wy.

Fori € C, there are j;,l;, k;, j;, and 4 such that |PZ“| = w,ajy # 0, and li+kilc|+d(js, j;)+i; = i.
This enables us to map f;;1d; if i < ng in case (2) and f(;,)d;, in any case, to

Djodssr(m)Pl—1Cs o0 Gyt

where o(n) is appropriately chosen value we specify in the rest of the proof and which depends on
cases (1) and (2) and on whether /; is finite or not. No matter our choice of o(n), the lengths of
the corresponding paths match because l; + k;|c| + d(j;, j)) + 1+ i, =1+ 1.

Let us consider the case m > 0 first. Let JL = {(j,]) € m x k; | j = j;,1 = ; for some i € C'}
and, for (j,1) € JL, let

ijl:{iec ’ j:]“ l:ll}

Note that any of C, JL, and C}; can be infinite. For any (j,{) € JL, let us index the elements of
Cj1 as 510,501, . where the list ends after finitely many steps if the cardinality of Cj; is finite
and it is infinite otherwise. The indexing of C}; enables us to assign a unique triple (j,/,n) such
that (j,1) € JL and n € |C};| to any i € C. We denote this correspondence by i — (j;,;,n;) and
its inverse by (j,1,n) + i(j;n). Note that even when Cj; is infinite, for any n € w, the set

Citen=1{i € Cjy | ny <n}
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is finite. If Cj; is finite and n > [C}], then Cj;<n = {iju0,.--,%0)0,,-1}- If Cj; is infinite,
Cii<n={ij105---,1j1n} for any n € w.

We start to create the tail-cutting map teyt @ E —cut Eeut- Let us shorten

pli—lcﬁ‘? Cjijégjgigdi; to g and gq to e;.
Since the quintuple (I;, j;, ki, ji, ;) is unique for ¢ € C, the idempotents e; are orthogonal to each
other and e;q; = ¢;. With the introduced abbreviations, for 7 € C' and n’ € [;, we define (¢, on
paths of the form f;,nd; by

s | Gt @ if (1) holds or if (2) holds and i < kg
(&n/) Gjis2ni+2n+24i i (2) holds and ¢ > ko.

If (1) holds, then we map d; to d; for any i € k;. If (2) holds, then we map d; to d; for i < ko and,
for : = kg +n,n > 0, we treat fy,1n+1 = fi+1 as a ko + n tail and let

div1 = fir1di = i 1 20 %>
so this agrees with the formula for the image of f(; ,/)d; in the sense that it explains the lag of “+2”
in the formula for the image of f; /)4, the case that (2) and i > kg hold.

We extend (o to E° U E' by the formulas which ensure that the axioms hold as follows. We let
Leut e the identity on the vertices and edges of ¢, d, any c-to-d path, any non-cuttable -tails for
i € ki, the spines of E% for j € m and on the tails of s(p;;—1) and their sources for all j and [ such
that (j,l) ¢ JL. For the remaining tails, we let

f(i,n’) - f(z,n’)dzd;k — Lcut(f(i,n’)di)bcut(di)*a w(i,n’) - f(i,n’)fgki,n’) — Lcut(f(i,n’))bcut(f(i,n’))* for n S lz
If (2) holds and Z 1{50, we let fi+1 = di+1d;k — Lcut<di+1)bcut(di)* and

Wiy1 > Lcut(fz‘+1)bcut(fz‘+1)* = Lcut(dz‘+1)bcut(di)*bcut(di)bcut(dz‘Jrl)* = Lcut(di+l)Lcut(di+1)*-

With these definitions, for n € w,
Lcut(fi+1)*bcut(fi+1) = Lcut(di>Lcut(di—l—l)*Lcut(di+1)Lcut(di)* = Lcut(di)Lcut(di)* = Lcut(wi)

and one checks that
Leut (f(z,n’) )*Lcut (f(z,n’) ) = Lleut (di)Lcut (f(i,n/)di)*bcut (f(i,n’)di)Lcut (dz)* = Llcut (di)Lcut (dz) t = Leut (wz) .

We define the images on the rest of the vertices and edges of E' next. For n’ € w we consider
the floor function [%/J, returning the value %' if n’ is even and % if n’ is odd (same as in Example
4.6). For (j,1) € JL and n' > 0, we let

Gibw' = Gidwr = D Gt Y QoG
ieC

ieC 1€

. / . ’
L1 L1

*

and Wi = GjinGii Leut (Gjin )beut (G 1) Defining teut(g%) to be teut(g)* ensures that the
extension is a *-map. We have that tcu(e;) = e; for every ¢ € C. Thus, for (j,1) € JL and i € C

teut(Gjin€i) is 0 if i ¢ C;; (and g;;,,€; = 0 in this case also)
Gjin € if 7 € Cj,l — Cj

LY ]
gj,l,Qn’+lei if 4 S Cj»lvﬁl%/J .
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It is direct to check that the axioms hold so the above map extends to a graded *-homomorphism
by the Universal Property. The extension is injective by the Graded Uniqueness Theorem.

We aim to define the inverse of i, next. First we consider the values of such inverse on the
elements of the form g;;ve; for (j,1) € JL and i € C},;. For i € C. <) = = Cj,<n's © = I(jkn,) for

some n; < n'. Hence, n’ = n; + n for some n > 0. This enables us to deﬁne Lcut(gj’l’nlei) as

91 € ifieCj; — C <L

Gjin € ifn _2n+1andz€C7l7<LnJ,

fumdiqr ifieC. <z = 2n; + 2n for n > 0 if (1) holds or (2) holds and i < ko,
Jamdigi i€ Cw)and n' =2n; +2n+2for n > 0 if (2) holds and i > ky,
dis1q; itieC. and n' = 2n; if (2) holds and i > k.

7l)<Ln

7l)<L7L J

With ¢y defined on g; 1, e;, we automatically have that g(jn = teu (tout (9(j1nr))) if we let

Lot (GGan)) = Gjmr + Z tout (G €i) — Z teut (Gj0,2m741€5)

ieC ieC
SL<1 ] GL<1 ]

and one checks that g .y = Lcut<L;ut(g(j7l7n/))). Finally, we let wginy = 91,0 9( be mapped to

(g,In")

Lot (960 ) bont (9. )™ for (j, ) € JL and n’ € w which ensures that (CK2) holds for these images.
It is direct to check that . . and iy are inverse to each other.

If m = 0, the only possible value of j is zero, so some definitions simplify and some formulas are
shorter. For example, the elements ¢; become p;,_, oi! di;, the set JL becomes the set L = {l € ky |
I =1; for i € C'} and the sets C}; become C; = {i € C'|; =1} for | € L. With these modifications,
the definitions of ¢_; and te are analogous to those in the case m > 0. Note that if the spine length
k is infinite, the case (2) cannot happen (because k = k; in that case). O

Let us move on to the case when E has a proper terminal cycle in which case we use n only
for |d| > 0. Let E.y be the graph with the same quotient and c-to-d part as E. If E/H is finite,
Eew = E. If E/H is infinite, let d(j,j') stands for the length of the shortest path in ¢ from v; to v}
and let C(i) be the following statement.

C(i) There are j,j' € m,i € n, and ¥',1 € w such that |P’| = w, ajy # 0, and [+ k'|c| +
d(j,7)) +n—1i =n—i(modn).

If m = 0, we have that j = j' = |¢| = 0 in condition C'(7) so it simplifies as follows.
There are i’ € n, and | € w such that |P°| =w, apr #0, and [+ n —i =n —i(modn).

We say that the i-tails are cuttable if C(i) holds or if there is j € m such that P’ is nonempty
for infinitely many [ (equivalently, the spine of E% is infinite). In this last case, we also say that
i-tails are cuttable for every ¢ € n. Using the introduced terminology, if /; is the number of i-tails
of E, then E. has [; tails if i-tails are not cuttable and it has zero i-tails otherwise.

Condition C(i) for n > 0 is completely analogous to condition C(7) for n = 0 except that n — i
and n — i’ in the last equation for n > 0 are replaced by i and ¢ for n = 0. This is due to the
fact that the distance from w; to wg is n — i if n > 0 and it is ¢ if n = 0. Since mod 0 is the trivial
relation, the presence of modn in the n > 0 case matches the absence of mod 0 in the n = 0 case.

If n > 0, then n plays the role of both k& and k; and condition (2) never holds. If F is a graph
with n > 0 and such that E% has finite spine length for all 7 € m, then the proof of Proposition
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4.8 carries when using n instead of k;. The proof is simplified since condition (1) is always in effect.
This enables us to have the tail cutting operation tey : £ —cut Fewt Which cuts all cuttable tails of
E and produces E., for graph with proper terminal cycle.

Assume that F is a graph with n > 0 and such that £ has infinite spine length for some j € m.
If m > 0 and L is the least common multiple of m and n, let E’ be the graph obtained by moving
any exit of £/ L times. If m = 0, let £’ be the graph obtained by moving any 0i-exit of £ with
ag; = w. In each case, E' has infinitely many i-tails for every i € n and Ey; is defined as the graph
with zero i-tails for every ¢ € n. Let ¢ be the move operation which transforms E to E’ and let ¢qyt
be the same move but applied to E... It produces E’ also since infinitely many tails are created
by such operation. Thus, we can let teyg @ E —>cut Eeus be (b;ult(bE so that Lgult = ¢El<bcut.

4.8. Canonical quotients. Next we turn to the quotient £/H of a 2-S-NE graph E = Eg;, with
one terminal cluster. We introduce some terminology needed in the m > 0 case. We say that E is
a single exit-emitter graph if only one vertex of ¢ emits exits. If m = 0, this trivially holds.

Let vg, ..., vnm_1 be the vertices of the emitting cycle ¢ of E. We consider the following construc-
tion. First, we move the exits so that only vy emits them. Then, we let Sy be the 1-S-NE graph
obtained by considering the quotient but without the edge vy emits in ¢. The vertex vy is the sink
of this graph and the presence of “S” in this notation indicates that Sj is a graph with a sink. We
call it the 0-sink-graph or, if it is clear which ¢ € [c¢] we consider, a sink-graph. By considering other
elements of [c], for j € m we have the j-sink-graph.

By the last sentence of Proposition 3.5, we can rearrange the paths in the quotient so that the
part of ¢ from vy to vg is on the spine. Here “1” in v; is considered modulo m. If the spine is longer
than m, we think of v; as the entry point of the spine to the cycle. With this rearrangement, we use
Sho for the sink-graph of the resulting graph to indicate both the entry point as well as the single
exit emitter location: “1” receives the spine and “0” emits the exits.

If the spine of Sj is longer than m — 1 and if the number of the j-tails is at least one for
1 # j € m, then one can rearrange the paths so that the entry point of the spine is moved m — 1
vertices in the direction of ¢ and the length is by m — 1 longer. This can also be achieved by
considering the following m — 1 in-split plus moves: one at each v; for j =m —1,m —2,...1. The
diagram below represents one step of this process. The first graph is the mother graph M in which
ge is on the spine and the non-relevant tails of the spine and the cycle are not represented. The
in-split minus of v; in M with respect to the partitions {r~*(r(e)),0} and {r~(r(e)) — {e},{e}}
produces the second and the third graph. We refer to such a move as moving the entry point of the
spine from v; to vjy, 1.

oli oYi Ui
qe 7’1 )/ qe 74 )/ 4 )/
. U." ’U." qe U."
olVitml olVitml — @ > @ —> @YJitml

Let ko be the length of the spine of the sink-graph Sjy. The presence of “2” in the subscript
of ks notes that this is the spine length of the spine of Hy/H; and we follow this labeling when
considering n-S-NE-graphs for n > 2. Since we make the spine be a part of the cycle of length
m — 1, ks > m — 1. For ¢ < ko, let u; be the vertices on the spine and n; be the cardinality of
r—(u;). So, for j € m, u; = v,,_,, ;. Since the edge u; receives in the spine is counted in n;, we have
that n; > 1 for all ¢ < ks.
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With this notation, we consider the feasibility of extending the spine using an in-split plus
move we specify next and which is possible if the following two conditions hold. When considering
condition (1), it is relevant that F = Eg;,.

(1) There is a tail ending at w; for every exit e which ends at w;.
(2) Every v;,j € m, has a tail.

We express condition (2) in terms of cardinalities n; in order to generalize it to graphs with
composition length larger than two. Expressed in this way, condition (2) is stating that n; > 1 for
every j € m and, if ky > m — 1, then n,,_; > 2.

We demonstrate how the spine can be extended if F satisfies these conditions. Since n; > 1
for j € m, E allows moving the entry point of the spine from v; to vy (as “1” in v; is considered
modulo m, if m = 1 then this step is trivial). This uses up one tail for each 1 # j € m. Let E’ be
the resulting graph. In E’, v; has one less tail for all j # 1 and the part of the spine outside of ¢ is
extended by a line of length m — 1 ending in vy.

Since the number of tails of v; is unimpacted by this move and since (1) holds, E’ is the result
of an in-split minus move of the following mother graph M. The connecting parts of ' and M are
the same. The quotient of M is the same as that of E’ except that the tail at v; is deleted. The
tail graph of M is the same except that the tails from condition (1) are deleted. In this case, £’ is
the result of the in-split minus move of M at vy with respect to the partition {r='(vg),?} followed
by the total out-split.

If e is the edge on the spine with range vy in E’, we can consider the in-split minus of M with
respect to {r~!(vg) — {e}, {e}} and let F be the total out-split of the resulting graph. So, the entry
point of the spine in F' is moved from vy back to vy and its length is extended by a line of length
m inserted between vy and u,,.

Comparing the quotients of E and F, the n;-value of F' is by one less than n; for E for every
7 € m and the spine is longer by a line of length m inserted between u,, and v; = u,,_1. We refer to
the operation E — F as a one-step spine extending. By considering composition of such operations,
if possible by (1) and (2), we can extend the spine by multiples of m.

Example 4.9. Let E be the first graph below.

() . () () )

o—>o—>oQ o—>o—>oQ o—>o—>oQ

Wk | T
|

The presence of one v, tail and one wy tail makes E eligible for the spine extending. The second
graph is the mother graph and the third and the fourth graphs are two in-split plus equivalent
graphs obtained by the in-split minus moves on the mother graph.
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The total out-split of the third graph is £ and the first graph below is the total out-split of the
last graph in the previous diagram. O
*J
|

®
[

As another example, the graph below permits arbitrary spine extending. Extending the spine
three times produces the second graph below.

) %

o ——

[ —) ° ° ° ° ° ° ° °
(w) T (w) T (w) T (w) T (w) T (w) T
° ° ° ° ° °

If E permits arbitrary spine extending, then condition (2) implies that n; = w for every j € m.
Extending the spine [ time inserts a line of length Im between w,,_1 and ug41),—1 and the original
part of the spine is below ug1)m—1. The presence of this segment of length Im, enables us to be
able to tell whether the spine can be shortened by it. So, this enables us to reduce the spine length
to its smallest possible length — when there is no line of length Im for any [ > 0. So, either the
spine length is m — 1 or there is ¢ such that n;, > 1 and m < i < 2m. In this case, we say that
the spine of F is as short as possible. For example, the second graph in the last example above
does not have the spine as short as possible and the first graph does. The terminology “as short as
possible” is somewhat misleading if the spine of the sink-graph is infinite because it remains infinite
even though the line of some finite length may be deleted from it and the two remaining pieces
reconnected.

We say that F is [-plus-reduced if one of the conditions (a) or (b) below holds.

(a) E does not permit a spine extending.
(b) E permits arbitrary spine extending and the spine of F is as short as possible.

We focus such graphs in Proposition 4.14 and the proof of this proposition implies that the
conditions (1) and (2) are also necessary for the spine extending.

If the graph E is I-plus-reduced and v; is the single exit-emitter, we use Feanquot,; for £. The
above process shows that every F can be converted to a graph which is I-plus-reduced and we write
E — Eeanquot,; for such a graph. The quotient of Eanquot,j 1s a canonical quotient of E.

