K-THEORY CLASSIFICATION OF GRADED ULTRAMATRICIAL ALGEBRAS
WITH INVOLUTION

ROOZBEH HAZRAT AND LIA VAS

ABSTRACT. We consider a generalization K§' (R) of the standard Grothendieck group Ko(R) of a graded ring
R with involution. If T is an abelian group, we show that K§" completely classifies graded ultramatricial
x-algebras over a I'-graded x-field A such that (1) each nontrivial graded component of A has a unitary
element in which case we say that A has enough unitaries, and (2) the zero-component Ao is 2-proper (for
any a,b € Ag, aa™ + bb* = 0 implies a = b = 0) and *-pythagorean (for any a,b € Ag, aa® + bb* = cc* for
some ¢ € Ag). If the involutive structure is not considered, our result implies that K§" completely classifies
graded ultramatricial algebras over any graded field A. If the grading is trivial and the involutive structure
is not considered, we obtain some well-known results as corollaries.

If R and S are graded matricial *-algebras over a I'-graded *-field A with enough unitaries and f :
K§'(R) — K§'(S) is a contractive Z[I']-module homomorphism, we present a specific formula for a graded
x-homomorphism ¢ : R — S with K§'(¢) = f. If the grading is trivial and the involutive structure is not
considered, our constructive proof implies the known results with existential proofs. If Ao is 2-proper and *-
pythagorean, we also show that two graded *-homomorphisms ¢, : R — S, are such that K§"(¢) = K§" (v)
if and only if there is a unitary element u of degree zero in S such that ¢(r) = up(r)u* for any r € R.

As an application of our results, we show that the graded version of the Isomorphism Conjecture holds for
a class of Leavitt path algebras: if £ and F' are countable, row-finite, no-exit graphs in which every infinite
path ends in a sink or a cycle and K is a 2-proper and *-pythagorean field, then the Leavitt path algebras
Lk (F) and Lg(F) are isomorphic as graded rings if any only if they are isomorphic as graded *-algebras.
We also present examples which illustrate that K§" produces a finer invariant than Kp.

0. INTRODUCTION

Let A be a field and let € be a class of unital A-algebras. One says that the Kyp-group is a complete
invariant for algebras in € and that Ky completely classifies algebras in C if any algebras R and S from
C are isomorphic as algebras if and only if there is a group isomorphism Ky(R) = Ky(S) which respects
the natural pre-order structure of the Kg-groups and their order-units. If € is a class of A-algebras which
are not necessarily unital, one can define the Ky-groups using unitization of the algebras. The role of
an order-unit is taken by the generating interval. A map which respects the pre-order structure and the
generating interval is referred to as contractive. In this case, Ky completely classifies algebras in C if any
algebras R and S from € are isomorphic as algebras if and only if there is a contractive group isomorphism
Ko(R) = Ko(S5). If so, then any algebras R and S from € are isomorphic as algebras if and only if R and
S are isomorphic as rings.

Assume that the field A and the algebras in the class € are equipped with an involution so that the
algebras from C are x-algebras over A. In this case, the sx-homomorphisms take over the role of homo-
morphisms and there is a natural action of Zy := Z/27Z on the Ky-groups given by [P] — [Hompg(P, R)]
for any R € C. We say that Ky completely classifies the x-algebras in C if any R, S € € are *-isomorphic
as x-algebras if and only if there is a contractive Z[Zs]-module isomorphism Ky(R) = Ko(S). If so, any
x-algebras R and S from C are isomorphic as *-algebras if and only if R and S are isomorphic as *-rings.
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In particular, if the action of Zo on Ky-groups is trivial and K completely classifies x-algebras in €, then
any *-algebras from € are isomorphic as rings precisely when they are isomorphic as any of the following;:
*-rings, algebras, and *-algebras.

In the seminal paper [12], George Elliott introduced the Kjy-group precisely as an invariant which
completely classifies approximately finite-dimensional C*-algebras (AF-algebras) as %-algebras. Elliott’s
work ignited an interest in classifying a wider class of C*-algebras using related K-theory invariants and
this agenda became known as the Elliott’s Classification Program. The Ky-group has been generalized for
non-unital algebras in [15] where it was shown that Ky completely classifies ultramatricial algebras (i.e.,
countable direct limits of matricial algebras) over any field ([15, Theorem 12.5]).

Recall that an involution % on A is said to be n-proper if, for all z1,...,z, € A, Y 1 | z;xf = 0 implies
x; =0 for each i = 1,...,n and that it is positive definite if it is n-proper for every n. By [8, Theorem 3.4],
Ky is a complete invariant for ultramatricial x-algebras over an algebraically closed field with the identity
involution which is positive definite. In [4], Ara considered another relevant property of the involution: a
x-ring A is said to be x-pythagorean if for every x,y in A there is z such that xz* + yy* = zz*. It is direct
to check that a x-pythagorean ring is 2-proper if and only if it is positive definite. By [4, Proposition 3.3,
if A is a 2-proper, *-pythagorean field, then Ky completely classifies the ultramatricial x-algebras over A.

In [17], the Ky-group is generalized for graded algebras. It has been shown that the graded Ky-group
preserves information about algebras which is otherwise lost in the non-graded case (see [17, Introduction])
and the examples in [17] illustrate that the new invariant K§' is better behaved than the usual, non-graded
Ky-group. In [17], the involutive structure of the algebras was not taken into account.

There seem to be two trends: to consider the involutive structure of algebras (e.g. [1] and [8]) and
to consider the graded structure of algebras (e.g. [17]). However, no attempt has been made to combine
these two structures. Our work fills this gap by studying graded rings with involution such that the graded
and the involutive structures agree. Both the graded and the involutive structures are relevant in many
examples including ultramatricial algebras, group rings, corner skew Laurent polynomial rings and Leavitt
path algebras.

If A is an involutive ring graded by an abelian group I', the involutive and the graded structures agree
if AY = A_,, for any v € I'. In this case, we say that A is a graded ring. The graded Grothendieck group
K§'(A) of a graded *-ring A has both a natural Zs-action as well as a natural I'-action and we study these
actions in section 1. In particular, Zs acts trivially on the K§ -groups of graded ultramatricial x-algebras
over a graded x-field.

We say that K§' completely classifies x-algebras in a class C of graded x-algebras if any graded -algebras
R and S from € are isomorphic as x-algebras if and only if there is a contractive Z[I']-Z[Zs]-bimodule
isomorphism K§'(R) = K§'(S).

The main results of sections 2, 3, and 4 are contained in Theorems 2.7, 3.4 and 4.5 which we summarize
as follows.

Theorem 0.1. Let I' be an abelian group and let A be a I'-graded *-field.

If A has enough unitaries (every nontrivial graded component of A has a unitary element), R and S are
graded matricial *-algebras over A and f : K§ (R) — K§'(S) is a contractive Z[T'|-module homomorphism,
then there is a graded A-algebra x-homomorphism ¢ : R — S such that K§ (¢) = f. Furthermore, if
f([R]) = [5], then ¢ is a unital homomorphism.

If the zero-component Ag of A is 2-proper and x-pythagorean and R and S are graded matricial x-algebras
over A, then every two graded A-algebra x-homomorphisms ¢, : R — S are such that K§ (¢) = K§' (v)
if and only if there exist a unitary element of degree zero u € S such that ¢(r) = wip(r)u*, for all r € R.

If A has enough unitaries and Ag is 2-proper and x-pythagorean, then K& completely classifies the class
of graded ultramatricial x-algebras over A. In particular, if R and S are graded ultramatricial x-algebras
and f : K§'(R) — K§'(S) is a contractive Z[I']-module isomorphism, then there is a graded A-algebra
x-isomorphism ¢ : R — S such that K§ (¢) = f.
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As a corollary, if A is a graded *-field which satisfies the assumptions of the last part of Theorem 0.1,
then any graded ultramatricial x-algebras over A are isomorphic as graded rings precisely when they are
isomorphic as any of the following: graded x-rings, graded algebras, or graded *-algebras.

Theorem 0.1 may seem to be a specialization of the well-known classification results on ultramatricial
algebras over a field because it may seem that we are adding structure to the field. However, our result
is actually a generalization: if the grade group is trivial, we obtain [, Proposition 3.3]. If we ignore the
involutive structure, we obtain [17, Theorem 2.13] and [19, Theorem 5.2.4]. When the grade group is trivial
and the involutive structure disregarded, we obtain [, Theorem 15.26]. For the field of complex numbers
and the complex conjugate involution with a trivial grade group, we obtain the classification theorem for
AF C*-algebras, [12, Theorem 4.3] as a corollary of Theorem 0.1.

Our proof of the first claim of Theorem 0.1 is constructive. We emphasize that, besides being more
general, our proof is constructive while the proofs of the non-graded, non-involutive version from [14] and
the non-involutive version from [17] (and [19]) are existential.