If m > 1, the sink-graphs in Ecan quot,j a1d Ecan quot,j» do not have to be isomorphic as the following
example shows. Let E be the first graph below (where [y and [; can be finite or infinite), let ¢ be
the cycle with s(c) = v and ¢ is the other element of [c]. The second graph is Fecanquot,0 and the
third is Eean quot,i-

(l) (1) (Li+1)

[ ] e <—0 [ ] @@ <—0 O —0<— 0
(N 1 N
(lo) (lo+2) (lo+1)
) .’UO [ [ [ ] [ ] [ ] [ ] e — 0 @@ <—— 0
The sink-graph of Ecan quot,o 18 e and the sink-graph of Eanquot,1 1S °

) (

o ——> 0 o —> 0
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4.9. Canonical forms. For j € m, we define a canonical form by reducing and cutting Fcan quot,;-
Reductions and cuts do not impact the quotient of Eganquot,; — they only ensure that the number
of tails is as small as possible. After this, we move exits to certain form depending on m and n
values which are specified in the definition below and which make v; be a single exit-emitter again
if n > 0. Finally, we L-, spine- or w-reduce (whatever is applicable based on the m and n values)
and cut the tails to regain their minimality. We shorten (Eyed)cut t0 Ered cut-

Definition 4.10. Let E be a direct-exit 2-S-NE graph, 7 € m (where this stands for j = 0 if
m = 0). Move the exits of (Ecanquot,j)red.cuts if needed, as specified below and then, let E.., be the
L-, spine- or w-reduced and cut form, whatever is applicable, of the resulting graph.

e If m > 0 and n > 0, then the required form is obtained by moving the exits so that
the resulting graph is a single exit-emitter and that the ranges of the exits are among
G =GCD(m,n) consecutive vertices of d. In particular, for ¢ € [c] and d € [d] such that
v; = s(c) is a single exit-emitter and the vertices from w,_g11 to wy are receiving exits.
This is possible by Lemma 4.4. Thus, F.,, depends on the choice of ¢ and d.

e If m > 0 and n = 0, the required form is obtained by moving the exits which do not end
in the spine source wy to end in wy. In particular, a ji-exit with ¢+ < k would become a
(j —m k—1)(i + (k —1))-exit.

elfm=0andn>0orm=mn=0and k < w, the required form is obtained by moving all
the 0Oi-exits if w; receives nonzero and finitely many of such exits. Thus, for i € n if n > 0
and for ¢ < k if n = 0, w; receives either zero or infinitely many exits.

o If m =n=0and k = w, no exit moves are needed and (FEcan quot,j)red,cut 1S canonical.

If Eis a 2-S-NE graph, we let Ec.n = (Fdir)can- We say that E'is canonical or that it is in a canonical
form if E = F,, for some graph F.

For example, let E, Ey, and F; be three graphs below in that order. Both Fy and E; are canonical
forms of F.

N ., N

Note that FEj is obtained by moving both 10-exits and FE; is obtained by moving the 00-exit. A
graded *-isomorphism of the algebras of Fy and FE; can be obtained by composing the inverse of
the moves £ — Fy with the moves £ — F;. We generalize this observation in the following lemma
whose proof is contained in its statement.

Lemma 4.11. Let E = Eg;, be such that F' and G are its canonical forms. Let ¢p : E — F and
o : E — G be the maps used to obtain the canonical forms F and G from E. Then, gbggb;l F =G
induces a graded x-isomorphism of the corresponding algebras.

Although a graph E can have non-isomorphic canonical forms, they do determine the graded
x-isomorphism class as Theorem 4.13 shows: the algebras of £ and I’ have graded x-isomorphic
algebras if and only if representatives of [c] and [d] can be found so that the canonical forms
determined using those representatives are isomorphic.

We consider another example illustrating the impact of the number of tails on the graded *-
isomorphism class of the corresponding algebra. Let us consider graphs of with m = n = 2 and
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with the quotient consisting of one edge ending in the cycle. A canonical form of such a graph has
the form as in the figure below.
(l)

[ o <—0

2.

If both agy and ag; are nonzero, then ly,l; € {0,1,2,w} and the possible values for the pair (ly, (1)
include any with at least one entry zero and (1,1), (1,w), (w, 1), and (w,w). If agy # a1, then all the
different possibilities for the [y and [; values correspond to different graded *-isomorphism classes
of the corresponding algebras. If agy = a19, then the map interchanging wy and wy, their tails and
the exits they receive and which is the identity on other graph elements is a graph isomorphism.
This makes the algebra of a graph with (I, /1) graded #-isomorphic to the algebra with (,1ly), so
the number of graded *-isomorphism classes is smaller than when agy # ag;-

If w tails are added to the exit-emitter and if agy # 0, then the 1-tails are cuttable, so I; = 0 in
any canonical form. The O-tails are cuttable if and only if ag; # 0.

(w) aoo (lo)
[ J

If ap; # 0, a canonical form has [y = l; = 0. If ag; = 0, then [y € {0,1,w}. So, there are exactly
three graded *-isomorphism classes of algebras of such graphs.

The Toeplitz graph is a canonical form of any graph with quotient consisting of a single loop,
the spine of the tail graph being the spine of the graph and the tail graph having no tails.

Let us look at an example with m = 0 and n > 0. Let E; be the first graph below where
0 < ag; < w. In this graph, the 1-tails are cuttable and 0-tails are cuttable if and only if ag; # 0. If
ap; # 0, then a cut form has neither 0- nor 1-tails and a canonical form, the second graph below, is
obtained by moving all ag; exits and then cutting the resulting graph. If ag; = 0, then only 1-tails
are cuttable but then O-tails are reducible to zero if their number is finite. In this case, the second
and the third graphs are possibilities for a canonical form based on whether [; is finite or not.

(1)

o <—80 [ ] [

4 ) y
(@) w (lo) (w) w (w) w (w)

[ ] [ ] [ ] [ J o —>0 —> 0 [ ] [ J [ ] [ ]

For an example with m = n = 0 and k = w, let E be the graph below so that its connecting
matrix is [w ag1 w ap3 w ags . . .]) where ag(ar41) is finite for all k € w. Let 0 < I; < w for ¢ > 0.
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The 2k + 1-tails are cuttable for all £ > 0 and 2k + 2-tails are cuttable if agr41) # 0. In addition,
2k-tails are reducible to zero if their number is finite. So, the number of 2k-tails determines the
graded *-isomorphism class of the algebra of such a graph.

4.10. 2-S-NE equivalence. For 2-S-NE graphs F and F', we define the following relation.

E ~ F if there are canonical forms E.,, and F,, such that F.., = Fe..,

and we say that F and F are 2-S-NFE equivalent if E ~ F' holds. It is clear that the relation ~ is
reflexive and symmetric. We show that transitivity follows from Lemma 4.11.

Lemma 4.12. The relation = is transitive on 2-S-NE graphs.

Proof. If E, F, and G are graphs such that F ~ I’ and F' = G, then there are canonical forms F;
of E, F} and F;, of F, and G, of G such that Fy = F; and F;, = Go. Let ¢p g, F1 — F5 be the
operation from Lemma 4.11. Applying the same operation to GGy results in another canonical form
G1 of G and F, = (G5 implies F} = GG1. Thus, F; & F; and F; = G hold, so F; = (G; holds. O

There are graphs E and F' such that £ = F and E 2 F. For example, let E be the first and F
the second graph. The last graph is a canonical form of both E and F' so we have that F ~ F.

N N

4.11. Theorem 4.13 and its proof. In this section, we formulate and prove that GCC holds for
countable 2-S-NE graphs and we realize every POMP-isomorphism by a graph operation.

Theorem 4.13. The GCC holds for the 2-S-NE graphs. Let E and F be two countable
2-S-NE graphs. The following conditions are equivalent.

(1) There is a POMP -isomorphism f : ML — Mp.

(2) The relation E ~ F holds.

(3) There is a graded x-isomorphism ¢ : Lx(E) — Lk (F).

If (1) holds, there are canonical forms Eca, and Fe., and operations ¢p : E — Eean, U2 Ecan = Fean,
and ¢p : F — Foan, such that ¢ 1op = f.

The implications (2) = (3) and (3) = (1) are direct. In the rest of this section, we show that
(1) = (2) and that the last sentence of the theorem holds.

Before going any further, we fix some notation and establish a general set-up for two 2-S-NE
graphs E and F and a POMP-isomorphism f between their T-monoids. Let ¢ : E — Fgan and
¢r : I — F.an be operations transforming the graphs to their canonical forms. We can consider
¢rfég instead of f and so we can assume that E = F,, and F = Fi,,.

Let E have composition factors Py and F/H and let 7y be the map induced by the inclusion
g : I(H) = Lg(FE) and Tg/y be the map induced by the natural map 7p/y : Lx(E) = Lg(E/H).
Let G be a hereditary and saturated subset of F such that fy(J'(H)) = J'(G) and let v and
Tr/c be analogous to 1y and mg/g. By the choice of G, fiy : J'(H) — J'(G) is a POMP"-
isomorphism and f induces a POMP-isomorphism Joy1 M, s M};/G such that the diagram
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below commutes.
TE/H

0 —— () S ap T gt

b

0—> J(G) > Mf —> Mg

—=0

—=0

The two-cluster case. In the easy case when E has two connected components, the first row of
the above diagram splits and the existence of f implies that there is a splitting of the bottom row.
Thus, any two generators of M} are ZT[t,t !]-independent. This implies that that there are no
paths from any vertex of the cluster of F'/G to G (because there would be two Z*|t, t~!]-dependent
generators of ML otherwise). As F' = Fi., I has two connected components, one 1-S-NE equivalent
to H and the other to E/H. Since E and F are canonical, their 1-S-NE components are canonical
also and, hence, isomorphic by Propositions 3.4 and 3.5. Thus, we have that £ = F. In addition,
there are x : Py — Pg and ¢ : E/H — F/G such that X = fiy and 1) = fy/; by Propositions 3.4
and 3.5. This implies the existence of a graph operation ¢ which is defined on Py as x and on E/H
as 1) and which is such that ¢ = f.

The one-cluster case. Having the easy case out of the way, let us assume that E has only one
terminal cluster. As the previous paragraph shows, F' also has only one terminal cluster.

Let ¢, ', d, and d' be the terminal cycles of E'/H, F/G, Py, and Pg, respectively and let |c| = m,

|| =m/, |d| = n, and |d'| = n’. We let ® consists of vy, ..., v,_,1 where these vertices are listed
in the same order they appear in ¢ and we let v}, ..., v, ; be analogously ordered vertices of ¢/,
m
/ / !
Wo, . .., Wp—,1 of d, and wy, . .. Wi of d'.

By Propositions 3.4 and 3.5, the existence of fiy implies that Py ~ Pg, son = |d| = |d'| =n/.
By the same propositions, the existence of fy/; implies that E/H ~ F/G, so m = |c| = || = m/'.

If n = 0, we have that f maps [w] to [w(]. If n > 0, for any d € [d] and d’' € [d'], if f([s(d)]) =
t'[s(d")] for some i € n, we replace d’ with the element d” € [d'] which originates at w,_, ;. If ’ # d,
relabel the vertices so that d” = d’. Thus, we have that f([wo]) = [w}] holds.

Proposition 4.14. The Quotient Proposition. Let E, F, H, G, vy, v}, wy,wy and f be as above
(recall that f([wo]) = [wg]). If f([vo]) = [vy] and the connecting matrices (computed using c,d,c
and d’) are equal, then there is an isomorphism v : E/H = F/G such that fo = 1.

Proof. If m = 0, the sink-graphs are the 1-S-NE quotients so the existence of f;/; implies that
E/H ~ F/G. Since both E/H and F/G are canonical, we have that E/H ~ F/G implies the
existence of an isomorphism ¢ : F/H = F/G. This isomorphism maps the sink vy of E/H to the
sink v of F//G and so fa1([vo]) = [vf] = [t(vo)] which implies that 7 = fo;.

With the case m = 0 out of the way, it remains to consider the case m > 0. By what we showed
so far, F and F' have the same connecting matrix, so the c-to-d part is the same as the ¢’-to-d’ part.

We use the same notation as in section 4.8. To summarize it, ks is the length of the spine of the
sink-graph Sy of a canonical quotient, u; are the vertices on the spine for ¢ < ky n; is the cardinality
of r!(u;) and, for j € m, u; = vy,—,, ;. Let kb, u}, and n}, be the analogous values for F. We also let

P P;,”O — PZ; " be a bijection induced by the restriction f; of f on the I'-monoids of the porcupine
graphs Py and Pg.

For each i < ko, let p; be the part of the spine from w; to vy and let p; be the same for F'. We
refer to the length i of such p; as the distance from wu; to vy and the length ¢ + 1 as the distance
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from a tail of u; to vy and, similarly, we define the distance for vertices in the quotient of F. For a
path p from a vertex in the quotient to wy and [ > 0, we say that p an [-route if it contains ¢ and
does not contain c**.

If the sink-graphs are not isomorphic, there is ¢ < min{ks, k}} such that n; # n/. Let iy be the
smallest such i. If n;, > nj , there are more O-routes from the sources of the edges u;, receives to
wo in E than from the sources of the edges u;, receives to wy in F'.

Since the connecting matrices are equal, if ¢ < ip, p can be chosen so that it maps all paths
starting at vertices at distance i < iy to the matching paths in F'. On the other hand, if ¢ = 7y, the
excess of the O-routes in E implies that p has to map a 0-route to a path in the tail graph. Since
ni, > 1y, at least one tail of u;, can be chosen so that p maps a O-route from the tail’s source to a
path in the tail graph. Hence, the tail graph of F' contains enough tails to accommodate such an
image. In particular, for every exit e which ends at w;, F' contains a tail at w,. Thus, condition (1)
for the spine extending (see section 4.8) holds.

Since F' contains at least two edges ending at w] (the exit matching e and the tail which p maps
to a O-route), w; has to receive at least that many edges. As one of them is e, w; has to have at
least one more tail. So, E also satisfies condition (1) for spine extending.

Because p interchanges a quotient route to a tail route, at least one tail of u;, can be found so
that its source w is such that the image f([w]) cannot be matched to a single monoid generator in
the correspondence f creates on the generating intervals D and Dp. Because of this,

Fllw]) = f(t°" w]) = £ (tlm[v()] + itjmaE[w6]>

5=0
is not identified with [w’] for no vertex w’ in the quotient (in particular, with no the source of any

O-route) but it is a “split” into a sum of different monoid generators. By considering the distance
from vj, and by the choice of iy, the first term to+1*m[¢/] has to correspond to a tail to

i0+Ilm*
The existence of w . implies that f(t"[vo]) = t*[vg] = [uf ;] + Z;;lo 7m0 g g [wp] .and that
there are vertices w; for i < ip + Im. In particular, f([ve]) = [v0] = [u},,) + Zé;% M ag[w).

Hence, the image of [vg] allows a “split” of the same type as that of the map induced by an in-
split plus. This split caries to the images of [v] for v € R(vp): if p is a path from v to vy, then
f(]) = F(Pwe]) = tlPlfu) ]+ Zé_:% tImHPlg g [wh]. So, for every such v, there is a vertex v’ in the
root of uj,, such that the length of the path from v’ to uj, is [p|. Thus, we have that

Ny > 1y for all o > 0.

!/

For jm +1 where j = 1,...,l—1 and ¢ € m, the elements u are in the “gap” on the spine of

) ) ]m+z
F and f~'([u},,,,]) has to be of the form [pc’ ™7 p*] in the quotient for some j'. Given that uj,,,,
for i = 1,...,m has the distance m + ¢ from v, the value of j' is one in this case and the length of

p has to be i. Hence, such a path p has to start in a tail of u;_; (it cannot start at u; because all
the j’-routes from u; to wy are already matched up by p with the matching j’-routes in F'). This
shows that every u;_; has to have a tail. Thus, n; > 1 for each i € m. If kg > m — 1, the j’-routes
from wu,, are matched up to the j'-routes from u/,, so there has to be an edge u,,_; receives outside
of the spine. Hence, n,,—; > 2. This shows that E satisfies condition (2) for the spine extending.
Hence, the existence of any ¢ such that n; > n} implies that F permits arbitrary spine extending.

Let us extend the spine of E by ([41)m now, and let F;,; be the resulting graph. By considering
fajrll 41 Where ¢ is the spine extending, we have that the vertex on the spine of £, at distance
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Im from the exit emitter has no tails. As nj,, > 1, the difference in cardinalities of the edges the
vertices of E/;;41 and F receive is in favor of F' now. Since our arguments so far did not require the
graphs to be I-plus-reduced, we can apply them to £.;;; and F' and deduce that F' satisfies both
conditions for the spine extending.

This shows that both E and F satisfy condition (b) — their spines can be extended but are as
short as possible. Hence, we have that n; = nj = w for all i € m. Since ny, > n;_, i is necessarily
larger than m — 1 so the spine length of E' is longer than m — 1 and the formula n;,, . > n; implies
that the spine of F' is at least by Im longer than the spine of E. Hence, both graphs have spine

longer than m — 1.

Let E.; obtained by extending the spine of E [ times. If n] are the cardinalities of the edges
i-th vertex on the spine of E; receives, we have that n) > n! for every i. If ¢ : P — P% is the
length preserving bijection of paths which f5/; induces and if o; is such bijection induced by the
spine extending map ¢4; : £ — L, we have that oo, ! maps an i-tail onto an i-tail for every
i > 0. As oo, ! is onto, the existence of oo, ! implies that n} = n! for every i. These values make
F isomorphic to the graph E,,. Let ¢ : F;; = F be one such isomorphism (so ¢(vg) = vf). As the
spine of F' is as short as possible, we cannot have that n; = 1 for all m <i < (I 4+ 1)m. Thus, [ has
to be zero which implies that n, = n; for all i. In this case, £'y; = E and there is an isomorphism
t: E'= F such that fy,; =7. O

Remark 4.15. Note that the proof shows that ¢ is an isomorphism of the sink graphs of £/H and
F'/G which is stronger statement that the conclusion of the Quotient Proposition.

Remark 4.16. Note that if any of the tails of u; and u} for i > m — 1 is replaced by the left (finite
or infinite) path with the same number of tails in both graphs (as one below) and the sink of such
replacement identified with the range of the tail, then the arguments of the proof still work out.

........... > @ [ ] [ ) [
(m)T (m)T ('ﬂ)T
) ° )

For i € m, if n;, = n} = w, and if such replacements are made to a (finite or infinite) number of
tails of u; and w] such that still infinitely many tails do not have such a replacement, then the same
holds because the changes do not alter the validity of condition (2).

The following lemma uses the assumptions that £ and F' are cut and I-plus-reduced and it does
not hold without either of the two assumptions, as some of our earlier examples show.

Lemma 4.17. The Cut Lemma. Let E = E. and F = F.y be I-plus-reduced graphs such that
that there is v : E/H = F/G which maps vy = s(c) onto vy = s(c).

If there is a POMP -isomorphism f of the D-monoids such that fo)1 =17, that f([wp]) = [wy] for
wo = s(d) and wy = s(d'), and that the connecting matrices, computed for c¢,c,d, and d', are equal,
then v can be extended to a graph isomorphism v : E = F such that f =T.

Proof. The assumptions of the lemma enable us to extend ¢ to exits and their ranges and to the
vertices and edges of d if n > 0, and of the suffix of the spine of the tail graph of length k if n = 0.

We show that ¢ can be extended to the rest of the spine (if any) and to the tails of the tail graph.
Condition C(i), considered on E, depends only on the part of the graph on which ¢ is presently
defined. Thus, for every i € n if n > 0 (and every i < k; if n = 0), we have that i-tails of E are
cuttable if and only if i-tails of F' are cuttable.
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If n >0 and i € n, let F;? be the set of paths of P,* of length n — i+ 1 modulo n. If n = 0,
then P)° = P"0. Let P} be the set of paths of length i —|— 1 ending at wy.

Let us partition P;;“f into two disjoint sets depending on the location of their sources:

Poi=1{p € Py |s(p) € E° = H} and Pyi,={p <€ P;}|s(p) € H}.

quot,i tails,i

The length of a path p € P0 ; is | + K'|c| +d(j,j') + 1+ n — 4 for some i' € n, [,k" € w, and

J,7" € m such that aj # 0 and |p| = n — ¢ + 1(modn). Thus, C(i) holds for such values [, k', j, j'
and ¢’ if and only if [P,”| = w.

Let P,° be analogously defined for F and let P, ¢, ;. and Ptaﬁs . be analogously defined for P 0

The ex1stence of the restriction f; of f on the I'monoids of the porcupine graphs ensures that

there is a bijection p; : P D — P 5 and the existence of ¢ ensures that such p; can be found so

that it maps the set of paths in P © . which have exits as their first edges onto the set of such

quot,t

paths Pqu?)tz Let us choose one such p; maps as few quot-paths to tails-paths as possible. Since

the graphs are I-plus reduced and the cardinalities \73;; 7| and \73;; | are equal by the existence of «,

such interchanges are possible only for paths p with |77;; ?| = |73;; 7| equal to w. For such a path p,
let 1, k,,, jp, j, and i, be as above considering C(i). In this case, the condition C(i) holds in E and
so it holds in F' and this makes the i-tails cuttable in both graphs As both graphs are in their cut

forms, the cardinality i-tails is zero. So, the relation p;(p) € Ptaﬂsz is not possible.

This shows that p; maps P, ¢, ; onto Pqu%t ; and Pij ; onto Ptaﬁsz In particular, for every ¢ € n
for n > 0 (for every i < k; if n = 0), we have that p; induces a bijection of i-tails. If ¢; is a bijection
of i-tails for i € n (i < k) let us extend ¢ to the tails by mapping an i-tail e to ¢;(e). Such extension,

let us keep calling it ¢, is an isomorphism F = F' such that 7 = f. O

Having the Quotient Proposition and the Cut Lemma, we start the proof of Theorem 4.13.

The m > 0 case. If n > 0, then F and F' are single exit-emitters. In this case, we can choose
d €[] so that fa/1([vo]) = [vp] but it may not be the case that v is the single exit-emitter. If v’ is
the single exit-emitter in F', then we consider the canonical form Fy of (Freqeut) in which vy is the
single exit-emitter and the map oy : F' — F from Lemma 4.11 so that 7o([v)]) = [vg]. As vy is the
single exit-emitter of Fj, we can consider Fj instead of F' and 7, f instead of f and assume that
Ja1([vo]) = [vo] and that both vy and v are single exit-emitters.

As fy1([vo]) = [v), we have that

F([wo]) = " [vg] + b(#) [wp]

for some | € Z and b(t) € Z*[t, t71].

If ap and ap are the connecting polynomials of E and F, we have that f([vo]) = t/™[v] + bwj] =
DM + #maplw)] + blw)h] by Lemma 4.1. Thus, while [ and b are not uniquely determined,
changing | changes b in a specific way: increasing [ by one changes b to t™ap + b. This shows that
we can assume that [ > 0. We claim that we can choose b to be in Z*[t]. If n > 0, then [w(] = t"[w}],
so any t*[wy] with k < 0 is equal to t**¥"[w}] for k' € Z* large enough so that k+k'n > 0. If n = 0,
[w})] is incomparable. The elements of the form t*[w})] for k € Z are minimal elements and Dy does
not contain an element of the form t*[w}] for k < 0 (see [20, Proposition 3.4]). So, b € Z*[t].




52 LIA VAS

By Lemma 4.1, we have that f([vo]) = f(t"[vo] + aglwo]) = tFV™[vf] + t™b[w)] + ag[w)]. As we
also have that f([vg]) = "V [l] + tmapw)] + blwj] and, as ME is cancellative, we have that

7 apug] + blug] = e"bwh] + aplef). (4)

If f=1([vh]) = '™ [vo] + b'[wp], the requirement that f~'(f([vo])) = [vo] produces
I+1'-1
™ ] + Y ™ aglug] = [vo] = ™ wg] + ¢ [wo] + bluwo)-

Canceling the term with [vg] produces the first relation below and using f(f~'([v}])) = [v}] similarly
produces the second relation below.
I+'-1 I+1'—1
("™ + b) [wy) Z " a g [wo) ("™ + V) [w)] = Z " ap [w) (5)

Let |b] denote the number of terms of the form ¢* for i € Z* of b (so the Z"[t] monomial of the
form kt' for k € Z* is considered to be the sum of k-terms of the form ¢*) and let the same notation
be used for any polynomial of Z*[t]. Equation (4) implies that [t™ag| + |b| = [t™b] + |ag|. Since
b] = [t™b| and [t ag| = |ar|, we have that |ap| + |b] = |b] + |ag|. After canceling |b], this produces
the relation |ag| = |ar|. So, ¢ and ¢ have the same number of exits.

Next, we show that the connecting polynomials of £ and F' are the same in the cycle-to-cycle
case and that they are the same up to a multiple of ™ for some [ in the cycle-to-sink case.

The m > 0,n > 0 case. Let L be the least common multiple of m and n and G be the greatest
common divisor of m and n. Let m’ be such that m = Gm' and n’ be such that n = Gn'.

Let us choose d € [d] so that the exits receivers in F are among w,_g+1 to wy. Let iy € n be
such that w; ), to wj, receive exits in F. By moving all exits of /" by a multiple of m and
then L-reducing and cutting, if needed, we can assume that io € {n — G +1,...,n —1,0}. Hence
n—piy € {O,,G—l}

With this set up, we have that ap = agot + ago—,1)t> + ... + aoo—,-1)t¢ holds, so that
ag [wo] = ZjG:1 aO(O—n(j—l))tj [wo] and arp = CLOiOtnfniOJrl +a0(i0_n1)tn7"io+2—|—. . .—i—ag(io_n(G_l))tn*"iOJrG.

G n—nt |
Thus, we have that ap[wg] = 3277, g, j_1yt" "™ [wp).

Let Ay = ago—,(c-1)), Ao = ap — Ay, and let us consider ag as the sum of n” blocks Ag + At +
0t2¢ 4 ... + 0t DG We consider these blocks because we have that t“agfwe] = (0t° + Agt® +
At DG 04 0t = D) ). Using these blocks, the multiplication of ag by a term of the
form ¢'™ for | € Z7T is well-represented. Let us represent ap using similar blocks. If Gy is such that

—n o+ Go = G, let Ay = ag; t" "M 4+ A af gy gyt TN = g grmmiot 4

G— _ n—ni _ n—nt

Gon-g-t " and A1 = a1yt Ao ot = G-y e A0 Gy
so that we have that ag[wy] = (A + A tG)[wO] and use the same rules for computing t™ap[w}).

We represent b using similar blocks. Let b=, b;it'. We can assume that the degree of b is at

most n — 1 since b is always considered either applied to [wg] or [wj]. So, we have that
= Z ij+k,th+k’G = By + BltG 4+ Bn,_n/lt(n’_n/I)G for By = ij—i—k’th-
ken' jEG jeG

Let my < n’ be such that m' = mg(modn’) (thus myG < n’'G = n and m = myG(modn))
and ng < n' be such that ny = Im/(modn’) (thus ngG < n’'G = n and Im = nyG(modn)). With
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these values, t™map[w)] = t"Cap[w)] = (Agt™C + AjtMotw D) wi] and t™b[w)] = t"™blw)] =
(Bw— ymo + Biw—mo)+.,1t + - .. + Bl—mg)—, 1t D) [wy]. So, the coefficients with [w)] on both
sides of the equation (4) are

0+ ... 4+ 0+ Ayt + AjnotwC L0 4+ 0) + (B + Bit? + ... + Byt D% and

(Bn/_n,mo + B(n’—mo)—f—n,ltG + ..+ B(n,_mo)_nllt(n’_nll)G) + (AO —f-AltG 4 Ot(1+"'1)G 4o+ Ot(n/_nll)G)'

Equating the terms with jG for j € n’ produces n’ equations. Adding them all up produces an
equation which has ) ._ , B; on both sides. Canceling this sum produces A + A} = Ay + A;.

jen’
This implies that ag(,—,;) = ag(n_nj) for j = dp,...,G — 1 and ag(—,;) = a/O(n—nj—nG) for j =
0,...,n—1ip+ 1. By Lemma 4.4, we can move 0(n —, j —, G)-exits of F to 0(n —, j)-exits for every

j=0,....,n—ig+ 1. If F’is an L-reduced and cut form of the resulting graph and if ¢ : F' — F" is
the exit move operation followed by an L-reduction and the cut map, we have that the connecting
matrices of F and F” are equal and that v f([wy]) = [w(]. We can consider F" instead of F' and ) f
instead of f and we will continue to refer to these new elements as F' and f. Thus, we have that
ap = ap (i.e Ag = Aj and A; = A)).

Note that if ng > 1, then n’ > 2 and the (ng 4+, 1)-th equation is Afj + By, = By~ ,mgtnes 50 Af
is a summand of By_ ,mg4ne- The (ng 4, 2)-th equation is A} + Byt ;1 = Bu— imo4no+1 50 A is a
summand of Byy_ ,motne+1. Thus, (" aplw)] = (A) + Ajt)tm=—mw)] = (Aj + AtF)tro=mo)C ]
is a summand of b[wj]. Thus, we have that

F([wo]) = " wg] + blwg) = ¢4~V (t™ [vg] + ap[wf]) + bi-afwg] = 7™ ug] + byafw]

for a summand b;_; of b. Since all the subscripts of the n’ equations are considered modulo n’, one
shows that the same simplification is possible whenever ng > 0: if ng = 1, we can simplify f([vo])
in the same way. This simplification enables us to consider [ — 1 instead of [. By renaming the new
[-value and the new b-value, we can continue this process until [ = 0 or ng = 0.

Since [ = 0 implies ng = 0, it is sufficient to consider the case ng = 0. Returning the values
ng = 0,49 = A, and A; = A} to the n’ equations coming out of the equation (4), we have that
Bj = Bji ,(n'—my) for every j € n'. If n does not divide m, then my # 0 so all blocks of b are
mutually equal to each other: B; = By, for all j, k € n’. If n divides m, there is only one block By,
so this trivially holds. In any case, since Im’ = 0(modn’) and m’ and n’ are mutually prime, we
necessarily have that [ = 0(mod n’).

If I and ' are analogous to [ and b for f~!, and n} is analogous to ng, the same argument shows
that ny = 0 so that n’ divides I'. So, there are nonnegative integers k and k' such that [ = kn/
and I' = k'n’. Hence, n divides both Im and I'm and we have that t'b = b, /™ = ¥/, t!™b = b,
and ¢ = ¥ hold in Z[t]/(t" — 1). The equations (5) become (b + b)[wo] = S5~ t9map[w] and

=0
(b + b)[wp] = Z?;lo_l t"™ag[w)] so we have that

I+1'—1
(Bo+ By Y t9=b+b = > t/ap
Jjen’ J=0

holds in Z[t]/(t" — 1) and this implies that By + B}, = (k + k’)(Ap + A1) holds. This shows that By
is equal to koao(o—, (G-1)) +do + Zje(;,#o(k?jao(ofn(jfl)) + dj)tj for some nonnegative integers k; and
dj < @g(0—,(j-1)) for jE G,] 7é 0 and dy < A0(0—p (G—1))-

Let E’ be the cut form of the graph obtained from E by moving each 0(n —, (j — 1))-exit Lk;
times and moving d;-many of the 0(n — j + 1)-exits L times. Let ¢4, : E — E’ be this move
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operation followed by the cut map. We denote this operation by ¢, since ¢, ([vo]) = [vo] + blwp].
Thus, the composition ¢, f~* maps [w)] to [we] and [v)] to

141/ —1 -1 4+ —1
™ ug] + (¥ + b)[wo] = '™ wo] + Y ™ aplwe] = "™ vo] + Dt aplwe] + > " aplwo] =
j=0 j=0 J=t
I4+1/—1 -1 -1
[vo] + Z tMaglwe] = [vg] + '™ Zt]maE[wo] = [vo] + ZtﬂmaE[wg].
j=v j=0 J=0

The L-reduction of E’ followed by the cut map is gbjr; and its image is E since F is L-reduced and
cut. We have that 5;;([1)0]) = M [y] + (Z?g{; tmag — b)[wh] = ™ [g] + V' [w)] holds. Thus,
F e ([vo]) = £ ] + (b4 B)[wh] = ]

Let F’ be the graph obtained by moving all exits of F' kL times and then cutting the resulting

graph (recall that & = 7). Let ¢,z : I — F' be this operation. The composition EMLfa;; is

defined and it maps MF, onto M},. We have that 5+ka5jr;([U0]) = & o (t™[vp]) = [vh]. By the

Quotient Proposition (Proposition 4.14), we have that (¢, f@i)g /1 is induced by an isomorphism
of the quotients. The maps ¢, and ¢, do not impact the quotients, so the quotients of £ and

F' are also isomorphic and fy/; = ($+ka Elb)m = 7. As both E' and I’ are in their cut forms, we
can use the Cut Lemma (Lemma 4.17). By this lemma, there is a graph isomorphism ¢ : E' = F’

such that //(v;) = v} and //(w;) = w; for every j € m and i € n and that EMLJ‘E;; =1/ so that

f= 00t
holds. This shows that we can realize f. So, it remains to show that £ = F.

The graphs F, F, and E’ = F’ have isomorphic quotients and the same c-to-d part. So, only
the number of tails possibly distinguishes E, F' and E’. If t; is the number of tails added to [; in
the process ¢4, : F — E’ and t} in the process ¢y, : F' — F’, we have that [; +t; = I} + ¢} since
E’ = F'. For i such that t; = w, we have that ¢, = w also since the quotients are isomorphic and
the connecting matrices equal. The converse t; = w = t; = w also holds, so the i-tails are cuttable
in E if and only if they are cuttable in F' and I; = [, = 0 for such 4. For ¢ such that ¢; < w (thus
) < w), we have that [; = w if and only if [; = w, so [; = [} again in this case. Thus, if [; = w for all
1€n,then FX EF' 2 F' = F so E' and F’ are also canonical forms.

Hence, it remains to consider i such that all four values in the formula ; + t; = I} + ¢, are finite.
If k?ja()(o_n(j_l)) +d] < kaO(O—n(j—l)) for SOIHej S G,] 7£ 0or koao(o_n(g_l)) +d0 < kao(o_n(g_l))7 then
a 0(0—, (j—1))-exit of F for j € {1,...,G} is moved more times by ¢, than any 0(0—, (j —1))-
exit of E by ¢4p. As F is L-reduced, this cannot happen if there is i € n such that I < w, so
kjaoo-n(-1) +dj 2 kao-, (-1 and Koaoo-nG-1)) + do = kaoo-,G-1)- I Kjaoo-,-1) +d; >
kaoo—,(j—1)) for some j € G, j # 0 or koaoo—n(G-1))+do > kaoo-,(c-1)), then a 0(0—, (j —1))-exit of
E for j € {1,...,G} is moved more times by ¢ than any 0(0—,, (j—1))-exit of F' by ¢xr. This also
cannot happen if there is ¢ € n such that /; < w, so we have that kjaom—,j-1)) + dj = kaom—,(j-1))
for all ] c G,j 7& 0 and koao(o_n(G_l)) + d() = ]{?ao(o_n(G_l)). By the definition of dj for ] c G, this
implies that d; = 0 for all j € G and so k; = k for all j € G. This shows that ¢, and ¢, are the
same moves and that, in particular, blw(] = Zé;lo t'mag[wy] so that f([ve]) = [vp]. Thus, starting
with isomorphic graphs £’ = F’, the maps ¢jrll) and ¢jr,1€ ;, broduce isomorphic graphs. So, ¢jr,1€ Vot
is a graph isomorphism ¢ : £ = F and we have that f =7 holds in this case.
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Before continuing with the proof of the next case, let us present some nonidentity POMP-
automorphisms of the graphs from Example 4.3. For both graphs of that example, the map given
by f([vo]) = [vo]+t[wo] and f([we]) = [wo] corresponds to moving one of the exits. For the first graph,
f has the inverse such that f~!([vg]) = t[vg] + t[wo] and for the second graph, f~([vg]) = #*[vo).