In section 5, we apply our results to a class of Leavitt path algebras. Leavitt path algebras are the
algebraic counterpart of graph C*-algebras. The increasing popularity of graph C*-algebras in the last two
decades is likely due to the relative simplicity of their construction (especially compared to some other
classes of C*-algebras) and by the wide diversity of C*-algebras which can be realized as graph C*-algebras.
Leavitt path algebras are even simpler objects than graph C*-algebras and the class of algebras which can
be represented as Leavitt path algebras also contains very diverse examples.

Constructed from an underlying field and a directed graph E to which so-called ghost edges have been
added to the “real” omes, Leavitt path algebras were introduced by two groups of authors in [!] and in
[5]. While both groups emphasized the close relation of a Leavitt path algebra Lc(E) over the complex
numbers C and its C*-algebra completion, the graph C*-algebra C*(FE), the second group of authors was
particularly interested in the Ky-groups of algebras L¢(F) and C*(E) and showed that these two algebras
have isomorphic Ky-groups when F is a row-finite graph ([5, Theorem 7.1]).

Any Leavitt path algebra is naturally equipped with an involution. Considering Leavitt path algebras
over C equipped with the complex conjugate involution, the authors of [3] conjecture that any such al-
gebras are isomorphic as algebras precisely when they are isomorphic as *-algebras, which is known as
the Isomorphism Conjecture (IC), and that any such algebras are isomorphic as rings precisely when they
are isomorphic as *-algebras, which is known as the Strong Isomorphism Conjecture (SIC). Results [3,
Propositions 7.4 and 8.5] show that (SIC) holds for Leavitt path algebras of countable acyclic graphs as
well as row-finite cofinal graphs with at least one cycle and such that every cycle has an exit.

When the underlying field is assumed to be any involutive field instead of C, (IC) becomes the Gener-
alized Isomorphism Conjecture (GIC) and (SIC) becomes the Generalized Strong Isomorphism Conjecture
(GSIC). By [7, Theorem 6.3], (GSIC) holds for the Leavitt path algebras of finite graphs in which no cycle
has an exit (no-exit graphs).

These isomorphism conjectures are closely related to the consideration of the Ky-group. It is known that
the Ky-group alone is not sufficient for classification of Leavitt path algebras (see [23], examples of [17] or
our Examples 5.2 and 5.3). While [13] and [23] present the classification of classes of Leavitt path algebras
using higher K-groups, the first author of this paper took a different route to overcome the insufficiency
of the Ky-group alone and attempted a classification of Leavitt path algebras by taking their grading and
the graded Ky-group into account.

A Leavitt path algebra is naturally equipped with a Z-grading originating from the lengths of paths
in the graph. Using this grading, one can replace the Ky-group with its graded version and attempt the
classification of Leavitt path algebras by this new invariant. As demonstrated in [18] and [17], the graded
Ky-group carries more information about the Leavitt path algebra than the non-graded group and [17,
Theorem 4.8 and Corollary 4.9] show that K§" completely classifies the class of Leavitt path algebras of a
class of finite graphs which are referred to as the polycephaly graphs.
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However, to relate the graded K(%r—group with the isomorphism conjectures, one has to take into account
the involution too. As the results of [0] illustrate, the involutive structure of the underlying field K directly
impacts the involutive structure of the algebra Lx (F). Consequently, it is important to consider both the
graded and the involutive structure as we do in our approach. In particular, using Theorem 0.1, we show
that the graded version of (GSIC) holds for a class of Leavitt path algebras. We summarize the main
results of section 5, Theorem 5.5 and Corollary 5.7, as follows.

Theorem 0.2. Let E and F be countable, row-finite, no-exit graphs in which each infinite path ends in a
sink or a cycle and let K be a 2-proper, x-pythagorean field.

The Leavitt path algebras Li(E) and Lk (F) are graded x-isomorphic if and only if there is a con-
tractive Z[x, x~1]-module isomorphism K§ (Lk(E)) = K§' (Lk(F)). Consequently, Li (E) and Lk (F) are
isomorphic as graded x-algebras if and only if they are isomorphic as graded rings.

By extending the class of Leavitt path algebras for which K(%r provides a complete classification, this

result widens the class of algebras for which the Classification Conjectures from [17] hold. With the
involutive structure of Leavitt path algebras taken into account, [17, Conjecture 1] can be reformulated as
follows.

Conjecture 0.3. If K is a 2-proper, x-pythagorean field, then K§' completely classifies Leavitt path algebras
over K as graded x-algebras.

Theorem 0.2 implies that this conjecture holds for Leavitt path algebras of countable, row-finite, no-exit
graphs in which each infinite path ends in a sink or a cycle.

1. GRADED RINGS WITH INVOLUTION

We start this section by recalling some concepts of the involutive and the graded ring theory. Then, we
introduce the graded #-rings and study the action of Zs on their graded Grothendieck groups.

In sections 1-3, all the rings are assumed to be unital while in sections 4 and 5 we emphasize when that
may not be the case.

1.1. Rings with involution. Let A be a ring with an involution denoted by a — a*, ie., *: A — A is
an anti-automorphism of order two. In this case the ring A is also called a *-ring. The involution * is a
ring isomorphism between A and the opposite ring of A. Thus, every right A-module M also has a left
A-module structure given by

am :=ma”.
As a consequence, the categories of the left and right A-modules are equivalent.

In particular, if A is an involutive ring and M a right A-module, the left A-module Hom 4 (M, A) is also
a right A-module by (fa)(x) = a*f(z) for any f € Homy (M, A), a € A and x € M. This action induces the
action [P] — [Hom4 (P, A)] of the group Zs on the monoid of the isomorphism classes of finitely generated
projective modules and, ultimately, the Zs-action on Ky(A).

The matrix ring M, (A4) also becomes an involutive ring with (a;;)* = (a};) and we refer to this involution

as the x-transpose. If p is an idempotent matrix in M, (A), then the modules p*A™ and Hom4(pA”™, A)
are isomorphic as right A-modules. Thus, the Zs-action on Ky(A) represented via the conjugate classes
of idempotent matrices is given by [p] — [p*]. The natural isomorphism of Ky(A) and Ko(M,(A)) is a
Zo-module isomorphism.

If A is a x-field, any idempotent of M,,(A) is conjugate with the diagonal matrix with 0 or 1 on each
diagonal entry and the action of Zs on Ky(A) is trivial. The involution of A x A where A is a field, given by
(a,b)* = (b,a), induces a nontrivial action on Ky(A x A) 2 Z x Z given by (m,n) — (n,m) for m,n € Z.

If a *-ring A is also a K-algebra for some commutative, involutive ring K, then A is a x-algebra if
(kz)* = k*z* for k € K and = € A.
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1.2. Graded rings. If T' is an abelian group, a ring A is called a I'-graded ring if A = @ver A, such
that each A, is an additive subgroup of A and A,As C A, s for all 7,0 € I'. The group A, is called the
y-component of A. When it is clear from the context that a ring A is graded by a group I', we simply say
that A is a graded ring.

For example, if A is any ring, the group ring A[l'] is I-graded with the y-component consisting of the
elements of the form a~y for a € A.

The subset U'yEF A, of a graded ring A is called the set of homogeneous elements of A. The nonzero
elements of A, are called homogeneous of degree v and we write deg(a) = ~ for a € A,\{0}. The set
I'y={yeI| A, #0} is called the support of A. We say that a I'-graded ring A is trivially graded if the
support of A is the trivial group {0}, i.e., Ag = A and A, =0 for v € I'\{0}. Note that every ring can be
trivially graded by any abelian group.

If Ais a I-graded ring, we define the inversely graded ring AV to be the I-graded ring with the
y-component

ATV =4_,

We note that the inversely graded ring is the (—1)-th Veronese subring of A as defined in [19, Example
1.1.19] if T is the group of integers.

A graded ring A is a graded division ring if every nonzero homogeneous element has a multiplicative
inverse. If a graded division ring A is also commutative then A is a graded field. Note that if A is a
I'-graded division ring, then I'4 is a subgroup of I'.

A ring homomorphism f of I'-graded rings A and B is a I'-graded ring homomorphism, or simply a
graded homomorphism, if f(Ay) C B, for all v € I'. If such map f is also an isomorphism, we say that it
is a graded isomorphism and write A =, B.

A graded right A-module is a right A-module M with a direct sum decomposition M = @yer M., where
M, is an additive subgroup of M such that M,A; C M, s for all 4,0 € I'. In this case, for § € I, the
0-shifted graded right A-module M () is defined by

M) = @M(é)w, where M (6)y = Ms..
~yel'

A right A-module homomorphism f of graded right A-modules M and N is a graded homomorphism if
f(M,) € N, for any v € I'. If such map f is also an isomorphism, we say that it is a graded isomorphism
and write M =, N. A graded ring A is a graded algebra over a graded field K, if A is an algebra over K
and the unit map K — A is a graded homomorphism.