The m > 0,n = 0 case. Recall that we established that f5/([vo]) = [vg]. Let k and &' be the
lengths of the spines of E and F. Assume that k < k’. The case k > k' is analogous by considering
f~! instead of f.

Since n = 0 and a sink is incomparable, we can write equation (4) as t™ap +b = t™b+ ax which
holds in Z[t]. By the definition of a canonical form, ag contains no monomial of degree smaller
than k + 1 and of degree larger than k + m and t™ap contains no monomial of degree smaller
than & + 1 + Im and of degree larger than &’ + m + Im. Thus, b does not contain a monomial of
degree smaller than k + 1 which implies that t™b does not contain a monomial of degree smaller
than k+m+ 1. Since k < k', k+m+1<k +m+1and,if [ >0, then ¥ +m+1 <k +Im+1,
so t™b contains tap as a summand. Consequently, b contains t¢~D"ap as a summand so that

F(lwo)) = "™ vg] + "V apwg] + biafwo] = 7™ [ug] + by fwy]

holds for a summand b;_; of b. Thus, we can decrease the value of [ if [ > 0 and b # 0. By renaming
the new [-value to [ and the new b-value to b, we can continue this process until we eventually get
that [ =0or b =0.If b =0, then t!"ar = ag. Since k' > k, this would be possible only if [ = 0 in
which case ag = ap. Thus, it remains to consider the case [ = 0 and b # 0.

Returning [ = 0 to the equation (4) produces ap + b = t"b + ar which implies that the degree
of t™b is at most m + k’. Hence, the degree of b is at most k. The equation (4) for f~! produces
t'"ap 4+ = t™b + ap and it implies that b does not contain a monomial with degree smaller than
k" 4+ 1. Hence, all monomials in & have degrees strictly larger than those in b. The first equation

of (5) implies that b+ b = Zé —, t™ag, so there is jo € I’ such that b = ZJO "t"mag + by and
b = 25 o +1t ap + by, where by and b}, are such that their sum is #/*™ap.

Let E’ be the graph obtained by moving all exits of E' jym times and then moving those which
correspond to the monomials present in by m more times. Let ¢y : E —> E’. Since all exits of E
end in wy, b # 0 holds if and only if the spine of £’ is longer than k. If ¢} 1 is the inverse operation
defined on E’. As

-1
£ [vg] + b'[wo] + b[wo] = ' ™[] + th aglwo] = [vo] = ¢13P1s([vo]) = ¢74 ([vo]) + bluw),

we can cancel b[wp] in the first and the last expression and have that ¢~ ([vo]) = ¢/ [vg] 4 b'[wo).

The composition f@;; . E' — F maps [vo] to t"" [vp]+(t!™b+b ) [wh] = tl/m[vf)]—l—zz:ol tMmap[w)] =
[v]. Equation (4) for this composition, implies that ap = apr.

As fg_zﬁ;;([vo}) = [vg], and ap = ap/, we can use the Quotient Proposition to deduce that (fg;;)g/l
is induced by an isomorphism of the quotients. The map ¢, does not impact the quotients, so the
quotients of £ and F' are also isomorphic and fy/1 = ( f&:z)g n==r

By the Cut Lemma, we have that £/ = F. As £’ & F', the spine length of E’ is k’. If b # 0, then
k' > k and E’ can be spine-reduced to E. However, since FF = E’ and F is spine-reduced, this is a
contradiction. Hence, b=0and so k' =k, E' = FE, and ¢ : E = F is such that

f=1
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The m = 0 case. Since m = 0, vy and v are infinite emitters. The relation fo/1([vo]) = [vg)]
implies that f([vg]) has exactly one of the elements [v] and [gz/] for some nonempty and finite
Z' C s7!(v}) present in its representation via the generators. Letting gy = vj), we unify the treatment
of these two cases so that for any finite Z C s71(vg), we write

f(laz]) = laze] + bz[wg]
for some finite Zr C s7!(v})) and some by € Z*[t,t7']. Using the same argument as in the m > 0
case, one shows that by can be taken to be in Z*[t]. The map f~! necessarily has the same form
as f so, let f~'([qz]) = lqz,] + by [wo] for some by, € Z*[t] and some finite Z3; C s™'(vg). As
[90e) ] + A [wo] = [vo] = F(f7H([vo]) = f(laos] + bylwo]) = [aws)e] + bog [wo] + by[wp]
(b + bp)[wo] = a@y),[wp) holds and, similarly, (by . + bp)[wo] = a(g,),[wo] holds.

Thus, by[wo] = aw[wo] and by[wg] = aw[wj] for some finite sets W C s (vg) and W' C s (vg).
Let £’ be the cut form of the graph obtained by moving the exits in 05 and ¢ : E — E’ be the

corresponding map. We have that ¢y ([vo]) = [vo] + ap, [wo] and that g_b,;l([vo]) = [qu,]. Let F” be the
cut form of the graph obtained by moving the exits in W’ and ¢ the corresponding map so that

Sr[vh)) = [vp] +aw [wh] = [vh] +bplw]. Thus, 6 f 5 ([vo]) = 6 f ([a0,)) = G ([a00)e] +bos [1wh]) =
[q(@E)F] + (b@E + b(]))[wé] = [Q(@E)F] + a(@E)F[wé] = [UE)]

By Lemma 4.2, the relation g([vy]) = [v}] for g = bpfdn , implies that for any finite Z C s~1(vp)
there is Z' C s7!(vf) such that az[w)] = az[w)] and that g([gz]) = [gz]. This implies that the
connecting matrices of £’ and I’ are equal.

Thus, the assumptions of the Quotient Proposition are satisfied for E’, F’, and ¢, and, by this
proposition, there is an isomorphism ¢ of the quotients such that g, = 7. As ¢p and ¢ do not
change the quotients, we have that f5,; = 7. So, the quotients of ' and F' are isomorphic.

The assumptions of the Cut Lemma are satisfied for E’, I and g so ¢ can be extended to
t: E' = F' such that g = 7. Hence,

[ = Cb;ﬂlbﬁbE'

Next, we show that ag; = w implies a; = w for all i € n if n > 0 and for all i« < k if n = 0. If
ap; = w and k € Z* is arbitrarily large, then kt" ![wy] is a summand of [vg] if n > 0 and &kt [w)
is a summand of [vg] if n = 0. Since the power of ¢ is the only difference between the two cases,
we prove the claim for n > 0 and the proof for n = 0 is analogous. So, n > 0 and we have that
Kt w)] = f(kt" " w]) is a summand of f([vg]) = [qg,] + bo[wp)]. By taking k > |by|, we have
that (k — |bp|)t" "t [w}] is a summand of [gg,]. Since (p is finite and & can be taken arbitrarily
large, this implies that v} emits at least k — |by| — |0r| paths of length n —, i + 1 to [w}]. Since
this holds for any k, aj, is infinite. Repeating the same argument for f~! ensures that the converse
holds, so ag; = w if and only if ay;, = w.

The m = 0,n > 0 case. In this case, the equivalence ap; = w if and only if af; = w implies
that the connecting matrices of F and F are equal and they are equal of those of E' and F”’. Since
E and F are w-reduced, E is the w-reduction of E' and F' is the w-reduction of F’. As isomorphic
graph have isomorphic w-reductions, we have that £ = F.

The m = 0,n = 0 case. Let k be the spine length of E and £’ the spine length of F.
If k = w, let [ be larger than 7 such that an exit ending in w; is in W. Since by|wo] = aw [wp], the

degree of by is smaller than [. As k = w, for every j arbitrarily larger than [, there is ¢ > j such that
vp emits an exit to w;. Then ¢ wf] = f(t"wp]) is a summand of f([vg]) = [gg,] + bg[w}]. Since
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t"w}] is not a summand of bg[w}], it is a summand of [gg,.]. As we can do this for arbitrarily large
i-values, we necessarily have that for some 4, w/ is different that the range of edges in . This shows
that v} emits an exit to w}. Since we can take j to be arbitrarily large, ¥’ = w. By considering f~!
and repeating this argument, if & = w, then k = w. This shows that k£ = w if and only if &' = w.

If £ < w, then vy emits either zero or w many exits to w; for every ¢ < k and agr = w by the
definition of the canonical form. Thus, ay, = w so k' > k. Repeating the same argument for f1,
we have that &/ < w implies & < k. So, if & < w then k' < w and both & < k’ and & < k hold.
Hence, k = k' in this case.

If k = k' < w the proof of the case m = 0,n > 0 applies: E and F' have equal connecting matrices
by the definition of the canonical form, F is the w-reduction of E' and F' is the w-reduction of F’,
so B/ = F' implies £ = F.

If £ = K = w, the relation £/ = F’ implies that the reduced forms of E’ and F’ are also
isomorphic. Such reduced forms are isomorphic canonical forms of £ and F.

This completes the proof of Theorem 4.13.

Remark 4.18. The proof of Theorem 4.13 implies that if m = 0 and E and F are cut graphs with
isomorphic quotients and same connecting matrices, their I'-monoids are isomorphic if and only if
their tail graphs are isomorphic. Indeed, assuming that f is an isomorphism of their ['-monoids,
it is necessary of the form f([vo]) = [gz,] + bs[wo] where Zy are finitely many exits and its moving
does not impact the isomorphism class of the graphs. In particular, they end in the vertices with
infinitely many tails. So, if they end in w;, then w; has infinitely many tails. If such w; has no tails,
this would force f([vg]) to be [v)] and then we have that £ = F' by Lemma 4.17.

Basically, this means that we cannot be moving infinitely many exits. For example, let us consider
the graphs E and F' below where [ is a countable cardinality.

() ()
[ ) @@ <—— 0 [ ] @@ <—— 0

\T \T 0
[ ) O <——0

If [ is finite, then it is zero if F' is reduced. If [ = w, the graphs have equal connecting matrices
and isomorphic both the quotients and the porcupine graphs. However, their I'-monoids are not
POMP-isomorphic: the existence of a POMP-isomorphism f would imply that moving finitely
many exits would make the graphs isomorphic.

This argument also shows that if f(Dg) were to be matched with Dg, the terms of the form
t?[w)] which appear as summands of some [qz] are distinguished from the terms of the form #*[wj]
which correspond to the sources of the 1-tails in F. As there are no such terms in £, no such
matching is possible.

5. COMPOSITION S-NE GRAPHS

5.1. Breaking-vertices-free forms of composition S-NE graphs and cycle schemes. Let
E = E, be a countable n-S-NE graph for any n > 1 with a composition series as below.

(0,0) € (Hy,S81) € (Hy, S2) € ... € (Hu_y, Sn_1) € (H,,0) = (E°, 0)

= = =

We claim that we can consider a graph with a composition series such that the sets of breaking
vertices By, are empty forall j = 1,...,n—1 (H, = E°so By, =0). If By, # 0, and v € By, , then
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v emits infinitely many edges to H; and nonzero and finitely many edges to any of H; 11 — Hj,j =
1,...,n — 1. Let us consider an out-split with respect to the partition of s!(v) which has each of
those finitely many edges in different partition sets and s™!(v) Nr~!(H;) in the remaining partition
set. Since F has finitely many infinite emitters, By, is finite, so we can repeat this for any element
of By,. In the end, we obtain a graph with By, = ). By considering E/H; and using induction, we
can have By, = () for all j. So, we can assume that £ has a composition series as below.

((D»@) - (Hl,(Z)) - (HQ,Q) c...C (Hn—la(z)) - (an(z)) = (EO’@).

=

The result of this process for an n-S-NE graph E is a graph which we say is the breaking-vertices-
free form of E. For example, the second 3-S-NE graph is the breaking-vertices-free form of the first

graph and the fourth is such form of the third one.
[
Cotoed Coeeteed W2 S

Let ¢j41 be a terminal cycle of H;i1/H; for j = 0,...,n — 1. If ¢, emits an edge to H; for
1 < j <1 < nsuch that its range is not in H; for any j' < [, then there is a path originating in ¢
terminating at ¢; and such that no edge is on ¢; or ¢;. We say that such path is a ¢;-to-¢; path or,
for brevity an [j-path. The first edge of such path is an [j-exit. Also, for brevity, we let m; stands
for |¢;|, and vj;, 5 =1,...,n and i € m; be vertices of ¢;.

We determine the order of consideration of the elements of E. To simplify the approach, let
us introduce a finite acyclic graph E,. (“c” for cycles) which represents how the cycles of E are
connected with each other and which we call the cycle scheme of E. The vertices of E, are v,,
where ¢; is the terminal cluster of a composition factor of E' and v, emits an edge e;; to v, if there
is a path from ¢; to ¢; in E.

For example, @ —— e is the cycle scheme for every 2-S-NE graph with one terminal cluster and
the graphs below are all possible cycle schemes for a 3-S-NE graph (up to graph isomorphisms).

D =
. N

The consideration of 3-S-NE graphs with any but the last cycle scheme above reduces to the
consideration of 2-S-NE graphs. For example, if a graph has the third cycle scheme above, then
changing one 2-S-NE quotient to its 2-S-NE canonical form does not impact the other 2-S-NE
quotient and vice versa. Analogously, if E is an n-S-NE graph, its consideration boils down to that
of only (n — 1)-S-NE graphs in all cases except when the cycle scheme contains a path of length n,
i.e. when cj;; emits an edge to ¢; for all j = 1,...,n — 1. Because of this, we focus primarily this
most demanding scenario.

Let us also note that if the cycle scheme of an n-S-NE graph FE is such that the length of a
path from any source to any sink is one, this case involves consideration of only 2-S-NE graphs
and requires the use of only Theorem 4.13. The object of the consideration in [l 1] are such graphs
without infinite emitters and sinks.
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5.2. Direct-exit forms and the sink-graphs of a 3-S-NE graph. We start with a 3-S-NE
graph F with the cycle scheme e —— e —=9 . If H; C H, are the two nontrivial and proper
terms of the composition series of E. We refer to E'/H; as the 2-quotient and E/Hy as the 1-quotient
of E (because the labels “1” and “2” reflect the length of composition series of these quotients).
We aim to transform E so that its 32-connecting paths have a certain direct-exit form.

The first step of this process is to make the 1-quotient F/H, canonical quotient of the 2-quotient
E/H, and we say that E'/Hs is 1-canonicalin E. Recall that this is achieved by moving the 32-exits
so that only one vertex of c3 emits them, rearranging the paths of the 1-S-NE sink-graph so they
are canonical, and making the 1-quotient I-plus-reduced. After this we reduce the graph as much as
possible with respect to the moves of the 32-exits in the sense that 2-S-NE graph E/H; is reduced.
Note that such reduction does not impact the 1-quotient any more and that the 32-exits may not
be emitted from the same vertex any more.

For each i € my (recall that this means i = 0 if my = 0), we use the 21-blow-ups to make vq
be the single exit-emitter. Note that this step is needed only if my > 1 and that it depends on the
choice of ¢g € [co]. After this, we consider the sink-graph of the 1-S-NE graph Hy/H; and rearrange
the 32-connecting paths using Proposition 3.5 with V being the set of vertices in R(c3). Thus, only
impacted vertices are in Hy — Hy — {c5}. In particular, the exit-emitter vq is not impacted. Using
the last sentence of Proposition 3.5, we can have the part of ¢y from vy (where “1”7 is considered
modulo my) to vey be on the spine of the connecting paths. After such rearranging, we consider the
graph together with its 1-quotient again and this brings us to the sink-graph Sjg: it is the graph
obtained by considering the 2-quotient but without the edge v9y emits in ¢,. This consideration
parallels the case n = 2.

The spine of Sig is the 2-spine and we use ko for its length. The part of the 2-spine which
received exits from c3 is the 32-spine and we use k3o for its length. Hence, k3o < ko. If mg > 0, the
32-spine length is necessarily finite and if m3 = 0 it can be finite or infinite.

For example, if F is the first graph and vy is the range of e, the second graph below is the
sink-graph S and e is its 32-spine. The 2-spine is the left-infinite path ending in ¢,. So, in this
example, k3o = 1 < ko = w.

The 82-connecting matrixz is the connecting matrix of the sink-graph (note it depends on the
element of [co] we consider). For example, the 32-connecting matrix of the graph above is [0 1].

When paths are rearranged so that the sink-graph is Spg, the graph is in its 32-direct-exit form
FE35_qir. For example, let E be the first graph below and let v9y be the single exit-emitter of 21-
exits. The second graph is a direct-exit form with Sy, as its sink-graph. The changes resulting
from F — Fs35_g; operation in the part of the graph outside of the 2-quotient are not shown in the
diagram. The dashed arrow indicates the edge which is removed when the sink-graph is considered.
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The 32-spine has length two.

TS
NN

Let us also consider an example with mg = 0. Let E be the first graph below where vz emits
one line of length n for every n € w to vy, the labels L1, L2 and L3 shorten “length 1”7, “length 2”7,
and “length 3”7 and there are w of each of those. The second graph is a direct-exit form FE35_g; of
E with Sy as the sink-graph (compare E and E3y_g;; with the example before Proposition 3.5).

[ ]
L1 / l
........... > @ > @ > @ —— > @ — ® > @
X N-" x
(w) T (w) T (w) T (w) T
[ ] ® [ J [

5.3. I-plus-reduction. Next, we ensure that the 32-spine is as short as possible by considering
in-split plus moves analogously to the case n = 2.

We introduce some notation to shorten the arguments. The notation matches that of the n = 2
case. We let u;,7 < ko be vertices on the 2-spine and n; be |r~!(u;)|. If a; is the i-th entry of the
32-connecting matrix, then a; corresponds to the cardinality |r~'(u;) Ns™'(E° — Hy)|. We denote
the cardinality of the difference

r ' (w) — (07N w) NsTHEY — Hy)) =1~ (uy) Ns™ ' (Hy)

by n; — a;. If both n; and a; are infinite, there is a slight abuse of cardinal arithmetic here because
w1 = w for any finite or countably infinite cardinality [ so we cannot write that w —w = [. Because
of this, the label n; — a; is used only to denote the cardinality of the set v=1(u;) Ns™ (Hy). If i = ko,
partitioning the set r~!(u;) as the disjoint union of r~'(u;) N s~} (E° — Hy) and r~'(u;) N s~ (Hy)
we represent by writing n; as a; + (n; — a;). If i < ko, then u; receives the edge on the spine from
uiy1, SO we partition the set r~1(u;) as

r () = (v (w) N8 wig)) U (07 (w) Ns™HE® — Hy)) U (v () Ns™ (Hy — {uig})) -

The first partition set contains one edge u; receives on the spine and it has cardinality one. The
second partition set is the set of exits u; receives and it has cardinality a;. The third partition set
is the set of tails u; has in Hy/H; which remain tails in E. As the three partition sets are disjoint,
we can consider their cardinalities and write

nizl—i—ai—i—(ni—ai—l)
where we use convention above when writing the last term — it only denotes the cardinality of the
set v (u;) Ns™H(Hy — {ui1}).
Conditions (1) and (2) which are sufficient for the spine extending in the n = 2 case are analogous
to the two conditions below. In (1), ¢ € my if my > 0 and ¢ < ky if my = 0.

(1) For every 21-exit e ending at vy;, there is a tail of vy;.
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(2) Every vertex of ¢ has at least one tail. Thus, for i € mg, n;—a; —1 > 0 and, if kgy > my—1,
then 1,1 — @my,—1 — 1 > 1.

If E is a graph which satisfies conditions (1) and (2), we elaborate on how the 32-spine is extended
and what the resulting graph is. First, let us move the entry point of the spine from vy to vgg.
This is possible by condition (2) since vq; has a tail for every ¢ # 1 and it is done in the same way
as for 1-quotient of a 2-S-NE graph. The diagram below illustrates the move of the entry point
from vy(,—1) to vog. If we consider the in-split minus moves of the first graph with respect to the
partitions {r~!(r(e)), 0} and {r~'(r(e)) — {e}, {e}} followed by the total out-splits, then we obtain
the second and the third graph below.

IS ; ) e : Y Y JREEEE > @
° @ >0 ° @ >® @ s > @ > @ >0

In the ﬁgure above the terminal and the source cycle can be proper or improper, the length of the
path ¢ can be zero, and the diagrams do not show non-relevant parts outside of the 2-quotient.

So, if F is a graph which satisfies conditions (1) and (2), we can move the entry point of the
spine to vy using condition (2). Let E’ be the resulting graph. Then, a tail at vy; and condition
(1) are needed for the in-split plus move. Let M be the mother graph which is the same as E’ but
without a tail in v9; and without the tails from condition (1). In this case, £’ is the total out-split
of the in-split minus of M with respect to {r~'(vq),?}. The first two graphs below are M and E'.

minus move on M with respect to {r 1(v20) {e}, {e}} and obtain a graph F” Whose total out- spht
is I, represented as the third graph above. We say that F' is the 32-spine extending of E.

If k35 < m, then all exits are being emitted to ¢. In this case, if conditions (1) and (2) hold,
the 2-spine can be extended without 32-spine being impacted. The extension of 2-spine matches
the extension in the n = 2 case. In this case, no new 31-paths are created. For example, if E is the
first graph and there are enough tails in the dotted part that which permit 2-spine extension, then
the second graph is the result of such an extension.

o — >0 —> @ >0 o — >0 —> @ > @
T a T A
° ° o— o ® < °

With this set-up, the difference in conditions (2) for the 32-spine and for the 2-spine extension
can possibly come from the case when n; = a;+1 for i € msy. For example, if mg =0and a; = n; = w
for all i € mo, then n; = a; + 1.

If the 32-spine can be extended and if there is an exit with the range u; outside of ¢y (soi > m—1)
then a 32-spine extension makes this exit end in the vertex of the spine with distance ¢ + m. So, if
E permits arbitrary 32-spine extension, then it also permits 32-spine reduction up to when the exit
with smallest such ¢ value is such that m < ¢ < 2m. In this case, we say that the 32-spine is as
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short as possible. If the 32-spine cannot be extended and 2-spine can be arbitrarily extended, then
we can still require the part without any tails (the line of length [msy which extends the spine if [
extensions are made) to be absent for the 2-spine to be as short as possible. This brings us to the
following two conditions and we say that E is 32-I-plus-reduced if either one of them holds. Note
that (a) implies that 32-spine cannot be extended and that (b) implies that 32-spine is as short as
possible.

(a) The 2-spine cannot be extended.  (b) The 2-spine can be extended and it is as short as possible.

5.4. O-reduction and canonical quotients. Besides the I-plus-reduction, we also consider the
out-split reduction which parallels the reduction of a 2-S-NE graph.

If F is the direct-exit form of a blow-up of an 32-kl-exit of F' = F39_q4; for some k € ms and
[ € my, we write F' —1 E and say that F is 32-kl-reducible. For example, if F is the first graph
below, the second one is a blow-up of £ and the third one is obtained by rearranging the paths.
So, the first graph is a 32-reduction of the last one.

w(y O w0 L e ()

o — >0 —> @ >0 | e ° . ® >0 e . ° ® > @

] (w) ] T (@) +(w)=(w) T T

o <—20 [ o <—20 [ ] ([ ]

(w) (w)

We say that E is 32-reducible if it is 32-kl-reducible for some k£ and [. If the 2-quotient changes
after a 32-blow-up and path rearrangements, then E is 32-O-reduced if it is not 32-reducible. Oth-
erwise, cg is necessarily not proper (because a blow-up of an exit of a proper cycle changes the
32-connecting part) and such graph is also 32-O-reduced. For example, the 2-quotient of the graph
below is invariant to a 32-blow-up followed by the 32-path rearrangements. The second graph below
is a blow-up of one of the 32-exits of the first. The third graph is obtained by path rearrangement
of the second and it is isomorphic to the first. Hence, the first graph is 32-O-reduced.

(w)

o ——> 0

o — >0 —> @ Y e — '~ o P °
(V T - (V T = (w)-&-(l)(V T A
. oe<—o ° e~ o . o<

(@) ) (@) +(@)=(w)

To unify the terminology, let us say that a 2-S-NE graph is 21-I-plus-reduced if it is I-plus-
reduced in the sense used in section 4. A 3-S-NE graph F = F3y_ g is I-plus-reduced if it is
32-I-plus-reduced and its 2-quotient is 21-I-plus reduced. A 3-S-NE graph E = Fs35_g; is O-reduced
if it is 32-O-reduced. If F is both I-plus and O-reduced and if vy; is the single emitter of 21-exits,
E has the 2-i-canonical quotient and we write £/ = Ecapquot,; in this case. Just like 1-quotients
of 2-S-NE graphs, the 2-quotients of the graphs Ecanquoti and Eecanquot,# are equivalent but not
necessarily isomorphic.

5.5. Canonical quotients of composition S-NE graphs. We generalize the construction of a
canonical quotient in n < 3 to the general case. Let E be an n-S-NE graph with a composition series
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with0 C H, C...C H,; C H, = E°. Let ¢,k =1,...,n be the terminal cycles of composition
factors, let my = |cg|, and let us assume that ¢y emits exits to ¢, forall k =1,...,n — 1.

We can ensure that the 1-S-NE graph E/H,,_; is a 1-canonical quotient of 2-S-NE graph E/H,,_»
by the same argument used for n = 2. Then, we consider the 3-S-NE graph E/H,,_3 and make its
2-quotient E/H,_» be canonical. Since the (n — 1)(n — 2)-exits were moved to a single exit emitter
to achieve this, we (n—1)(n—2)-O-reduce the graph again. This does not impact the 2-quotient any
more and we proceed to the next step paralleling the previous one: we move the (n —2)(n — 3)-exits
to start at a single vertex and we consider the 3-S-NE graph E/H,,_3 as the quotient of the 4-S-NE
graph E/H,_4. In this graph, we rearrange the (n — 1)(n — 2)-paths and n(n — 2)-paths by using
Proposition 3.5 with V' being the set of vertices not in H,, 3 (i.e. the vertices in R(c?_,)) and we
rearrange the connecting paths so that all the exits are emitted directly to the spine of the sink-
graph Sy of the 3-quotient £/H,_3. In this way, we have the n(n — 2)-spine and its length ky(n—2),
we have the (n — 1)(n — 2)-spine and its length k,(,—2), and we have the spine of the sink-graph
of the quotient H, o/H, 3 and its length k,_o. The first two spines are suffices of the last one.
S0, kpm-2) < kn—2 and kg_1)(n—2) < kn—2. The lengths k,,—2) and k(,_1)(n—2) can be in any of the
relations ky,(,—2) < k(n—1)(n—2) and kym—2) > k(n—1)(n—2). With such path rearrangement, we say that
the (n — 2)-quotient is direct-exit.

For example, if E' is the first graph below, its 3-quotient is not direct-exit because the 32-spine
is not a suffix of the 42-spine. The second graph below is the form of £ with 3-quotient being a
direct-exit graph. In this case, we have that k3s =1 < kyo = ko = 2.

C f C ]. \i '31_‘__7 @ > @ \»..»-:3
[ ] [ ] [ J [ ]
Next, we ensure that all j(n — 2)-spines are as short as possible for j =3,... n.

Let us introduce the notation which parallels n;,a; and n; — a; — 1 of the n = 3 case. We let
u;,i < ko be vertices on the 2-spine and n; = [r~!(u;)|. If aj; is the i-th entry of the j2-connecting
matrix, then aj; corresponds to the cardinality |r~"(u;) Ns™'(E° — H;)| and }_"_5 a;; corresponds
to the cardinality |r~"(u;) N Jj_gs~'(H; — Hy)|. Let a; denotes this cardinality. Note that

n
v (u;) Ns ™ (E° — Hy) = v~ (u;) N | Js™' (H; — Ho)
j=3
because every edge u; receives outside of Hs is necessarily a j2-exit for some j = 3,...,n.
If i < ko, then u; receives the edge on the spine from w;1, so we partition the set r~'(u;) as

r () = (7 (w) NsT wig)) U (07 (w) Ns™HE® — Hy)) U (v (wy) Ns™ (Ha — {ui1})) -

Just as before, a reference to the difference n; — a; — 1 is only to denote the cardinality of the last
set above and we write the partition above as

n@-:l—i—ai—i-(ni—ai—l).
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If i = ko, the set v (u;) is (r~'(u;) Ns™HEY — Hy)) U (r(u;) Ns™'(Hy)) and we write this as
n; = a; + (nz — CI,Z‘)

If j2-spine is to be extended for some 7 = 3,...,n, then all vertices of ¢ need to have at least
one tail not counting the exits they receive from other ¢;, | = 3,...,n. So, the two conditions for
extending the j2-spine are below.

(1) For every 21-exit e ending at vy,, there is a tail of vy;. Here ¢ € my if m; > 0 and @ < ky if
my = 0.

(2) Every vertex of ¢, has at least one tail. Thus, for i € ms, n;,—a; —1 > 0 and, if kjo > mo—1,
then np,,—1 — apy—1 — 1 > 1.

Note that these conditions match the case n = 3 exactly. As these two conditions are the same
for every j, we have that one of the j2-spines can be extended for some 7 = 3,...,n if and only
if any of the j2-spines can be extended for all j = 3,...,n. If this holds, then 2-spine can also be
extended in the same sense as in the case n = 3.

If the j2-spine can be extended for some j and if there is an exit with the range u; outside of ¢y
(so i > m—1) then a j2-spine extension makes this exit end in the vertex of the spine with distance
1+ m. So, if E permits arbitrary j2-spine extension, then it also permits j2-spine reduction up to
when the exit with smallest such ¢ value is such that m < ¢ < 2m. In this case, we say that the
j2-spine is as short as possible. If the j2-spine cannot be extended and 2-spine can be arbitrarily
extended, then we can still require the part without any tails (the line of length imy which extends
the spine if [ extensions are made) to be absent for the 2-spine to be as short as possible. This
brings us to the following conditions and we say that F is 2-I-plus-reduced if either of them holds.

(a) The 2-spine cannot be extended.
(b) The 2-spine can be extended and it is as short as possible.

The conditions match those from the n = 3 case. Condition (a) implies that none of the j2-spines
can be extended for j = 3,...,n. With this established, we say that E is [-plus-reduced if it is
7-I-plus reduced for every j =2,...,n.

Next, we turn to O-reduction. A blow-up of an j2-exit can create a (j + 1)2-connecting path.
So, it is not only the j2-connecting part and the number of some tails that an exit move can change
but also the other connecting paths. However, we defined the 32-O-reduction using changes in the
graph not only the changes in the tails, so the definition from the n = 3 is applicable to the general
case. If E is the direct-exit form of a blow-up of an ji-kl-exit of a direct-exit graph F' for some
j>1>2and k € mj, | €m;, we say that F is ji-kl-reducible. Such graph E is ji-reducible for
some j > 1 > 2 if it is ji-kl-reducible for some k and [. If the 2-quotient changes after a ji-blow-up
and path rearrangements, then FE is ji-O-reduced if it is not ji-reducible. Otherwise, E is also
71-O-reduced. We say that E is O-reduced if it is ji-O-reduced for every j > i > 2.

If a direct-exit n-S-NE graph is I-plus-reduced and O-reduced and if vo; is the single exit emitter,
we write £ = Eganquot,; and say that its (n — 1)-quotient is canonical.

5.6. Connecting paths ending at a terminal cycle and canonical forms. Let F be a n-
S-NE graph with its (n — 1)-quotient in its (n — 1)-quotient canonical form. We define the tail
graph analogously as in n = 2: it is the subgraph generated by the vertices in H;. To make the
j1-connecting paths for 5 > 1 and the paths in the tail graph canonical, we turn to Proposition 3.5
and consider it with V being P, — Hy. This produces a direct-exit form of E.
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If m; > 0, this process makes the cj-to-c; paths have length one and the tail graph consists
exclusively of ¢; and tails to it. If m; = 0, this creates the spine of the tail graph which we call the
I-spine and denote its length by ki. If m; > 0 and ¢; € [¢1] is fixed, we consider the path from vy
(where the second “1” is considered modulo m;) to v1o be the spine of the tail graph so that we can
unify the consideration and we can write k; = my —,,, 1 in this case.

In both cases, the jl-exits are being emitted directly into the 1-spine. We let u; be the vertices
on the 1-spine for i < ky (hence u; = vi(m,—,, i if m1 > 0 and i € my). With this notation, a
Jj1-ki-exit is an edge which originates in v, k € m;, and terminates in vy; = (U for i € my if
my > 0 and in uy; for ¢ < k if m; = 0. With this notation, the j1-connecting matrix is defined and,
just as before, it depends on the choice of ¢; € [¢;] and ¢; € [¢4].

If kj; is the largest of the integers such that the vertex wy,, receives jl-exits, then kj; is the
length of the jl-spine. If no such largest integer exits, then m; = 0 and k; = w necessarily so we
have that the jl-spine is the 1-spine and that k;; = k;. We may have kj; # k;; for some j # [. For
example, the first graph below has ky; = 0 and k3; = k1 = 1. The second graph has koy = k1 =1
and kgl = 0.

% %
C.—>.—>. C. . . .
\./ \_/

A 1-i-tail of E is an edge which originates in a source and terminates in vy; = Uy — i fori € my
if mq > 0 and in uy; for ¢ < k if my = 0.