A right A-module homomorphism f of graded right A-modules M and N is a graded homomorphism
of degree § if f(M,) € Nyys for all v € I'. When M is finitely generated, every element of the abelian
group Hom4 (M, N) can be represented as a sum of the graded homomorphisms of degree § for § € T'.
Thus, Homy (M, N) is I-graded and we write Hom 4 (M, N); for the §-component of this group (see [19,
Theorem 1.2.6]). If Gr-A denotes the category of graded right A-modules and graded homomorphisms, then
Homg,.4(M, N) corresponds exactly to the zero-component Hom4 (M, N)o. Moreover, Hom4 (M, N), =
Homg, a(M(—7v), N) as sets (see [19, (1.15)]).

Graded left modules, graded bimodules, and graded homomorphisms of left modules and bimodules
are defined analogously. If M is a finitely generated graded right A-module, then the abelian group
Hom 4 (M, A) has a structure of graded left A-module. Thus, the dual M* = Hom (M, A) of M is a graded
left A-module with

M*(y) = Homa(M, A)(7) = Homa(M(—7), A) = M(=~)" (1)
by [19, Theorem 1.2.6 and (1.19)].

1.3. Graded rings with involution.
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Definition 1.1. Let A be a I'-graded ring with involution * and let A% denote the set {a*|a € A,}. We
say that A is a graded *-ring if

Aca,
for every v € T

Note that if AY C A_, for every v € I" then
Al =A_,
for every v € I'. Indeed, if a € A, then a* € A*, C A, and so a = (a*)* € A7.

A graded ring homomorphism f of graded rings A and B is a graded x-homomorphism if f(z*) = f(x)*
for every x € A.

For example, if A is a x-ring, the group ring A[l'] is a I'-graded *-ring with the grading given by
A[l'l, = {ay|a € A} and the involution given by (av)* = a*(—7) for a € A and v € I'. Leavitt path
algebras (see section 5.1) are also graded x-rings. Example 2.8 exhibits more graded #-rings and some
graded *-homomorphisms.

If M is a graded right module over a I'-graded #-ring A, the inversely graded module MY is the T-
graded left A-module with Mv(_l) = M_, and the left A-action given by am := ma™* for a € A and m € M.

If N is a graded left A-module, we define the inversely graded module N (-1 analogously. If M is a graded

right module and ~,d € T, then (M(_l)('y))(S = (M(_l))(”v =M_s_=M(—)-s5 = (M(—'y)(_l))é. Thus

M) = M(=9)D e
for any v € I

Lemma 1.2. Let M be a finitely generated graded right A-module. Then the graded right A-modules below
are graded isomorphic.
Hom 4 (M, A)(—Y = Hom 4 (MY, A)

Proof. Consider the map Hom (M, A)=D — Homa (MY A) given by f +— f* where f*(m) = (f(m))*.
It is direct to check that this is a well-defined map and that it is a right A-module isomorphism. It is a

graded map too since for f € Homy (M, A)g_l), we have f € Homy(M, A)_, for any v € I'. This means

that f(Ms) C As—, for any 0 € T'. Thus,
FAMITY) = F1(M_g) = F(M_s)* € (A_s—)" C Asps.
This shows that f* is in Homa (M1, A),. O

By this lemma, we have that
(M) 2 (D) 3)
for any finitely generated right A-module M. Moreover, the action *(=1) commutes with the shifts by (2)
and (1) so that
M D () = M (7)Y (4)
for any finitely generated right A-module M and any v € T.

1.4. Graded matrix *-rings and graded matricial *-algebras. For a I'-graded ring A and (y1,...,7,)
in I'", let M,,(A)(71,...,7) denote the I'-graded ring M,,(A) with the d-component consisting of the
matrices (a;;), i,j = 1,...,n, such that a;; € Asy,, (more details in [19, Section 1.3]). We denote this
fact by writing

Asiyi—mn Astro—y 0 Asty—m
Astrvi—vs Astrp—p  Astyn—e

M (A) (7153 m)s = (5)

A5+'71_'Yn Aé-i—vz—% Aé—l—%—%
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If Ais a graded *-ring, then the x-transpose (a;;)* = (aj;), for (a;;) € Mn(A)(y1,...,7n), makes
M, (A)(y1,-..,7n) into a graded *-ring.

The following proposition is the involutive version of [19, Theorem 1.3.3] and we shall extensively use
it. We also prove its generalization to matrices of possibly infinite size in Proposition 4.12.

Proposition 1.3. Let A be a I'-graded *-ring and let v; e I', i =1,...,n.

(1) If 6 is in T, and 7 is a permutation of {1,2,...,n}, then the matriz rings
M, (A) (15 -5 70)  and Mu(A) (Ve + 6, Ya(n) +90)

are graded x-isomorphic.
(2) If 01,...,0n € I' are such that there is an element a; € As, with the property that a;af = aa; =1 for
1=1,...,n, then the matrix rings
M, (A) (71, ..y n) and My, (A)(y1 4 01,y Yn + On)
are graded x-isomorphic.

Proof. To prove the first part, we note that adding J to each of the shifts does not change the matrix ring
by formula (5). Consider the n x n permutation matrix Py, with 1 at the (¢, 7(¢))-th place fori =1,...,n
and zeros elsewhere and the map

¢ M (A) (71,5 ) = M (A)(Vr(1)s -+ 5 Vr(n))  given by @1 M P.MP L.
Since P! = P*, ¢ is a x-isomorphism of rings.
Note that Pre;j Pt = ex—1()r—1(;j) for any standard matrix unit e;j, 4,7 = 1,...,n, of M, (A) (71, ..., 1)
In addition, we have that deg(e;-13)x-1(j)) = Va(x—1(:)) = Vr(x—1(j)) = Vi — Vi = deg(e;;). This shows that
¢ is also a graded isomorphism.

To prove the second part, let a; € As, such that a;a] = aja; = 1 and consider the diagonal matrix P with
ai,...,a, on the diagonal. One can check that the map M +— P~ MP gives a *-graded isomorphism. [

Remark 1.4. As we mentioned, Proposition 1.3 is the involutive version of [19, Theorem 1.3.3]. The first
parts of both Proposition 1.3 and [19, Theorem 1.3.3] have analogous formulations and proofs.

The assumptions of the second part of [19, Theorem 1.3.3] are adjusted to fit the involutive structure.
In particular, the second part of [19, Theorem 1.3.3] states the following: if d1,...,d, € I' are such that
there is an invertible element a; € A, for ¢ = 1,...,n, then the matrix rings M,,(A)(y1,...,7v,) and
M, (A)(y1 + 61, ..., Yn + On) are graded isomorphic.

Definition 1.5. Let A be a ['-graded *-field. A graded matricial x-algebra over A is a graded A-algebra
of the form

M, (A)(71) & -+ & My, (A) (), for 7, €™, i=1,... .k,
where the involution is the *-transpose in each coordinate.

If T' is the trivial group, and the involutive structure is not considered, this definition reduces to the
definition of a matricial algebra as in [, Section 15]. Note that if R is a graded matricial x-algebra over a
graded field A, then Ry is a matricial Ag-algebra with the involution being the coordinate-wise x-transpose.

1.5. Graded Morita theory. If A is a I'-graded ring, a graded free right A-module is defined as a graded

right module which is a free right A-module with a homogeneous basis (see [19, Section 1.2.4]). Graded
free left modules are defined analogously. If A is a I'-graded ring, then
Ay, m) = Aln) @ -+ @ A7) (6)

for y1,...,7, € I' is a graded free right A-module. Conversely, any finitely generated graded free right
A-module is of this form. If we denote 7 = (v1,...,7,) then A™(%) is a graded right M, (A)(7)-module
and A™(—%) is a graded left M, (A)(¥)-module.

Using Gr-A to denote the category of graded right A-modules again, we recall the following result from

[19]-
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Proposition 1.6. [19, Proposition 2.1.1] Let A be a I'-graded ring and let ¥ = (y1,...,m) € I'™. Then
the functors

¢: Gr-A — Gr-M,,(A)(®), given by M +— M @4 A™(7) and

Y Gr-M,(A4)(7) — Gr-A, given by N — N @, a)i7) A" (=7)

are inverse equivalences of categories and they commute with the shifts.

In particular, from the proof of [19, Proposition 2.1.1], it follows that the following graded A-bimodules
are graded isomorphic for any 7 € I'".

A ggr A" (7) ®Mn(A)(7) An(_i) (7)

A graded projective right A-module is a projective object in the abelian category Gr-A. Equivalently
(see [19, Proposition 1.2.15]), it is a graded module which is graded isomorphic to a direct summand of
a graded free right A-module. If e;;, 7,7 = 1,...,n denote the standard matrix units in M, (A)(¥), then
eii M,,(A)(7) is a finitely generated graded projective right M, (A)(7)-module. It is direct to check that
there is a graded M, (A)(7)-module isomorphism

€is Mn(A)(ﬁ) ggr A(71 - 'Yi) D A(72 - ’Yi) DD A<7n - %)7 (8)

given by 6ii($jl) — (-Tila Ti2y e ,SCm).
We use the following fact in the proof of the next lemma. If M is a graded right and IV a graded left
A-module, then

(M ®aN)(v)=M(y)@aN=M®aN() (9)
for every v € T". This follows from [19, Section 1.2.6]

Lemma 1.7. If A is a I'-graded ring, ¥ € T, e;; is the standard matriz unit in M, (A)(7) for some
1=1,...,n, and ¥ is the equivalence from Proposition 1.6, then

¥ (ei Mn(A)(7)) = A(—)
and
€ii M, (A)(7) e €5 M (A)(7)  if and only if v —~; € Ta
foranyi,j=1,...,n.