A blow-up of an jl-exit e is an out-split with respect to the partition {e} and s~'(s(e)) — {e}
followed by the out-splits making the resulting graph be in its total out-split form. An exit move
is a blow-up followed by operations making the resulting graph be a direct-exit graph. None of the
operations involved in an exit move impact the (n — 1)-quotient. If the source v of a moved j1-exit
does not receive any edges from H; for any [ > j, then only some tails can be created by the move,
just as in the n = 2 case. If v receives an edge from H; for some [ > j, then some ¢-to-c; paths are
created in the process. For example, the second graph is the result of a move of any the 21-exits of
the first graph.

Ceo——e—>0e7) C Ql D

If E is obtained by a move of an jl-kl-exit of F' for some j, k, and [, we write ' —; E and
say that E is jl-kl-reducible. We define Eleq j1 1 as the graph with the same (n — 1)-quotient and
j1-connecting matrices as F' and with the number of 1-i-tails equal to that number for E if the
cardinality of 1-i-tails is not impacted by the exit move F' —; E. If the number of 1-i-tails of F is
strictly larger than in /" and their number is finite in £, then Eleq ;1,1 and F' have the same number
of 1-i-tails. Otherwise, Eieq j1x has infinitely many 1-i-tails. We say that E is jl-reducible if it is
j1-kl-reducible for some k and I.

If the cardinality of the 1-tails and [1-exits for [ > j changes by a jl-exit move, then F is j1-
reduced if it is not jl-reducible. If the cardinality of the 1-tails and [1-exits does not change by a
jl-exit move, then E is jl-reduced. If a graph is jl-reducible and jl-reduced and if ¢; both receives
and emits exits, a move of a jl-exit which originates in the vertex which receives a path from ¢; for
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some [ > j produces a new [l-exit. So, in this case, ¢; is an infinite emitter (otherwise the number
of I1 exits of £ and F' would differ). For example, a move of any of the 21-exits of the first graph
below produces a graph isomorphic to the original graph. If k is a finite and nonzero cardinality,
the second graph below is not 31-reduced. The third graph is a 31-reduction of the second graph.

A N S 1

A graph E is I-reduced if it is jl-reduced for all j = 2, ..., n. In this case, we write El = EFj ;4.

For j > 1, if ¢; and ¢; are proper cycles and L is the least common multiple of m; and m;, E
is L-j1-kl reducible if there is F' such that F' —; E where —; is a move of a jl-kl-exit and any
subsequent move is the move of the resulting jl-exit. In this case, we define Feq 1 ;1,11 analogously
as when n = 2. We have that I is L-jl-reduced if for any k and [, when Eeq 1 j1 is defined, then
E = Frea,rji k-

We define a spine-jl-reduced graph if ¢, is a sink and ¢; a proper cycle and a w-jl-reduced graph
if ¢; is an infinite emitter analogously as when n = 2. The n = 2 case definitions do not involve any
reference to the length of a composition series, so we can generalize them directly. We unify the four
cases saying that F is L;-jl-reduced if it is L-j1-reduced if m; > 0 and m, > 0, spine-j1-reduced if
m; > 1 and m; = 0, w-jl-reduced if m; = 0,m; >0 or m; = m; = 0 and k;; < w, and jl-reduced
if m; =my =0 and kj; = w. If L is the (n — 1)-tuple (Lo, ..., L,), we say that E is L-reduced if E
is L;-jl-reduced for every j > 1. In this case, we write £ = Ej,_yeq.

Let ¢ € my if ¢q is a proper cycle of length my and let ¢ € w if ¢; is a sink. For such 7, we consider
the following condition.

C(1i) There are paths p, ¢, d and edges g, e such that ¢ is a tail of H;/H;_; for some j =2,...,n,
p is a path from r(g) to a vertex in ¢; which contains no edges of ¢;, ¢ is a path from r(p)
to a vertex in ¢ for some 1 <[ < j, e is an [1-exit and d is a path from r(e) to s(c¢;) which
does not contain ¢;. There are infinitely many tails with the same range as g in H;/H,_;.
If ¢y is a proper cycle, then 1+ |p| + |¢q| + |d| = m1 — i+ 1(mod my) and, if ¢; is a sink, then
L+ |p|+[q| +|d| =i+ 1.

If this condition holds, we say that 1-i-tails are cuttable. For example, let E be the graph below,

let k be any countable cardinal, and let H; be the hereditary and saturated closure of the sink, Hy
of the source of the loop, and Hj of the vertices of a cycle of length two.

I

The 1-1-tails of H; are cuttable beca&g of the infinitely many tails which ¢, is receiving. The
1-2-tails of H; are cuttable if and only if kK = w.

If [; is the number of 1-i-tails of a graph F, we have that E . has the same (n—1)-S-NE quotient,
the same jl-connecting matrices as F and the number of the 1-i-tails is specified as follows. Let
Fmax be the maximum of all spine lengths k;; for j > 1. For @ < kpax, Eeu has [; 1-i-tails if 1-i-tails
are not cuttable and it has zero 1-i-tails otherwise. If k., = k1, then the above specifies the number
of tails in E.,; completely. If k1 > k.., the number of tails of E., is specified by the following two
cases.
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(1) There is no kg € kq, ko > kmax such that 1-i-tails are cuttable for all ¢ € ky,7 > ko. Then,
the number of 1-i-tails is [; if 1-i-tails are not cuttable and zero otherwise. The spine length
of the tail graph of F., remains k.

(2) There is kg € k1, ko > kmax such that 1-i-tails are cuttable for all i € k1,7 > ky. The length
of the spine graph of E. is kg in this case. For i < kg, the number of 1-i-tails is [; if 1-i-tails
are cuttable and zero otherwise. The spine length of the tail graph of E.y is ko.

For the graph in the previous example, F. has [ = 0. If kK < w, kg = 2 and, if Kk = w, then E
has ZQ =0 and ko =1.

Definition 5.1. Let n > 1 and let E be a breaking-vertex-free, direct-exit, countable n-S-NE such
that the (n — 1)-quotient is canonical. For every j = 2,3,...,n, considered in this order, we move
some jl-exits, if needed, of the reduced and cut form of E as specified below. Then, define E.,, as
the L-reduced and cut form of the resulting graph.

e If m; > 0 and m; > 0, then the required form is obtained by moving the jl-exits so that the
resulting graph has the jl-part with a single exit-emitter and that the ranges of the exits
are among G =GCD(m;, m;) consecutive vertices of ¢;.

o If m; > 0 and m; = 0, then the required form is obtained by moving the jl-exits which do
not end in the jl-spine source to end in that source. Hence, ¢; emits exits only to the source
of the j1-spine.

o If mj =0 and m; > 0 or if m; = m; = 0 and kj; < w, the required form is obtained by
moving all the j1-0i-exits if vy; receives nonzero and finitely many of such exits.

o If mj =my; =0 and k;; = w, no exit moves are needed.

If E is any n-S-NE graph, we let E.,, be any canonical form of the direct-exit form of E with
(n — 1)-canonical quotient. We say that E is canonical or that it is in a canonical form if E = F,,
for some n-S-NE graph F.

If ¢1 and ¢ are the maps transforming E to the two canonical forms, any POMP-isomorphism
f of the monoids of E; and E, could be composed with ¢;6," and ¢1¢;"f could be considered
instead of f to ensure that the same canonical form is considered. The consideration of the maps
like ¢; and ¢, above ensures that two canonical forms obtained from the same cut and reduced
graph can be transformed one to the other. The same argument was used in Lemma 4.11) so this
lemma continues to hold.

We define the relation = for countable n-S-NE graphs by the same condition as if n < 2:
E =~ F' if there are canonical forms E.,, and F,,, such that F., =& F_..,.

This relation is reflexive and symmetric and transitivity holds by Lemma 4.12 stated for n-S-NE
graphs instead of 2-S-NE graphs. Such lemma holds by the same proof as Lemma 4.12.

5.7. The main result and its corollaries. In this section, we prove the general version of the
Quotient Proposition, the Cut Lemma and the main result of the paper, Theorem 5.4. Then, we
prove some of its corollaries, Corollaries 5.5, 5.6 and 5.7.

Let £ and F' be n-S-NE graphs with composition series H; and G; for : = 0,...,n and let f be a
POMP-isomorphism of the graph I'-monoids of F and F. If fj/i denotes the POMP-isomorphism
of the monoid of H;/H; for i < j induced by f and if f; denotes the restriction of f to the monoid
of Py,, we can pick the composition series of F' so that the image of f;/; is the monoid of G;/G; and
the image of f; is the monoid of Fg,. Proposition 5.2 below will enable us to choose the canonical



68 LIA VAS

forms with isomorphic (n — 1)-quotients by an isomorphism which induces f,/; if we assume that

the GCC for the (n — 1)-S-NE graphs.

Proposition 5.2. The General Quotient Proposition. Assume that Lemma 5.5 (the general
Cut Lemma) and Theorem 5.4 holds for the (n — 1)-S-NE graphs. With E, F, f, Hy, and G; as
in the above paragraph and such that the (n — 1)-quotients are canonical, assume that the following
conditions hold.

(1) f([veo]) = [Vhl, va0 and vy, are single exit-emitters, and f([vio]) = [v])-
(ii) The 21-connecting matrices, computed using vy, v1g, Uy, and vy, are equal.
(iii) There is an isomorphism t, o : E/Hy = F /Gy such that f,js = Ty

Under these assumptions, there is an isomorphism i, : E/H, — F/Gy such that Jut = a1

Proof. By the hypothesis that Theorem 5.4 holds for (n — 1)-S-NE graphs, the existence of f,1,
implies the existence of canonical forms (E/Hj)can and (F/G1)can of E/H; and F/Gy, g : E/H, —
(E/H)can and g @ F/G1 — (F/G1)can, an isomorphism tn/1can @ (£/H1)can — (F/G1)can such

that w;lbn/l,canwE = fns1. The maps ¢p and 9 are some j2-exit moves, L-reductions, and cuts
for 7 > 2. We can apply the inverses of the j2-exit moves of ¥ to the rest of the graph which has
(F/G1)can as its (n — 1)-quotient because (E/G1)can = (F/G1)can- These operations do no impact
the (n — 2)-quotient, so it remains canonical. We obtain a graph F’ with the same (n — 2)-quotient,
the j2-connecting matrices equal to those of F, and with vy the single emitter of jl-exits.

For a moment, we can consider F” instead of F. Instead of f, we can consider f composed with
the map which the correspondence ¢’ : ' — F’ induces on the I-monoid level. Once we obtain
the statement for the changed graphs and changed f, O-reduction of the (n — 1)-quotient of both
graphs would produce graphs with isomorphic (n — 2)-quotients and equal j2-connecting matrices.
This is because applying the same j2-exit moves to the graphs with the same j2-connecting part
produces graphs with the same j2-connecting parts and intact (n — 2)-quotients. Thus, returning
to the original E and F', this shows that we can assume that the j2-connecting matrices are equal
for all 7 > 2.

By the proof of Proposition 4.14 and Remark 4.15, the existence of fs on the monoids of Py, and
Pg, implies the existence of an isomorphism ¢/, of the sink-graphs of Hy/H; and G5/G such that
fay1 = T2/1. So, besides the three assumptions above, we have the following two conditions holding.

(iv) There is an isomorphism ¢/ of the sink-graphs of Hy/H; and G5/G such that fo; = 7o1.

(v) The j2-connecting matrices Aj, = A, are equal for j =3,...,n.

We recall that u;,i < ko are the vertices of the 2-spine of F, u},i < Kl are the vertices of the
2-spine of F, n; = [~ (w;)], nj = |[r~"(u})| and we let Ajo = A%, = [aj], i < kjp and a; = > g =
lr~!(u;) NsTHEY — Hy)|. For i < ko, we also recall the partition

r ! (w) = (07 (w) Ns™ (wig)) U (0 (w) NsTHE® — Hy)) U (r " (w;) Ns™ (Ha — {uia}))
which we write as n; = 1+a;+(n;—a; —1). For i = ko, we have r~*(u;) = (r~'(u;) Ns™(E° — Hy))U
(r~(u;) Ns™(Hs)) which we write as n; = a; + (n; — a;).

Conditions (iii) and (v) imply that when the paths in the porcupine quotients are rearranged
from their 1-quotient canonical position (every tail on the 2-spine receives only tails) to their
porcupine-quotient form (the cycles ¢; and c;» correspond to the left-infinite paths receiving the

paths of the l-quotients for [ > j if m; > 0 and the edges infinite emitters emit being split into
separate “strands”, see Remark 4.16), these 1-S-NE graphs remain isomorphic. Indeed — conditions
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(iii) and (v) ensure that the rearrangements are done in the same way for the same paths in both
graphs. Because of this, we have that n; = n/ for all ¢ and than, in particular, ks = k). Condition
(v) implies that kjo = kj, for j > 2

As n; = n} for all i < ko, we have that a; + (n; —a; — 1) = a}, + (n, — a; — 1) for i < ke and
that, if k3y = ko, then ag, + (ng, — %) = ay, + (n, — ay,). If n; is finite, then these relations imply
that n; —a; —1 = n; —a; — 1 for i < ky and that, if ko = ky that ng, —ax, = nj, —aj,. If n; is
infinite and «; is finite, then the same holds since n; —a; — 1 =n! —a, — 1 = w for ¢ < ky and that
Nky — A, = Ny, — a3, = W if k3p = ky. Hence, we only need to consider the case when both a; and
n; are infinite, in which case m; = 0 for some j > 2.

If my = 0, any cut maps done in (E/Hj)can give rise to the analogous cut maps of E/H; for
two reasons. First, if my = 0 the identification coc with s(cy) is valid. Second, the length of the
connecting path does not play a role in condition C(27) only its existence does. Because of this, we
can use the cut map for the tails of the 2-spines, so we can assume that F/H; and F/G; are cut.
Hence, these (n — 1)-quotients satisfy the assumptions of the General Cut Lemma. By this lemma,
there is v, 1 : £/H, = F/Gy such that f,,;1 = 7n/1.

Let my > 0 and m; = 0 for some j > 2 (we note that the arguments below are valid also if
m; > 0 for all j > 2). Assume there is i is the smallest such that n;, — a;, — 1 > Ny — ago —1if
19 < ko or, if 19 = ksy = ko, that n;, —a;, > n;O — ago. The excess of tails in £ make us be able to
repeat the argument of the proof of the Quotient Proposition for the n = 2 case (Proposition 4.14)
to show that both graphs satisfy condition (1) for a 2-spine extending. This is because the existence
of a O-route from a tail in the quotient does not depend on whether there is only a 1-quotient or a
larger quotient below the root of the range of that tail (so it works for n > 2 also). So, the bijection
P;/’lm — P(Zl“, let us again call it p as in the proof of the Quotient Proposition for n = 2, which
f1 induces maps a O-route to the tail graph. Hence, the tail graph of F' contains enough tails to
accommodate such an image. In particular, for every 21-exit e which ends at vy; for some ¢ < koy,
F contains a tail at v};. Thus, condition (1) for the 2-spine extending holds. Since F' contains at
least two edges ending at v}, (the exit and the tail), vy; has to receive at least that many edges. As
one of them is e, vy; has to have at least one more tail. So, E also satisfies condition (1) for spine
extending.

As p interchanges a quotient route to a tail route, at least one tail can be found so that its
source w is such that the image f([w]) cannot be matched to a single monoid generator in the
correspondence f creates on the generating intervals Dg and Dpg so that

F(lw]) = f(t° o)) = £ (tl”” [v50] + i tmam[@io])

J=0

is not identified with [w'] for no vertex w’ in the (n — 1)-quotient. By considering the distance
from vy, the first term ¢o+t'#™2[yf | has to correspond to a tail to u} ;. . The arguments here
match exactly those in the proof of the Quotient Proposition for n = 2. Using the same arguments,
one shows that nj ;. > n,; for all i < k;. By conditions (ii), (iii), and (v) the bijection p can
be chosen to map the paths starting in the sources of j2-exits of E to the sources of j2-exits of
F'. So, any interchanges between the quotient and the tail paths can happen only for the quotient
paths starting in the tails of the emitting cycles. Because of this, the existence of the portion of the
2-spine of F' between uy,, and wj,, _, implies that f~'([u},,, ;]) has to be of the form [pcy c;” p*]

for a path p starting in a tail and for some j'. Given that uj,,,,, for i = 1,...,m, has the distance
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me 41 from vY, the value of 5’ is one in this case and the length of p has to be i. Hence, such a path
p has to start in a tail of u;_;. So, we have that n;, —a; —1 > 0 and Mgyl — Qmy—p,1 — 1 > 1. This
shows that E satisfies condition (2) for the 2-spine extending. Hence, E permits arbitrary 2-spine
extending.

Extending the 2-spine of £ and comparing the resulting graph with F' enables us to use the same
arguments as in the proof of Proposition 4.14 again and have that the 2-spine of F' can be shortened.
So, we arrive to a contradiction. This shows that any deviation from n;, —a; — 1 =n}, —a, — 1 (or
n; —a; =n, —a; if i = ks = ky), leads to a contradiction.