Proof. For any ¢ = 1,...,n and a matrix unit e;;, we have the following by the definition of v, (8), (6),
(9), and (7) respectively.

Y (€ Mn(A)(7)) = i Min(A)(7) O, (4)i5) A" (=)
2o (A1 — %) A2 — %) © - @ Al — %)) O, (a)5) A" (—7)
o AM(F) (=) Om, () ) A" (—7T)
>0 (A"(Y) O, (a) ) A™(=7)) (=)
ggr A(_P)/z)

The second part of the lemma follows from the first and [19, Proposition 1.3.17] by which
A(—7;) Zgr A(—7;) if and only if v; —v; € T4

forany i,7 =1,...,n. O



K-THEORY CLASSIFICATION OF GRADED ULTRAMATRICIAL ALGEBRAS WITH INVOLUTION 9

1.6. Graded K-theory. For a I-graded ring A, let Pgr'-A denote the category of finitely generated
graded projective right A-modules. This is an exact category with the usual notion of (split) short exact
sequences. Thus, one can apply Quillen’s construction ([22]) to obtain K-groups K;(Pgrt-A), for i > 0,
which we denote by K#'(A). Note that for v € I, the y-shift functor T, : Gr-A — Gr-A, M +— M(y)
is an isomorphism with the property 7,75 = T,45, 7,6 € I'. Furthermore, T, restricts to Pgr-A. Thus
the group I acts on the category Pgr'-A by (v, P) — P(v). By functoriality of the K-groups this equips
KP'(A) with the structure of a Z[I']-module.

Now, consider A to be a graded *-ring and P a finitely generated graded projective right A-module.
Since P** 2, P as graded right A-modules, (P*)(=1 2, (P=D)* and P*(=Y(y) = P(y)*(=! by (3) and
(4), the group Zs acts on Pgr'-A, by P — P*(=1 and this action commutes with the I-action. This makes
K" a Z[[']-Z|Zs]-bimodule. In this paper, we exclusively work with the graded Grothendieck group K§'.
We review an explicit construction of this group in the following section.

1.7. The graded Grothendieck group of a graded *-ring. Let A be a graded *-ring and let V&'(A)
denote the monoid of graded isomorphism classes [P] of finitely generated graded projective A-modules P
with the direct sum [P] + [Q] = [P @ Q)] as the addition operation. The I'-Zg-action on the elements of the
monoid V&' (A) from the previous section agrees with the addition.

The graded Grothendieck group K§'(A) is defined as the group completion of the monoid V&' (A) which
naturally inherits the Z[I'|-Z[Zs]-bimodule structure from V& (A). In the case when the group T is trivial,
Kgr(A) becomes the usual Ky-group equipped with the Zs-action we considered in section 1.1.

The action of Zg is trivial on the elements of V&"(A) of the form [P] where P is a finitely generated
graded free module as the following lemma shows.

Lemma 1.8. Let A be a I'-graded *-ring and let P be a finitely generated graded free right A-module. Then
P p

Proof. Note that A =, (A(_l))* by the map a — L,+ where L+ is the left multiplication by a*. This right
A-module isomorphism is also a graded homomorphism since if a € A, and b € A5 then Ly«(b) = a*b € A5,

and so Lo+ € Homy (A, A)_y = Homa (A, A)gyil) = (A*)Efl)-

If P is a finitely generated graded free right A-module, so that P =4 A(y1) @ --- & A(7yn), for some
positive integer n and v; € I', i = 1,...,n, then

(-1)
Pl =y, (A('n)* o A(%)*)
(-1)
= (A*(—'h) S ... ® A*(—w)) by (1)
ggr A*(_’Yl)(_l) © ... @ A*(_'Yn)(_l)
= A @ @ Ay, by (2)
o A(m) & ... & Alm) by the previous paragraph
& P.
gr

0

Lemma 1.8 is used in the following result which demonstrates that the Zs-action on K§' (A) is trivial
when A is a graded division *-ring. We also describe the graded Grothendieck group in this case. We use
N to denote the set of nonnegative integers.

Proposition 1.9. Let A be a graded division *-ring.

(1) The action of Zs on K§ (A) is trivial.
(2) The action of Za on K§ (My,(A)(71,...,7)) 4s trivial for any positive integer n and ~; € T, for
1=1,...,n.
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(3) [19, Proposition 3.7.1] There is a monoid isomorphism of V&' (A) and N[I'/T" 4] which induces a canonical
Z[T|-module isomorphism

K§'(A) = Z[L/T 4] given by [A™(y1,-- -, )] = 2oiq v + Ta.

Proof. The first part follows directly from Lemma 1.8 since any graded module over a graded division ring
is graded free.

To prove the second part, let 7 = (y1,...,7,) € I'" and let P be a finitely generated graded projective
right M, (A)(7)-module. If ¢ is the equivalence of categories from Proposition 1.6, then 1(P)*(=1) and
1 (P) are graded isomorphic by the first part. Thus, to show that P and P*(=1 are graded isomorphic, it
is sufficient to show that 1 (P)*(=1) and ¢(P*(=1) are graded isomorphic. Let F = A(—y,) @ - - ® A(—n)
so that ¢(P) = P @, (a)@5) £ and w(P*(*l)) = px-1) @M, (A)(y) F- Since F*(=1 i graded isomorphic to
F by part (1), we have that

Y(P) D = (P @,y )TV 2 (F* @, ay) PV 2
P @y, ay) FHD 2 POY @y, a)) F = 9(PHY).
The third part of the lemma holds since the map
VE'(A) — N[['/T 4] given by [A(m1)" @ ... B A(v) "] = ri(y1 +Ta) + ...+ rn(yn +Ta)

is a well-defined monoid isomorphism. The details can be found in [19, Proposition 3.7.1]. O

1.8. Pre-order on the graded Grothendieck group. The group K§' (A) of a I'-graded ring A is a
pre-ordered Z[I']-module ([19, 3.6]). An element u of K§'(A) is called an order-unit if for any z € K§'(A),
there is a positive integer n and 71,...,7, € I', such that 2 < >""" | y;u. Thus, the element [A] € K§'(A)
is an order-unit. If I' is the trivial group, the definition of an order-unit boils down to the one in [, page
203].

If A and B are graded rings, a Z[['-module homomorphism f : K& (A) — K& (B) is contractive if f is
order-preserving (i.e. > 0 implies f(z) > 0) and 0 < z < [A] implies that 0 < f(z) < [B]. The map f is
unit-preserving if f([A]) = [B]. It is direct to check that f is contractive if and only if f is order-preserving
and f([A]) < [B]. We use the term contractive following the terminology from the C*-algebra theory.

It is direct to check that any graded ring homomorphism induces a contractive map on the K§'-groups.
Moreover, if A and B are I-graded *-rings and ¢ : A — B is a graded *-homomorphism, then K§'(¢) is a
contractive Z[I']-Z[Zs]-bimodule homomorphism.

1.9. The graded Grothendieck group via the idempotent matrices. The graded Grothendieck
group of a I'-graded ring A can be represented by the equivalence classes of idempotent matrices, just as in
the non-graded case. We refer the reader to [19, Section 3.2] for details of the fact that every finitely gener-
ated graded projective right A-module P is graded isomorphic to the module pA™(—7) for some idempotent
p € M,,(A)(F)o and some 7 € I'™. Two such finitely generated graded projective modules P =, pA™(—7)
and Q =, ¢A™(—0), where g is an idempotent in M,,(A)(d)o and § € I'"™, are graded isomorphic if and only
if the idempotents p and g are equivalent in the following sense: there are x € Homg,.4(A™(—7), A™(=6))

and y € Homg, 4 (A™(—9), A"(—7)) such that xy = p and yx = ¢ where the idempotents p and ¢ are consid-
ered as maps in Homg,_a (A" (—7%), A™(—7)) and Homg,.4(A™(—6), A™(—5)) respectively. The equivalence
of homogeneous matrix idempotents can also be defined using the mixed shifts on matrices as in [19, Sec-
tion 1.3.4]. In particular, Homg,.a(A"(—7%), A™(=0)) = Homa(A™(—7), A™(=3))o = Myxn(A)[—6][-7]
and Homg,-a(A"(=7), A™(=7)) = Mpxn(A4)[=7][=7] = Mn(4)(V)o-

Thus, K§'(A) can be defined as the Grothendieck group of the monoid of the equivalence classes [p] of
homogeneous idempotents p with the addition given by

aon[(2 )]
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The two representations of K§' (A) are isomorphic by [p] — [pA"™(—7)] for p € M,,(A4)(7)o. The group I acts
on the equivalence classes of idempotent matrices by d[p] = [dp] where dp is represented by the same matrix
as p € M,,(A) (7)o except that it is considered as an element of M, (A)(F7—0)p for y—0 = (1 =0, ...,y —9).
The matrix rings M, (A) (7)o and M,,(A)(7 — )¢ are the same by definition (see formula (5)).