These relations and the conditions (iii), (iv), and (v) enable us to define an isomorphism ¢,/
so it maps the 2-spine of E and its tails onto the 2-spine of F' and its tails, j2-exits of E onto the
j2-exits of F, and the rest of the (n — 2)-quotient onto the rest of the (n — 2)-quotient using ¢, /2.
By this construction, we have that f,,/; = 7,1 for such ¢,;. O

We the generalization of the Cut Lemma. The arguments in the proof are analogous to the n = 2
case and we include them for completeness.

Lemma 5.3. The General Cut Lemma. Let £ = E.; and F = F_.; be direct-exit n-S-NE
graphs with canonical (n — 1)-quotients such that that there is 1,1 : E/H, = F/Gy which maps
vjo = s(cj) onto vy =s(c;) forj=2,....n

If there is a POMP -isomorphism f of the T'-monoids such that Jnj1 = Ty, that f([vie]) = [v]]
for vig = s(e1) onto vy, = s(c}), and that the j1-connecting matrices (computed for c;, and c,j =
1,...,n) are equal and such that 1, 1(s(c;)) = s(c}) for j =2,...,n, then 1,1 can be extended to a
graph isomorphism « : E = F such that f = 1.

Proof. The assumptions of the lemma enable us to extend ¢ to exits and their ranges, to the vertices
and edges of ¢; if ml > 0, and to the vertices and edges of the suffix of the 1-spine of length
kmax = max{k;1 | j = ,n}ifm; =0,

We show that we can extend tn/1 to the rest of the 1-spine (if any) and to the 1-tails. For any i,
condition C(17) for both £ and F' depends only on the subgraph on which ¢,/; is currently defined.
Thus, for every i < k., the 1-i-tails are cuttable in E if and only if they are cuttable in F.

If mi > 0 and 7 € my, let P”“’ be the set of paths of P”10 of length m; — i + 1 modulo m;. If
my =0 and i < ki, let P)'S be the set of paths of P¥1° of length i+ 1. We partition P'% into

52

P ={pe Py |s(p) e E°— Hy)} and P .={pe P |s(p)e H},

quot,i Ay tails,i Ay

and let such sets be analogously defined for . The condition C'(1¢) holds for some paths p, q,d, g, ¢
as in the statement of C'(1¢) if and only if there are infinitely many tails with the same range as g
in H;/H;_, which are not [j-exits in E for any [ > j > 1.

The existence of the restriction f; of f on the I'monoids of the porcupine graphs Py, and FPg,
ensures that there is a bijection p; : P;jlu; — Pvll(? and the existence of ¢,/; ensures that such p; can
be found so that it maps the set of paths in P

quot.s Which have exits as their first edges onto the

set of such paths P:&gm. Let us choose one such p; which maps as few quot-paths to tails-paths

as possible. By the existence of ¢,/1, the cardinalities |731v 7| and ]73;} | are equal. The (n — 1)-
quotients are canonical, so both E and F' are I-plus reduced. By the proof of the General Quotient
Jp ‘

Proposition, the existence of an interchange is possible only if |77[ \73[ “’| is equal to w. For
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such a path p, let I, k,,, jp, j, and i}, be as above considering C'(17). In this case, the condition C'(14)
holds in F and so it holds in F' and this makes the 1-i-tails cuttable in both graphs. As both graphs

are in their cut forms, the cardinality 1-i-tails is zero.

This shows that p; maps P15, ; onto P:égm and Pi, ; onto P,:;%?SZ In particular, for every i € my
if my > 0 (for every i < ky if m; = 0), p; induces a bijection of 1i-tails. Let ¢; be one such bijection.
We extended ¢,,/; to the 21-exits and the terminal cycles and now we can further extend it to the

1-spine and the tails using ¢;. If ¢ is such an extension, then +: E = F and f =1. ([l

Theorem 5.4. Let E' and F' be countable composition S-NE graphs. The following conditions are
equivalent.

(1) There is a POMP -isomorphism f : ML — MF.
(2) The relation E =~ F holds.
(3) There is a graded x-isomorphism ¢ : Lig(E) — Lk (F).

If (1) holds, there are canonical forms Eca, and Fe, and operations ¢p : E — Eean, U2 Ecan = Fean,
and ¢ : F — Foon, such that ¢t = f.

Proof. If E is an n-S-NE graph and if any of the four conditions holds, then F' is an n-S-NE graph
by Theorem 2.6. So, we can assume that E and F' have composition series of the same length.
Since the implications (2) = (3) and (3) = (1) are direct, we prove (1) = (2) and the last
sentence of the theorem.
Let ¢p : E — E.., and ¢ : F' — F,, be operations transforming the graphs to their canonical

forms. We can consider ¢ f¢5' instead of f and so we can assume that £ = Ee,, and F = F.,,.

Assume that (1) holds and that H;,i = 0,...,n are the terms of a composition series of E. Let
Gy, i = 0,...n be the admissible pairs of F such that f(J'(H;)) = J'(G;) which implies that the
sequence G; constitutes the terms of a composition series of F. Let f; denotes the restriction of f
to J'(H;). Fori=1,...,n—1,j=2,...,nand ¢ < j, let f;; be the induced POMP-isomorphism
MISJ,/HZ, — ng/Gi' Let m; be the length of the terminal cycle of H;/H; ; (and G;/G;_1) and
Aji = [ajiw],i=1...,n—1,j=2,...n,i < j be the ¢j-to-c; connecting matrix and let A%; = [a;; ]
be c-to-c; connecting matrix of F. Let v;; be the vertices of ¢; for i € m; and v; are the vertices of
c; for i € m; = |c}|.

If there are no edges emitted from E/H; to H; for some j =1,...,n, then E is a disjoint union
of E/H; and H; and M}, is a direct sum of J'(H;) and M};/Hj. The existence of f implies that ML

splits into a direct sum of two terms each of which is POMP-isomorphic with J'(H;) and M};‘/Hj'

Since the generators of J'(G;) and M}, /i, are independent, we have that there are no paths from

F/G; to Gj. So, F is a disjoint union of F/G; and G;. Since the composition length of Pp; and
E/H; is smaller than n, we can use induction hypothesis and establish that the needed claim holds.

Thus, we can consider only connected graphs. The above consideration shows that there are
edges from E/H; to H; if and only if there are exits from F/G; to Gj.

Let us start the induction now. Our induction base is the n = 2 case in which case the General
Quotient Proposition, the General Cut Lemma, and Theorem 5.4 hold by Quotient Proposition, the
Cut Lemma, and Theorem 4.13. The validity of the General Quotient Proposition and the General
Cut Lemma for n-S-NE graphs are shown assuming that Theorem 5.4 hold for (n—1)-S-NE graphs.
So, we are proving the theorem for n-S-NE graphs assuming that the General Quotient Proposition
and the General Cut Lemma hold for n-S-NE graphs.
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First, we show that the assumptions of the General Quotient Proposition can be made to hold
for graphs equivalent with E, F and a POMP-isomorphism which is realizable if and only if f is
realizable.

The graphs E/H; and F/G; are equivalent so they have isomorphic canonical forms and such
forms can be founds so that the maps ¢ : E/H; — (E/H})can, Yr : F/G1 — (F/G1)can, and
tnjican © (B/Hi)can = (F/G1)can are such that f,, = ¢E1Ln/1,can¢E- The (n — 2)-quotients of
E/Hy,(E/H1)can = (F/G1)can, and F//Gy are isomorphic by an isomorphism ¢,,/, such that f,, =

<¢;1Ln/17canwE> p = fop1 = (Ln/l,can)n/2 = 1y/2 because the exit moves, reductions, and the cuts
n

which maps ¥r and ¥r may involve do not change the (n — 2)-quotients. So, we have that the
(n — 2)-quotients are isomorphic by an isomorphism which induces f,, /2.

If ¢, does not emit exits to Hy, then ¢, is terminal for £ and we have that f([va]) = fr/1([v20]) =
[vho]. If ¢o emits edges to Hy, we consider the 2-S-NE graph Pp, and the restriction fy of f to the
[-monoid of Py,. By the proof of Theorem 4.13, we have that canonical forms E and F' can be
found so that Py, = Pg,. Thus the 21-connecting matrices are equal and they are computed using
the cycles such that fo1 ([oan]) = [vio] and. fo([oso]) = ).

If ¢, is proper and c¢; is not, then f; can be realized by a graph isomorphism ¢y : Py, = Pg, such
that to(veg) = v, by the proof of Theorem 4.13. Thus, we have that f([ve]) = [vh] = [t2(v20)]-
In all other cases when f; is not realized by a graph isomorphism, there are 2-canonical forms Py,
and Fp,, exit moves and cuts ¢p» : Py, — Py, and ¢ : P, — Pg, and a graph isomorphism
Ly : Py, = P, such that f, = ¢;}2¢2¢E,2 by the proof of Theorem 4.13. These exit moves and cuts
do not impact the (n — 2)-quotients.

Let Ey be the graph obtained by the moves and cuts as in ¢z and F, the graph obtained by
the moves and cuts as in ¢po. We still use ¢go and ¢ro for the operations £ — F, and F' — F.
Let g be EF,ZJ‘E;T Since the moves ¢g 2 and ¢py do not impact E/H; and F/Gq, gnn = far- As
FE and F are L-reduced, E> and F, are still canonical forms of £ and F', so we can consider Fy and
F; instead of E and F and g instead of f. Hence, we can assume that f([vg]) = [vh].

So, we have that all assumptions of the General Quotient Proposition hold. This enables us to
deduce that there is a graph isomorphism ¢,/; : E/H; = F /G, such that f,,;; = 7,/1. The existence
of 1,1 also implies that Aj;; = Aj; for every [ > j > 1.

At this point, we start the consideration of the jl-parts for 7 = 3,...,n in that order. First,
j = 3. Let us write f([vso]) in terms of [vh,], [v],] and [vf,] if mg > 0 and [v),], [v],], and [gz] for
finite Z C s7'(v3g) if ms = 0. Just as in the proof of Theorem 4.13, we consider the cases mz > 0
and mg = 0 separately.

If mg > 0, let a3 be the connecting polynomial of the c3-to-¢; part for [ = 1, 2, defined analogously
as before, and let a}, be analogous such polynomial for F. Let f([vso]) = t"™3[vhy] + q + b1 [v],) for
some [ > 0 some b; € ZT[t] and some element ¢ of MIEGQ. Since [vhy] = fr1([vs0]) = ™ [vho] + ¢, ¢

is equal to Zé_:% 37 agz9[vh,]. Let us shorten this last term to by[vhy]. The relation

[vs0] = " [v30] + @s2[va0] + azi[v1o] (6)

holds in M}, and an analogous such relation holds in M}. Since Azy = Aj,, we have that agy = a,.
Using relation (6), we have that

t"3 [w0] + ba[vho] 4 brlvie] = f([vso]) = f(E7* [uso] + asalvag] + asi[vi0]) =
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tFDIms [l o]+ 73 bo[uh] + E73b [U1g] + ase[vh] + asi[v]o).

By using the analogue of relation (6) in ME, we have that #™3[vh,] 4 by [vhy] 4 by [v],] = tEHDm[wl ]+
tms aly [vho] + M3 al, [V1,] + ba[vh] + b1[v)g]. Thus, we have that

¢ms [Uéo] + tlmgaéﬁ [Uéo] + tlmgaél[vllo] + by [Uéo] + b [Uio] =

D™ [l ]+ 173 bo[0hg] + 72b1 [U1o] + asa[vhy] + azi[vl)

and the terms with [v},] cancel out. By using that by[vh,] = Zé‘j} ™3 azo|v,], we can cancel all
terms with [v),] and we arrive to

£ alyy [vho] + by [vl] = 701 [vlg] + a1 [v])] (@)

which generalizes (4) of the n = 2 case. If I', b}, and ¥, are defined analogously as [, b, and by for
f~1, we consider the relation f~1(f([vso])) = [v30] and have that

I+1'—1 I+1'-1
t(H'l Z tim 36L32 UQ() Z tim 3CL31 UlO [U30] f l(f([v30]>> -
FHE™3 o] 4 ba[vho] + b)) = U™ [usg] + by [ao] + £72b) [v10] + ba[vao] + bi[vie] =
I+U'—1
IS [yg0] 4+ Z £ aga[vao] + 117 B) [v10] + b1 [v1]

which implies that (™3] + by)[v1g] = 2?;1071 t7™3a31 [v10). Using f(f 1 ([v5])) = [vho] similarly, we
arrive to the analogues of relations (5) of the n = 2 case:

I4+1'—1 I+'-1
("0, + b)) o] = Y agifvig] and  (£73by + b)[v]o] = Z ™3 aly [v)]. (8)
7=0

Thus, f([vse]) depends only on the c3-to-¢; part. Having the formulas (7) and (8) which are
analogous to (4) and (5), enables us to deduce that f([vsg]) = t™2[vs,] + by[w),] for I and b
having the following form. If L, is the least common multiple of m; and ms, the map ¢s1 g : [v30] —
[v,] 4 by [w)] corresponds to moving moving all 31-exits by a nonnegative integer multiple of L; and
some of the 31-exits Ly times. By the same arguments as in the proof of Theorem 4.13, [ divides
my and if k = ™+, then the operation ¢3’11’ » : [vs0] = ™33] corresponds to the inverse of ¢3;
which is moving all 31-exits KL; times. If Ej, and F3; are graphs resulting from applying ¢s; g to

E and applying ¢ p to F, then the composition g3 = 5317Ff$;117E is such that gs1([vse]) = [v5]-
Thus, the values b; and [ for g3; are zeros. With these values, the formula (7) implies that the
31-connecting polynomials are equal modulo m;. Since the maps ¢3; g and ¢3; » do not change
the 31-connecting polynomials, £/ and F' have equal 31-connecting polynomials. By the canonical
format of the 31-exits, the 31-connecting matrices of £ and F' are equal.

As the 31-exit moves do not impact the (n— 1)-quotients nor the 21-connecting part, the (n—1)-
quotients are isomorphic and the 21-connecting matrices are equal for all four graphs E, F,EY,, and
F3,. We also have that (¢g31)n/1 = fn/1 = Tny1 and that gs([vi]) = [v)] for i =1, 2.

If my = 0, the formulas (7) and (8) and the requirement that the spine of the 31-part is as short
as possible imply that f([vso]) = [vs0]. In this case, we let E = Ei,, F' = F},, and we let ¢3; p and
¢31,r be the identity maps, and g3; be f.
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If mg = 0, Let f([vso]) = [qz10z4] + ba[vge] + b1 [v],] for some finite Z] C s™'(v5,) Nr~(G1), finite
Zh C s7H(vh) Nr1(Gy — G4), and some by, by € ZT[t]. Since f,,/1([vs0]) = [vho], ba[vhy] is az3[Vho], SO

f([vso]) = lazjuzy] + azy[vie] + ba[vig] = [az;] + b1[vye]

holds showing that f([vs]) depends only on the c3-to-¢; part. To follow the notation from the proof
of Theorem 4.13, let Z] = @p and by = by. Considering f~' and letting f~'([vs0]) = [qo,,] + bj[v10],
we can repeat the same arguments used in the n = 2 case. The conditions f~1(f([vsg])) = [vs0] and
£ ([tha))) = [vho] imply that (by, +b)[vfe] = a0y [vho] and that (b, +bo)[ero] = s vio]: This
implies the existence of finite sets W C s7!(v3) and W’ C s71(v},) such that by[vio] = aw[vig] and
bylvi] = awr[vyy] The map ¢g1 g : [vso] = [vs0] +ap,[v],] is moving exits in Op. Let £} be the result
of making these moves in E. Let ¢31 5 : [vh] = [v5] + aw[v]] = [vho] + bp[v],] be the operation
of moving exits in W’ and let Fj; be the resulting graph. If g3 = 5317Ff$;117E, then gs1([vso]) =

031,65/ ([90,]) = 31,7 ([905)r) + Do, [Vi0]) = [900)r] + bo [V10] + b0[Vie] = [900)r] + a@p)r [V10] = [VEo]-

This relation implies that the 31-connecting matrices of £, and Fj, are equal. If my; > 0 or if
ks3p is finite, this implies that £ and F' have the same 31-connecting matrix by the definition of the
canonical forms. If m; = 0 and k3; = w, we may not have that £ and F' have the 31-connecting
matrices equal but that holds for E}; and Fj;. As the 31-exit moves do not impact the (n — 1)-
quotients nor the 21-connecting part, we have that the (n — 1)-quotient and the 21-connecting part
of Ej, is the same as those elements of E' and that the same holds for F3, and F. We also have
that (gs1)n/1 = fu/1 = lny1 and that gg([vie]) = [v)g] for i =1,2,3.