Consider the standard matrix units e;; € M,,(A)(¥) for i = 1,...,n now. Lemma 1.7 and the definition
of the action of I' on K§' (M,,(A)(¥)) imply that

leii] = (5 = vi)les] (10)
forany 4,7 =1,...,n.
If the graded ring A is also a graded *ring, we show that the Zs-action on K§ (A) can be repre-

sented using the x-transpose. We need a preliminary lemma and some notation before proving this fact in
Proposition 1.11.

If Aisal-graded ring and 5 € T we let e;,7 = 1, ..., n denote the standard basis of A™(—7) represented

1 0 0
0 1 0 .

as the column vectors . , . e . . Note that deg(e;) = ;. Also, let e’ denote the standard
0 0 1

basis of A"(7¥) represented as the row vectors (10 ... 0),(01 ... 0),...,(00 ... 1). Note that deg(e’) =
i
Lemma 1.10. Let A be a I'-graded ring, let ¥ € I', and let p € M,,(A)(F)o be an idempotent. Then
Hom(pA™(—7), A) =g A"(7)p
and the maps
¢ : Homy (pA™(—7), A) — A"(7)p f=> f(pei)e'p and
Y A"(F)p — Homy (pA™(—7), A) Tp = Z?:l xie'p— (pe; = x;), i=1,....n

are mutually inverse graded homomorphisms of graded left A-modules. Analogously, the graded right mod-
ules Hom 4 (A™(7)p, A) and pA™(—7) are graded isomorphic.

Proof. Tt is direct to check that ¢ and v are mutually inverse homomorphisms of left A-modules. We show
that ¢ and v are graded homomorphisms. Since p € Hom 4 (A" (—7%), A"(—7))o, we have that deg(pe;) = v;
for all i = 1,...,n. Similarly, deg(e’p) = —v; for i = 1,...,n. If f € Homa(pA"(—7), A)s, for some 6§ € T,
then deg(f(pe;)) =~ + 6 for all i = 1,...,n. Thus, deg(f(pe;)e'p) =i +6—vi =0 foranyi=1,...,n
and hence deg(¢(f)) = 0. Consequently, ¢ is a graded homomorphism.

To show that ¢ is a graded homomorphism, let z = Y"1 | x;¢* € A™(¥) be such that deg(zp) = § so that
deg(z;) = § + ;. We show that ¢(xp) is a graded homomorphism of degree 4. Indeed, if py = """ | pe;y;
is of degree « for some a € T', then deg(y;) = o — ;. Thus, deg(z;y;) = vi +d + a — v = J + « for any
i=1,...,n, so that ¥(zp)(py) = > I | z;y; has degree § + a. Thus, ¢ is a graded homomorphism. O

Proposition 1.11. If A is a I'-graded *-ring, P a finitely generated graded projective right A-module and
p € M,(A)F)o an idempotent such that pA™(—7) =g P, then the modules p* A™(—7) and (pA™(—7))*(—V
are isomorphic as graded right A-modules. Thus, the Zs-action

[P] = [pA™(—7)] — [P*(=V] = [p*A™(—7)] corresponds to [p] — [p*].

Proof. Note that the module pA™(—7)(~1) is graded isomorphic to A™(F)p* by the map pz — x*p*. Thus
we have that

(pA"(—7))" ) = Homa (pA™(—7), 4) ) =y Hom (pA" (—7)7Y, A) =5 Homa (4" (7)p", 4)
by Lemma 1.2. The module Hom 4 (A" (7)p*, A) is graded isomorphic to p*A™(—7%) by Lemma 1.10. O
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By this proposition, if an idempotent matrix p € M,,(A) (7)o is a projection (i.e. a self-adjoint idempo-
tent), then the action of Zs on [pA™(—7)] is trivial.

2. FULLNESS

Let € denote the category whose objects are graded matricial algebras over a I'-graded x-field A and
whose morphisms are graded x-algebra homomorphisms. Let P denote the category whose objects are of
the form (G, u) where G is a pre-ordered Z[I'|-module and u is an order-unit in G, and whose morphisms
are contractive Z[I']-module homomorphisms (not necessarily unit-preserving). Then K§" : € — P defines
a functor. The goal of this section is to show that this functor is full under the assumption that each
nontrivial graded component of A has a unitary element in which case we say that A has enough unitaries.
This assumption is satisfied in most of the relevant cases as well as when A is trivially graded.

Thus, starting from a contractive homomorphism f : K§ (R, [R]) — K§'(S,[5]), of graded matricial
x-algebras R and S over a graded *-field A with enough unitaries, we present a specific formula for a
graded x-homomorphism ¢ : R — S such that K§'(¢) = f. We also show that if f is unit-preserving, then
¢ is unital. This result, contained in Theorem 2.7 is a graded, involutive generalization of an analogous

non-graded and non-involutive result from [14] and a non-involutive result from [17]. Besides being more
general, we emphasize that our proof of Theorem 2.7 is constructive while the proofs of the non-graded,
non-involutive version from [11] and the non-involutive version from [17] (and [19]) are existential.

After introducing some notation, we briefly summarize the idea of the proof in the non-graded case.
Our reasons for doing so are the following. The proof of Theorem 2.7 involves formulas with cumbersome
subscripts and superscripts. So, first we consider the non-graded case to gradually introduce the notation
and formulas. This approach also highlights the specifics of the graded case. In addition, since the proofs
of the analogous, non-involutive statements are not constructive, we include our constructive proof in the
non-graded case too.

Although rings in this section are assumed to be unital, the homomorphisms between them are not
necessarily unit-preserving.

2.1. Notation. We introduce some notation we extensively use in this section.
If A is any ring, we let 1,, denote the identity matrix in the matrix ring M, (A) and 0,, the zero matrix
in M, (A). If x € M,,(A) and y € M,,,(A) we define their direct sum by

€ Onxm

If Ais a xring and k a positive integer, we define *-algebra homomorphisms ¢} : M, (A) — M,;(A)
for any positive integer n as follows. For x € M, (A), we let ¢} (z) = v ® 1}, € My, (A) where

ajnlk l‘lglk wlnlk xij 0 0
Qj‘gllk 1}221k l‘gnlk 0 5171']' 0
(i) @ 1y == : : . : for ;1 =
xnllk xn21kz e xnnlkz 0 0 N xij
for all 4,5 = 1,...,n. It is direct to check that ¢ is a unital *-algebra homomorphism. Note that ¢7 is

the identity map for any n.

If R is a direct sum of rings R;,7 € I, we let 7m; denote the projection of R onto R; and ¢; denote the
inclusion of R; into R. Thus, every element of R can be represented as a = ), ; timi(a).

2.2. The dimension formulas in the non-graded case. Consider matricial x-algebras

R =@ My (4) and S =i, My (4)
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over a (non-graded) *-field A. Let el,, i =1,...,n, k,l =1,...,p(i), be the elements of R such that m;(e};)
are the standard matrix units of Mi,;)(A) for every i = 1,...,n,and let f,, j =1,...,m, k, 1 =1,...,q(j),
be the elements of S such that 7;(f;) are the standard matrix units of M;y(A) for every j =1,...,m.

Let 1z and 1g be the identity maps on R and S respectively. If f : Ko(R) — Ky(S) is a contractive
homomorphism, let

flen]) = Z aji[ffl]
j=1

so that (aj;) : Z" — Z™ is an m X n matrix which corresponds to the map f under the isomorphisms
Ko(R) =2 Z" and Ky(S) = Z™. The fact that f is order-preserving implies that aj; are nonnegative
integers. The fact that f([1g]) < [1s] implies the dimension formulas. *

Zajip(i) <4q(j) (11)
i=1

for all j = 1,...,m. Moreover, it can be shown that >_." | a;i p(i) = ¢(j) if and only if f([1gr]) = [1s], i.e.
if f is unit-preserving.

We define a *-map ¢ : R — S corresponding to f : Ko(R) = Ko(S) as follows. Let N; denote the sum
Yoy ajip(i) if aj; > 0 for at least one ¢ = 1,...,n and let N; = 0 otherwise. Then let

m n
P(z) = ZLJ' @ mi(x) @ lay; | @ Og()—n,
7j=1 i=1,a;;>0

for any x € R. If ¢(j) — N; = 0, we consider 04(j)-n; = @ as a matrix of size 0 x 0. If N; = 0, we consider
the term ®?:17aji>0 7i(2) @ 1q,, to be a 0 x 0 matrix.
Note that m;(7) ® 14, is a p(i)aj; X p(i)aj; matrix for every i and j with aj; > 0. The sum

n

@ Wl(x) ® laji

1=1,a;;>0

is an IN; x N; matrix and the sum
n
@ 7Ti(2) ® Llo;; | @ Og(5)-N;
i=1,a;;>0

is a q(j) x ¢(j) matrix for any j. The term

n

Lj @ 771(33) ® ].a].i D Oq(j)—Nj
i:l,aji>0

is an element of S and so ¢(x) is in S for any x € R. The map ¢ is a x-algebra homomorphism since the
maps (;Sgg?, tj, and 7; are *-algebra homomorphisms.

Consider the image ¢(e};) of e}; € R in two cases: if aj; =0 for all j = 1,...,m and if a;; > 0 for some
j=1,...,m. In the first case, ¢(et;) = 0 € S by the definition of ¢ and > iy aij [ffl] =0 € Ky(S) so that
[#(eiy)] = ZTzl ai;[fi1)-

In the second case, assume that aj; > 0 for some j = 1,...,m. Then m;(e}}) ® 1,., € M, ;p(i) (A) is a
diagonal matrix with the first a;; entries on the diagonal being 1 and the rest being 0. Since 7y (ej;) = Opy)

Qji

1y the case when A is the field of complex numbers with the complex-conjugate involution, the dimension formulas hold
for maps already on the algebra level not just on the Ko-group level (see e.g. [11, page 75]).
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for i’ # i we have that EY := (@;:1’%»0 mi(ely) © 1a].i/> ® 0y(j)—n; is a diagonal ¢(j) x ¢(j) matrix
with exactly a;; nonzero entries of value 1 on the diagonal. Thus,
[ (E1)] = ai[f11]
in K()(S)
If a;;; = 0 for some 5/ =1,...,m, we let Eﬁl be the 0 x 0 matrix so that we have ¢(e;) = >y LJ(E?I)
by the definition of ¢ and the assumption that a;; > 0 for at least one j. Thus we have that

m m

Ko()([el1]) = [o(ely)] Z Z [LJ(Eﬁ)] Z aji f11 Zaﬂ f11 F([ei))-

3:1 ] l,aji>0 ] 17aji>0
Note that we are using the assumption that aj; > 0 for at least one j in the equality Z;nzl 05050 aji ffl] =

POy aji[f,]. The equality Ko(¢)([e},]) = f([el,]) for every i = 1,...,n implies that Ko(¢) = f.
One can also show that ¢ maps 1 onto 1g if f is unit-preserving (which happens exactly when N; = ¢(j)
for every j =1,...,m) but we leave the proof of this statement for the graded case.

We illustrate this construction with an example.

Example 2.1. If R = M(A) ® A and S = M5(A) @ My(A), any possible contractive map on Ky-groups
ail ai

a with nonnegative entries satisfying the dimension formulas
21

is a 2 X 2 matrix

2a11 + lajo <5 and 2a91 + lasy < 4.

2 1
0 3
the inequality in the second dimension formula is strict. The induced map ¢ is given by

a 0 b 0
(&0 )

2.3. The dimension formulas in the graded case. Let A be a I’-graded *-field now. Consider a graded
matrix #-ring M, (A)(71,...,Vn), where v; € T, for i = 1,...,n. Since A is a graded field, I'4 is a subgroup
of I'. The shifts ~1,...,79, can be partitioned such that the elements of the same partition part belong
to the same coset of the quotient group I'/T'4 and the elements from different partition parts belong to
different cosets. Let 71, ..., v, be the [-th partition part for [ = 1,...,k where £ is the number of parts
and r; is the number of elements in the [-th partition part. Thus, we partition (vy1,...,7v,) as

Let us consider one of them, for example, f = > . This map will induce a non-unital map ¢ since

0

oo O

oo o O

oo O O
N—

0
e
0

ol © R
Qo QO
ol o o O

oo oo

oo o O

(VLs e oo s Yirs V20s oo s V2ras o5 Vhls- - Vhry) (12)

Note that Zle r; = n. Moreover, we can assume that «v; = 0 and, thus, to have that v;; = 0 by the first
part of Proposition 1.3.

By Lemma 1.7 and formula (10), we have that [e;] = [e;;] if and only if ; and 7; are in the same I'/T"4
coset. Otherwise we have that [e;] = (v; —vi)[ej;] # [ej;]. Under the assumption that v; = 0, we have that
n n kE k
(1] = leal = > —vilen] Z Z —qwlen] =Y —rylen]. (13)
i=1 i=1 I=110=1 =1

Consider graded matricial x-algebras R and S over A now. Let

R=EP M, (A, vpw) and S =My (A)(6],. .. ,5;'@).
. j=1
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Analogously to formula (12) above, we can partition the shifts (6{ - ,52 (j)) in the j-th component of S
and represent them as follows.

G P T R 5;”,...,51]]3”)
Note that for every j = 1,...,m we have that Z g S b= = q(j). Also, using the first part of Proposition
1.3, we can assume that ’yf =0= (5{ foreveryi=1,...,nand j=1,...,m.

If welet e}, € R, i =1,...,n, k,l = 1,...,p(i), be such that m;(e},) are the standard matrix units
in m(R), and f}, € S, j =1,...,m, k,l = 1,...,q(4), such that m;(f},) are the standard matrix units
in 7;(9), then we have that {[e%;] | i = 1,...,n} generates K§ (R) and {[f{;] | 7 = 1,...,m} generates
K§'(S) by Proposition 1.6 and Lemma 1.7.

Let f: K§' (R) — K&'(S) be a contractive Z[['-module homomorphism. Our ultimate goal is to find a
graded x- algebra homomorphism ¢ such that K§'(¢) = f. Let

kol

=

m kj
(e14]) Z @jit X it f11]

j=1t

H
I
—

for some aji; € Z and aj;; € I'. Since f is order-preserving, we have that Z;n:l Zfﬂl ajitozjit[ffl] > 0.
Under the isomorphisms K§' (R) = Z[['/T4]" and K§'(S) = Z[['/T4]™ from part (3) of Proposition 1.9,
this last relation corresponds to Z;n:1 ngl ajit(ajie +T4) > 0. By part (3) of Proposition 1.9 again, this
implies that aj;; > 0forall j=1,...,m,i=1,...,nand t =1,... kj.

If we let @j; := Zfﬁl ajiteji, then the m x n matrix (aj) : Z[I'/T4]" — Z[L'/T 4]™ corresponds to the
map f under the the isomorphisms K§' (R) = Z[I'/T 4]" and K§'(S) = Z|[T'/T o]™. If f is the zero map, we
can trivially take ¢ to be the zero map as well, so let us assume that the map f is nonzero. In this case,
at least one @;; is nonzero so we can write aj; = Zfﬁl ajitoiie With positive ajy for every t = 1,..., kj; or
aj; = 0. If G ji=0, W€ define kji to be 0.

With this convention, we have that

m ka

f(lein) = Z aji f11] Z @jit @it f11

a;i#0 j=1k;;i>0 t=1
if kj; > 0 for some j =1,...,m and f([elu]) = 0 otherwise. We also have that

n n m m n Ji
E f([en = E E , AjitCjit f11 E , E E :aﬂtaﬂt f11
i=1 i=1 j=1,k;;>0 t=1 j=1i=1,k;;>0 t=1

where the first equality holds by the assumption that kj;; is positive for at least one value of 7 and j.

Using (13) and the assumption that f is contractive, we have that

n p(i) n p(i)
f(Ar])) = f [Z Zeizk} =f Z Z el | =
i=1 k=1 i=1 k=1
n p() m n kji p(i) ‘ ‘
Z Z ka e11 Z —Ykajitjie[f11] =
=1 k=1 Jj=11i=1,k;;>0t=1 k=1
kji p(7)

ajit(— ’Yk + ajit) f11 ] < Z Z _3] 5]/1 f11 = [Ls].

j=1i=1,k;;>0 t=1 k=1 j=14'=1
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Since we assumed that (5{ =0 for all j =1,...,m, the class | ffl] corresponds to the coset I'4 under the
graded *-isomorphism S =, Z[I'/T'4]™. Thus, the last relation above is equivalent to

m n kji p(3) m U ] '

> Z aﬂt Yt i +Ta) YD s (=00, +Ta)

j=1i=1,kj;>0t=1 k= j=1j'=1
and implies that

n Eji p(3) ' v '
2. 20 (= +ajut Ta) < 3, 5(=8 + L) (14)
i=1,k;;i>0 t=1k j'=1

for all j = 1,...,m for which kj; >0 f or at least one i = 1,...,n. We refer to this family of formulas as

the pre-dimension formulas.

The pre-dimension formulas imply two sets of relations. First, note that any coset on the left-hand
side with multiplicity a;; should appear on the right-hand side as well at least aj; times, i.e. for any
i=1,...,n, with kj; >0and any t =1,...,kj;, and k =1,...,p(4), there is j' = 1,..., 1 such that

ajit(— + ogis + Ta) = ajie(=6), +T4)
Since aj;; > 0, we have that
—’yli—FOéjit—i‘FA = —5?,1 +T'4. (15)
in this case. We refer to the formulas above as the coset equations.
For any j =1,...,m, let S; be the set
S;={(i,t,s,k)|i=1,...,n, withkj; >0, t=1,...,kji,s=1,...,a5,k=1,...,p(i)}.