If n =3, we let B3 and F3 be the cut forms of Ef and Fiy, teurr @ B — Esi and teu p -
F3, — F3; be the cut maps, and g = Zcumpggllgult p- The assumptions of the General Cut Lemma
hold for Ej3;, F3; and g and we have that there is an isomorphism ¢ : F3; = F3; such that g = 7.
If we L-reduce the graphs Fs3; = F3; (in most cases this is not needed, only in the m; = ms = 0,
k31 = w it may be needed), then we arrive to isomorphic canonical forms (FEs51)r-req and (F31)L-red
such that f = ¢riop for ¢ = L red, Bleut, EP31,8 ANA Op = U1, red, Flout, FP31,F -

If n > 3, we continue the process by considering EY, instead of £ = E),, F3, instead of F' = F},,
and g3 instead of f. Repeating the argument results in graphs E};, F},, and exit moves ¢4 p :
El, — Ej, ¢ar : Fjy — Fy; such that the (n — 1)-quotient and the 31- and the 21-connecting
parts of Ej, are the same as those elements of £}, and that the same holds for Fj,, F3,, and F. If
ga1 = by Fgg,la;ll, 5, then gq1([v40]) = [v]- This implies that the 41-connecting matrices of Ej; and
Fy, are equal. We also have that (g1)n1 = fo/1 = Tny1 and that ga ([vie]) = [vjy] for i = 1,2, 3, 4.

At the last step of the process, we obtain the graphs E/; and F), and exit moves ¢, 5 :
El, 1y = By and ¢pp ¢ F(, ), — Fosuch that g,1([vjo]) = [v}o] for all j = 1...,n where

g1 = Gp1, Fg(n_l)@;i p and such that E/, and F), have jl-connecting matrices equal for all j < n.
The relation g,1([vno]) = [v,] implies that the nl-connecting matrices of £/, and F), are also equal.

Let E,; and F,,; be the cut forms of E), and F,, let tcu,p and teu,p be the cut maps, and let

Vg = Lcut,E<Z5n1,E . . ¢41,E<Z531,E and Yp = bcut,F¢n1,F e ¢41,F<Z531,F-

We have that E,;, [}, and g = Teys, anlzgulm 5 satisfy the assumptions of the General Cut Lemma,
so there is an isomorphism ¢,; : E,; = F,; such that ¢ = 7/. So, f = 1/1]71L’¢E. Finally, L-
reducing isomorphic graphs their isomorphism does not change, so if i1, vear : En1 — (Eni)L-red
and lL-red,F - Fnl — (Fnl)L—red and ¢ : (En1>L—red = (Fnl)L—red7 then L/ - LI—J_lred7FLLL—red,E' 807 fOI'
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O = L1 red,E¢E and ¢p = (1-rea,rYr, [ can be realized as

[ = ¢EIL¢E-
The isomorphic graphs (Fp1)r-reqa and (Fpi)L-rea are canonical since their quotients are (n — 1)-
canonical, their exits have the prescribed format and they are cut and L-reduced. ([l

Theorem 5.4 implies the following corollary.

Corollary 5.5. The GCC holds for graphs with disjoint cycles, finitely many vertices
and countably many edges. If E and F' are graphs with disjoint cycles, finitely many vertices
and countably many edges the statement of Theorem 5.4 holds.

Proof. If E has disjoint cycles and finitely many vertices, then there can be only finitely many
cycles, sinks and infinite emitters and E is a countable n-S-NE graph for some n. 0

5.8. Graph C*-algebra version of the main result. The Graded Strong Isomorphism
Conjecture. If F is a graph, the graph C*-algebra C*(E) of E is the universal C*-algebra generated
by mutually orthogonal projections {p, | v € E} and partial isometries with mutually orthogonal
ranges {s. | e € E'} satisfying the analogues of the (CK1) and (CK2) axioms and the axiom (CK3)
stating that s.s; < pg() for every e € E' (where < is the order on the set of projections given by
p < qif p = pg = qp). [|, Definition 5.2.5] has more details. By letting s, ., be s, ...s., and
Sy =py forey,...,e, € E' and v € EY| s, is defined for every path p.

The set {p,, se | v € E°, e € E'} is referred to as a Cuntz-Krieger E-family. For such an E-family
and an element z of the unit circle T, one defines a map vZ by vZ(p,) = p, and 7F(s.) = zs. and
then uniquely extends this map to an automorphism of C*(E) (we assume a homomorphism of a
C*-algebra to be bounded and #-invariant). The gauge action v on T is given by v¥(z) = ~F.
Note that vf(sps:;) = z|p|*“1|sps; for z € T and paths p and ¢. The presence of the degree |p| — |q| of
pq* in the previous formula explains the connection of this action and the Z-grading of L¢(F). In
particular, the gauge action induces a Z-grading of C*(E) (see [20, Section 3.1] for more details). If
R is a C*-algebra with an action §: T — Aut(R), we say that a homomorphism ¢ : C*(E) — R is
gauge-invariant if 3,¢ = ¢yF for every z € T. In particular, ¢ : C*(E) — C*(F) is gauge-invariant
if vF¢ = ¢yF for every z € T.

In the case when the field K is the field of complex numbers C considered with the complex-
conjugate involution, the existence of a natural injective map L¢(E) — C*(E) (see [1, Definition
5.2.1 and Theorem 5.2.9]) implies that if there is a *-isomorphism of L¢(FE) and L¢(F') for graphs E
and F, then there is an isomorphism of C*(E) and C*(F'). In particular, if the algebra #-isomorphism
is graded, then it induces a gauge-invariant isomorphism of the graph C*-algebras. This holds
basically because for ¢ : C*(E) — C*(F) induced by a graded algebra map, both v/ '¢(s,s}) and
¢vE (sps;) are equal to P71 ¢(s,s7) for any paths p,q of E.

The natural injection L¢(E) — C*(E) induces a natural monoid isomorphism V(L¢(E)) —
V(C*(E)) (see [I, Theorem 5.3.5]) and, in fact, a natural T-monoid isomorphism V' (L¢(E)) —
VI'(C*(F)). This isomorphism maps the elements [v] and [gz] onto themselves, so we have a natural
isomorphism of both V'(L¢(E)) and V' (C*(E)) and ME. Because of this, the graph C*-algebra
version of the main result holds for graph C*-algebras as the following corollary shows.

Corollary 5.6. The GCC holds for the graph C*-algebras of composition S-NE graphs.
If E and F are countable composition S-NE graphs, the conditions (1) to (3) from Theorem 5./ are
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equivalent to the condition that there is a gauge-invariant isomorphism ¢ : C*(E) — C*(F) such
that ¢ = f where f is a map from condition (1) of Theorem &5.4.

Proof. If condition (1) holds and f is a map as in this condition, then there is a graded x-algebra
isomorphism ¢ : Lc(F) — Le(F) such that ¢ = f by Theorem 5.4. The map ¢ extends to a
gauge-invariant isomorphism C*(E) — C*(F'), which we also call ¢, such that ¢ = f. O

Corollary 5.7. The Graded Strong Isomorphism Conjecture holds for composition S-NE
graphs. If E and F' are countable composition S-NE graphs, the conditions below are equivalent to
conditions (1) to (3) of Theorem 5.4.

(4) The algebras Lk (E) and Lk (F) are graded isomorphic as algebras.
(5) The algebras Li(E) and Lk (F) are graded isomorphic as rings.
(6) The algebras Lk (E) and Lk (F) are graded isomorphic as x-rings.
(7) The algebras C*(E) and C*(F') are graded isomorphic.

Proof. Since the implications (3) = (4) = (5), (3) = (6) = (5), and (5) = (1) are direct and (1)
= (3) holds by Theorem 5.4, we have that (1) to (6) are equivalent. The equivalence of (1) and (7)
follows by Corollary 5.6.

O

5.9. Diagonal preservation and relation to Williams’ Conjecture. The diagonal of a Leavitt
path algebra of E is the K-linear span of the elements of the form pp* where p is a path of E. We use
Dg to denote this algebra. The diagonal-preserving maps of Leavitt path and graph C*-algebras
are particularly relevant due to the results from [5] and [7]. Because of this, we show that conditions
(1) to (7) are equivalent with conditions obtained by adding the requirement that the isomorphisms
in conditions (3) to (7) are diagonal preserving. Using the terminology of [11], this shows that
111=110 for the class of graphs we consider.

We start with a short lemma.

Lemma 5.8. If E and F are any graphs and ¢ : Lx(F) — Lg(F) is a graded x-homomorphism
such that ¢(v), d(ee*) € Dy and ¢(e)qq*d(e*) C Dp for every v € E°, e € E, and a path q of F,

Proof. 1f p is a path of E of length zero or one, the assumed properties imply that ¢(pp*) is in Dp.
If p = er where ¢ € E' and r is a path of E, we can assume that ¢(rr*) € D by induction and
have that ¢(pp*) = ¢(e)p(rr*)p(e*) is in Dp by induction and the assumed properties. O

By the lemma above, the operations on graphs considered in this work preserve the diagonal.

Lemma 5.9. The graph operations realizing the relation =~ on the class of composition S-NE graphs
induce graded x-isomorphisms which preserve the diagonal.

Proof. It £ and F' are composition S-NE graphs such that E =~ F, then one can be transformed to
the other by using three types of operations and their inverses.

(1) The operations making the exits direct and the tails and quotients canonical are of the same
nature — they map the vertices on the generators of the diagonal algebra (elements of the
form pp* for paths p) and edges to the elements of the form pg* for paths p and q. We refer
to such an operation as an 1-S-NE move.
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(2) Converting the graphs to their total out-split forms and considering blow-ups boils down
to a series of out-splits and path rearranging. If the path rearranging involves only finitely
many vertices it is equivalent to in-split plus moves. In particular, an exit move is a blow-up
composed with path rearranging.

(3) If the graphs have infinitely many vertices, the tail-cuttings of section 4.7 may be applicable.

Because of this, in order to prove the lemma, it is sufficient to show that a path rearranging, an
out-split, a tail cut, and the inverses of such operations induce diagonal-preserving isomorphisms.

Let us first consider a path rearranging ¢ : £ — F The graded *-isomorphism extension ¢ :
Ly (E) — Lg(F) is such that for any v € E° and e € E', ¢(v) = pp* € Dy for some path p of F' and
¢(e) = pq* for some paths p and ¢ of F so that ¢(ee*) = pg*qp* = pp* € Dp. It is direct to check that
ole)rr*o(e)* = pg*rr*qp* is also a diagonal element: the products ¢*r and r*q are nonzero when
either ¢ = rs or r = ¢s for some path s. In the first case, pg*rr*qp* = ps*r*rr*rsp* = ps*sp* = pp*
and, in the second case, pg*rr*qp* = pq*qss*q¢*qp* = pss*p*. So, in both cases, ¢(e)rr*o(e)* is a
diagonal element. The inverse of ¢ also maps edges to the elements of the form pg* for some paths
p and ¢, so the argument that ¢! preserves the diagonal is the same.

The proofs of [14, Theorems 2.1.2 and 2.2.3| contain arguments that an out-split and an in-split
plus moves preserve the diagonal. This can be checked also using Lemma 5.8. For an out-split, for
example, if F is a graph, v a vertex which emits edges, and &i,...¢&, is a partition P of s7*(v),
then let fi,..., f, be the new edges which replace f € E' such that r(f) = v. Let ¢ be the graded
*-isomorphism of the algebras of E and E, p given by ¢(v) = >." v, ¢p(w) = w for w € E* — {v},
o(f)=>"1, fiifr(f) =vand ¢(f) = f if r(f) # v. This isomorphism preserves the diagonal since
O(ff*) = > i, fiff where we use that the edges f; have different ranges for different i values. If
q is any path of E, p, then the product >""" | figg* > | f is zero in the case that s(q) is different
than r(f;) for any i or the product is f;qq* f; for i such that s(q) = r(f;). In either case, this product
is in Dp. The argument for checking that the properties of the lemma hold for the inverse of ¢ is
similar.

It remains to show that the tail cutting and its inverse preserve the diagonal. To do that,
let tewt @ E — Equ be the tail cutting map from the proof of Proposition 4.8. By the proof of
Proposition 4.8, the images of all vertices and edges except the edges g;;,, and their sources are
mapped to elements of the form pg* for some paths p and ¢. So, the argument that the assumptions
of Lemma 5.8 hold for i,y and such vertices and edges is the same as when 1-S-NE moves were
considered. Hence, it remains to check that teu(gji1m g}, ,v) and tew(gsin)qq" tent (9], ,/) are in the
diagonal for any path g of E.y.

We use the notation from the proof of Proposition 4.8 and we recall that

Leut (gj,l,n’) =gjin — E 9j,in' € + E 9j12n'+16€;.
ieC

ieC 1€

. / . ’
LS A<y

Using this definition and the fact that the idempotents e; are mutually orthogonal, one can foil
the terms of the product teu () 1n)teut(951,n7)* and note that all the non-diagonal elements cancel
out. When considering the product Lcut(gﬂ,n/)qq*acm(g;l’n,) for a path ¢, this product is nonzero

if and only if ¢; is a prefix of ¢ or ¢ is a prefix of ¢; for some i € Cqul’y If ¢ = g;s, then
Wy = 2

eiqq" = €qiss"q; = ¢iss*q; = qq". Thus, tew(9j1n)99" = 951w 99" — 9juw 99" + Giionw+199° =
gji2n+199" and Lcut(gj,l,n’)qq*bcut(g;:l,n’) = gj,l,2n’+1qq*g;,l,2n’+1 is a diagonal element. If ¢; = gs, then
€;qq" = qss*q*qq* = qss*q* = e;. This implies that gq*e; = e; and these relations ensure that all
non-diagonal terms of the product Lcut(ng,n/)qq*bcut(g;f,lm,) cancel out.
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Turning to L;ult, we recall that Lgult(gj’lgnurl@i) = gj.1n €, S0 that the element Lc’ult(g(j’m/)) has the

same format as teut(g(jin)): it is a sum of gj 10 — > . gjiwe; and an element of the form
j !

’

LSy
Yoico . x;q; where x; are some paths. Because of this form, checking that ¢, satisfies the
SL<I% )
assumption of Lemma 5.8 is completely analogous to checking the same for tcys. ]

Proposition 5.10. Let (8), (9) and (10) be the conditions below and let (8*) and (9*) be the
conditions obtained by requiring that the isomorphisms in (8) and (9) are x-isomorphisms. If E
and F are composition S-NE graphs, the conditions (1) to (7) are equivalent to any of (8) to (10),
(8%) and (9%).

(8) There is a diagonal-preserving graded algebra isomorphism Lx(E) — L (F).

(9) There is a diagonal-preserving graded ring isomorphism Lk (E) — Lk (F).
(10) There is a diagonal-preserving graded (equivalently, equivariant) isomorphism C*(E) — C*(F).
Proof. The “equivariant” is equivalent with “graded” in condition (10) since the only group action
we consider on the graph C*-algebras is the gauge action, so “equivariant” and “gauge-invariant”
are synonymous. The grading of a graph C*-algebra is such that “gauge-invariant” and “graded”
are equivalent terms. The implications (8*%) = (8) = (9) = (5), (8%) = (9*%) = (6), and (8*) =
(10) = (7) are direct. Since we have that (1) to (7) are equivalent, it is sufficient to show that (2)
= (8%*). This implication holds by Lemma 5.9. O

We note that the equivalent conditions (1) to (10) are also equivalent to the groupoids of the
graphs being isomorphic by [22, Theorem 6.1].

We conclude the paper by discussing the relation of the GCC with Williams’ Problem. Williams’
Problem, formulated for graphs instead of matrices, is asking whether the shift equivalence of the
incidence matrices of two graphs implies the strong shift equivalence of those two matrices. This
problem, formulated in 1973, is known to have a negative answer since 1997. Since then, a significant
volume of work has been devoted to study the difference between shift equivalence and strong shift
equivalence over nonnegative integers. Recently, consideration of various classes of finite graphs
with disjoint cycles and their graph algebras resulted in affirmative answers to Williams’ problem
for some classes of graphs considered in [9], [I1], and [14].

The term “Williams” Conjecture” has been used to refer to the statement that Williams’ Problem
has an affirmative answer. Although it is not clear whether Williams’ Conjecture implies GCC or
vice versa, the two conjectures are related via Krieger’s dimension group of a graph E which is
isomorphic to G% considered as an object of POG (see [16] or [14]). By [16, Corollary 9], the
incidence matrices of two finite graphs with no sinks are shift equivalent if and only if the I'-groups
of the two graphs are POG-isomorphic. If such an isomorphism were a POG"-isomorphism and if
these two graphs were S-NE graphs, then we would have that the conditions (1) to (10) hold. If the
graphs have no sources then, by [3, Theorem 7.3], the two incidence matrices would be strongly shift
equivalent. So, for the implication GCC = Williams’ Conjecture for finite S-NE graphs without
sources or sinks, the “missing step” is going from POG to POG" isomorphism.

For the converse implication (Williams’ Conjecture = GCC) for finite S-NE graphs with no sinks
and sources, the “missing step” is going from a stable isomorphism to an isomorphism. Indeed,
assuming that the I'-groups of two finite graphs are POG"-isomorphic, then the incidence matrices
are shift equivalent and, by Williams” Conjecture, strongly shift equivalent. If these graphs have
no sinks and sources, then their graph C*-algebras are equivariantly stably isomorphic in a way
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that respects the diagonals by [3, Theorem 7.3]. If one could obtain one such isomorphism without
“stable” and if the graphs were S-NE graphs, then we would have that the Leavitt path algebras
of such graphs are graded *-isomorphic.
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