Note that this set is empty exactly when kj; = 0 for all 7 = 1,...,n which is equivalent to @j; = 0 for all
i =1,...,n. If N; is the cardinality of S;, then

n

kj;
Ni= > > ajupli)

i=1,kj;>0 t=1

Thus N; = 0 if and only if kj; =0 foralli=1,...,n

Forany j =1,...,m and any j' = 1,...,1/, we define

Sijr i=A{(i,t,5,k) € Sj | =} + ajir + Ta = =00 +Ta}

and let N;;/ denote the cardinality of S;;.

If S; is nonempty, there is a coset equation holding for any (i,¢,s,k) € S; and so S; = Uéj 1S IE S
is empty, then all the sets S;;7,5’ =1,...,1/ are empty too and we can still write S; = Ul»],,l S

In addition, since &’ it la #* & i+ 1la for every j' # j' When 43" =1,...,l, we have that S;; and
Sjjn are disjoint if j' # j”. As a result, we have that N; = Z Njjr.

If S;;s is nonempty, each pre-dimension formula (14) implies that the number of (i,t,s,k) € Sj;» cannot
be larger than s;,. Thus, we have that

for every j = 1,...,m, and every j' = 1,...,l7. We refer to this set of formulas as the dimension formulas.
Adding the (4, j')-th dimension formulas for all j’ =1,...,l7, we obtain that

1

1
ILAIIVENS Sl SRR ey
j'=1

i=1,k;; >0 t=1 j'=1

forany j=1,...,m
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The dimension formulas enable us to define an injective map IV : S; — {1,...,¢(j)} with the property
that

— g+ Ta= 8, +Ta (17)
for all (i,t,s,k) € S;. Thus, the image of IIV has cardinality N;. The case when N; = ¢(j) corresponds
exactly to the case when II’ is a bijection.

Remark 2.2. If T' is the trivial group, we claim that both the pre-dimension formulas (14) and the
dimension formulas (16) reduce to the non-graded dimension formulas (11). Indeed, if T' is trivial, all the
shifts are zero and IV = 1, s1 = q(j), Nj = Nj1, and kj; is either 0 or 1. The case kj; = 1 corresponds

exactly to aj; > OThusS—Sl—{(zlsk:)]ze{l nta; #0, ke {l,...,p(4)},s=1,...,a;}is
nonempty exactly when aj; > 0 for some i =1,...,n. In this case the pre—dimension formulas (14) become
n p(i) n 1
> Zaaz—ZZaﬂ 2 aip() Z s = 51=40)
i=l,a;i#0 k=1 i=1 k=1 i=1 =1
for every j =1,...,m, and the dimension formulas (16) become
n p(3) )
Nj1 = Nj = Zzaﬂ_zaﬂp < s1=4q(j)
i=1 k=1

Remark 2.3. We also note that the dimension formulas and the coset equations imply the pre-dimension
formulas. We shall not use this fact in Theorem 2.7, but we still illustrate why this fact holds. So, let us
assume that the dimension formulas and the coset equations hold. For every j =1,...,m, j' =1,...,l,
we have that
ST it agi+Ta= Ny (=6, +Ta) < sh(=0%, +Ta).
(i,t,5,k)ES;

Adding these inequalities for every j/ = 1,..., 17 produces
13
Z > Tt tTaS Y s (=0, +Ta).
=1 (ist,8,k)€S; j’'=1

If N; > 0, which is exactly the case under which we have the j-th pre-dimension equation, we have that

kji p(i)

19
Z Z ’Yk‘i‘ajzt‘f‘FA = Z ZZ@M k+0¢jit+FA)

=1 (it,s,k)ES, ;1 i=1k;;>0 t=1 k=1

and so the pre-dimension formulas hold.

This shows that we have the following equivalence.

] pre-dimension formulas \ — ] coset equations 4+ dimension formulas \

This observation also implies that the equality holds in all the pre-dimension formulas (14) if and only if
the equality holds in all dimension formulas (16).

We summarize our findings in the following proposition.

Proposition 2.4. Let f : K§'(R) — K§ (S) be a Z[[')-module homomorphism for graded matricial x-
algebras R and S over a graded *-field A.

(1) If f is order-preserving, then aji are nonnegative integers for all j =1,...,m, i =1,...,n, and
t=1,...,kj.
(2) If f is contractive, then the formulas (1/) (equivalently (15) and (16)) hold.
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In addition, if f is contractive and unit-preserving, then the equality holds in formulas (14) (equivalently
(16)).

Remark 2.5. It can be shown that the converse of the statements (1) and (2) also holds. We do not prove
the converses since we will not need them in the proof of the main result. The converse of the last sentence
also clearly holds.

We adapt the definition of the maps ¢ from section 2.2 to the graded setting now. Note that for any
positive integers k£ and n and 7 € I'" the definition of the x-algebra homomorphisms ¢} from section 2.2
becomes

¢Z’7:MH(A)(71,...,’;/”)—>Mnk(A)(fyl,...,'yl,’yQ,...,fyg, cers Ynse--yYn) WwWith gbzﬁ::}:»—)x@lk (18)

where the matrix = ® 15 is defined in the same way as in the non-graded case in section 2.2. Just as
in the non-graded case, the map ¢Z’7 is a unital *-algebra homomorphism. Moreover, QSZ"Y is a graded
homomorphism. Indeed, if z is a matrix of degree ¢, then the elements of the entire (7, j)-th block of = ® 1,
are in the component As., ., for any ¢,j =1,...,n. Thus, the matrix  ® 15 has degree 9.

Let 6 € I'. We define a graded x-algebra homomorphisms ¢gﬁ as follows.
G5 M (A)(1y -3 Yn) = M (A) (71 = 6,y — 0) s given by @77 ¢ (zy5) = (i), (19)

If 2;; € Aatry;—v;, then it is considered as an element of Ay, 5_(;,—s) in the image of ¢37. Thus, this
map is clearly a graded *-algebra homomorphism.

For positive integers k and n, 7 € I'" § € I, and x € M,,(A4)(¥), we denote the image of x under the
composition QSZ’VQS?"Y as follows.

o057 (1) = 7 ® Lys. (20)

The finishing touch we need for the proof of the main theorem of this section is an assumption on the
grading of the x-field A. Namely, our proof requires us to be able to use the second part of Proposition 1.3
for any element of I'4. In other words, we need the assumption that any nonzero component A, contains
a unitary element a i.e. an element a such that aa* = a*a = 1. This motivates the following definition.

Definition 2.6. A I'-graded *-ring A has enough unitaries if any nonzero component A, contains a unitary
element a i.e. an element a such that aa* = a*a = 1.

Note that any trivially I'-graded *-field has enough unitaries since 1 € Ag is a unitary. In particular, any
x-field graded by the trivial group has enough unitaries. Also if A is a x-field, the x-field R = A[z", "],
Z-graded by R,, = Az™ if m € nZ and R,, = 0 otherwise, has enough unitaries. Indeed, since I'r = nZ,
we have that 2" is a unitary element in R, for any k € Z. More generally, the I'-graded group ring
A[l) with A[l), = {kv|k € A} for any v € T equipped with the standard involution ((kv)* = k*y~!) has
enough unitaries since y € I is a unitary element in A[I'],.

Theorem 2.7. Let A be a I'-graded x-field with enough unitaries and let R and S be graded matricial
x-algebras over A. If f : K§' (R) — K§'(S) is a contractive Z[I']-module homomorphism, then there is a
graded A-algebra x-homomorphism ¢ : R — S such that K§'(¢) = f. Furthermore, if f is unit-preserving,
then ¢ is unital.

Proof. Let us keep our existing notation for R and S and the assumptions that i = &6 = 0 for all
t=1,...,nand j =1,...,m. Since we can take ¢ to be the zero map if f is the zero map, let us assume
that f is nonzero and represent it using positive integers aj;; and aj;; € I' as in our previous discussion.
Thus, the pre-dimension and dimension formulas (14) and (16) as well as the coset equations (15) hold.
We also keep the definitions of the sets S;;; and S;, their cardinalities N;; and IN; as well as the map
IV :S; — {1,...,q(j)} for all j = 1,...,m with property (17). For any (i,t,s, k) € S;, each equation of
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the form —vi + aj,‘t'—i— Iy = _5{Tj(i,t,s,k) +I'4 implies that 5%[]'(%5’,6) — i + aji € T4. Since A has enough
unitaries, there is gjnj (it.sik) € I" 4 such that there is a unitary element in A ; and such that
NN I (4,t,5,k)
k Jit 17 (3,¢,s,k) 117 (4,t,8,k)

For every j = 1,...,m with N; > 0, let My, (A)((7}, — aji)%*) shorten the notation for the graded
matrix algebra of N; x N; matrices with shifts

('Yll . OZjll)aju’ o (7;(1) _ Oéjll)aﬂla el (711 o ajlklj)ajlklj’ . (75(1) . ajlklj)ajlklj’
o (21)
(,Y{L _ ajnl)ajn17 e (/Y;L(n) _ ajnl)ajnlv ol (,}/;1[1 _ ajnl)a]nknj7 e (,.Y;L(n) _ ajnknj)(l]nknj
where (Wli—ajit)“j“ represent the term v,i—ozﬂt listed aj;; times for everyi =1,...,n,t =1,...,kj;,and k =
1,...,p(i). Analogously to this convention, we let My, (A)(éﬂj(i,t,s,k) - 5jnj(i,t,s,k)) and I\\/JIN].(A)(éfU(M’s’k))

shorten the notation for the graded matrix algebra with shifts listed in the order which corresponds the
order of shifts in (21) for any j =1,...,m.

Since the cardinality of the image of the map II7 is IV ., let o7 be a bijection of {1,..., N. ;} and the image
of IV so that for every I € {1,...,N;} we have that ¢/ (l) = II/(i, ¢, s, k) for a unique element (i,t, s, k) of
S;, and, as a result,

Yk T it = =014 oyt i) = ~Oniqy T Eai )
In the case when Nj is strictly less than ¢(j), the complement of the image of II has ¢(j) — N, elements.
Thus, using any bijective mapping of {N; + 1,...,¢(j)} onto the complement of the image of I, we can
extend 07 to a permutation of the set {1,...,¢(j)} which we continue to call 7. Let p/ denote the inverse
of dJ.

Let ij (MN]. (A) ((5]

' pi(1) 5£J(Nj))) denote the graded isomorphic copy of My; (A)((ng(l), . 76§J’(Nj)) in
Mq(j)(A)(éij(l), coy 0

o‘j(q(j)))' By the definition of ¢/ and p? and the first part of Proposition 1.3, if P,
denotes the permutation matrix which corresponds to the permutation p’, the conjugation by P,; defines
a graded *—isgmorphian Mq(j)(A)((Sirj(l), ey 5ij(q(j))) — My (A) (57, ... ,551(].)) such that its restriction on
ij(MNj(A)(éij(l), ey 6er(N-))) is a graded *-isomorphism

J

i (M, (A)(82; - - ,5gj(Nj))) — My, (A)(8], ., 8,) ® Ogj) ;-

In the case when N; = ¢(j), we consider O,(;)_, to be a matrix & of size 0 x 0.

By the second part of Proposition 1.3, there is a diagonal N; x N; matrix D; such that conjugating
with D; produces a graded x-isomorphism
J

(1)_501(1)7""5ij(Nj)_6j 2o My, (A) (625405502

My, (A)(&7, 5i(N;))

(1)’ (Nj))'

Thus, we have the following graded *-isomorphism.
@7 - My, (A)((vh — ajir)¥*t) = My, (A)((ng(l) - gfﬂ(l)’ T 553‘(1\9) - gfﬂ(Nj)> Zgr
MNj(A)<5ij(1)7 e ,527‘(]\/].)) ggr Z'J'(MNJ- (A)((ng(l), ce 7‘2;‘(]\@))) ggr
Min; (A)(31, - -5 ) @ Og(i)—n; € Mgy (A) (01, -, 0 )
forany j=1,...,m.
If Nj = 0 for some j =1,...,m, we consider My, (A)((7}, — jit)%*) to be the 0 x 0 matrix and define

(I)J(Q) to be 0 € Mq(])(A)(6{7 - ,5;0))
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We are ready to define the graded *-algebra map ¢ : R — S which corresponds to the map f now. We
define ¢ using the definitions of the maps in (18), (19), and (20) and the map &7 as follows:

m n kj;
¢(z) = Z 1 @ @ i(2) © Lajisai
=1 i=1,kj;>0 t=1

for any = € R. Note that the condition kj; > 0 ensures that the term m;(z) ® 1 is well-defined for

anytzl,...,kji.

QjitQjit
First, we demonstrate that ¢(z) is indeed an element of S for any z € R. For € R, we have that
mi(x) € M) (A) (115 - -5 Y (4))> and so
7'('1(%') ® ]‘ajitajit € Majitp(i) (A)((’Yi - ajit)aj“? ceey (7;)(1) - ajit)ajit)
for any t =1,...,kj; if kj; > 0. Since N; = >, kji>0 Zf;’l ajit p(i) we have that

n

@ @ﬂ'z(l‘) ® ]'ajitajzt € MN (( ajlt) jit)

iil,kji>0 t=1
if N; > 0. Thus, we have that

P’ @ @W’(w) ® Lajiagu | € MNj(A)(‘S{v o 5] ) @ Og(5)-n; & Mq(ﬂ)(A)((S{’ T ’5;(3'))'
iil,k‘ji>0 t=1

The above formula holds in the case when N; = 0 by the definition of ®J as well. So, it holds for any

Jj =1,...,m regardless of the value of N;. This demonstrates that
d(x) ey (Mq(j)(A)(ag, )0 ) @Mq(] L) =S
j=1

and so the map ¢ is well-defined. The map ¢ is also a graded x-homomorphism since it is defined by the
graded *-homomorphisms ¢;, ®7, ¢q ;s Pajyy, and .
We show that K§'(¢) = f now. Recall that
) m k]’L
f(lenn]) = Z ajitQjit f11
j:l,kji>0 t=1
1,...,m and f([e};]) = O otherwise. So, we need to show that [¢(ei;)] =
Z;ﬁ:l,kjpo Zfﬂl ajitjic f] ] fl{:ﬂ > 0 for some j = 1,...,m and [#(e};)] = 0 otherwise.
If kj = 0 for all j = 1,...,m, then we have that ¢(e};) = 0 € S by the definition of ¢ and so
[6(ei)] = 0 € KE(S).
If kj; > 0 for some j = 1,...,m, let us consider one such j. Since kj; > 0, we have that N; > 0 also. In
this case the matrix m(eﬁl)) ® 1amam is a diagonal matrix with the first aj; entries on the diagonal equal

to 1 and the rest equal to 0. Note also that the matrix m; (ei;) is a zero matrix for i’ # 4. Let us consider
the following matrix:

it kj; > 0 for some j =

n

ko
EY .= m(el) @1
1= (€11 IR

i'=1k; ;>0 t=1

The matrix Eﬁ is an N; x N; diagonal matrix with exactly ngl ajit diagonal entries equal to 1 and the
rest of the diagonal entries equal to 0. The nontrivial entries of E}} correspond to values (i,t,s,1) € S;.
If TI/ maps one such (i,t,s,1) onto o¥(l) for some [ € {1,...,q(j)}, then E}] has 1 on the I-th diagonal
entry. Note that [ = p/II7(i, t,s,1) in this case.
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Thus, if we let gkl denote the standard matrix units of Mg, )((51, . .,620)), so that Wj(f,zl) = gil and

Lj(gkl) = fkl for k,l=1,...,q(j), then gp(k)p(l) are the standard matrix units of Mq(j)(éij(l), . "5ij(q(j)))
by Proposition 1.3.

a

With this notation and the convention that (gik) represents gik + 9{k+1)(k+1) + ...+ ggk-l—a—l)(k—l—a—l)

for any k= 1,...,q(j) and any positive integer a, we have the following:
kji ajit kji . Qiit
ijl = ; ZlngHJ i,t,5,1)pI 1 (4,t,5,1) ; (gf)jﬂj(i,t,l,l)pjl'[j(i,t,l,l)) "
s -
Thus, in K§' (My (A)((S%U(lts k) 5{19'(1‘,15,5,19))) = K (M, (A)(éij(l) - 8ij(l)’ e ’5ij(Nj) B €ij(Nj)))’ we
have that
ki ai ki
- z; ( Jpimti (i,t,1, pJHJ’(iﬂval)) ;am [ngH](Ztl 1)pITH (it 1 1)} Zaﬂt [gltlt}

if Iy € {1,..., N;} is such that o7(l;) = I/ (i,¢,1,1) for t = 1,..., kj;. By formula (10), this implies that

B = Z asit |90, = D asu@ = =80+ €000 B
t=1

where 5{ is defined as previously if p(1) € {1,...,N;} and it is 0 otherwise. Thus,

Ji
1) )] = Z(L]Zt((S{ — 5{ — 6] i) + er(lt)) |:g{1i|
by the definition of the map ®/ and the fact that ®’ induces a Z[I']-isomorphism on the K& -level.
Note that (6] — & — 5 ian T+ EU](l )) [9{1} = (=07, iy T 5{7]-(&)) [9{1} since 87 and &} are in I'4. By the
definition of the map ¢/, we obtain 5 i) + saj = — + ;. Thus,

Kji
Z azit(— UJ(lt j(lt)) 911 Z ajit( —i + a]zt)[gn]
t=1
and, since 74 = 0,
Ky
(@ (Eﬁ Z ajit ( i+ jit) 911 Z @jit it 911
t=1

which implies

Z]
[25( (I)] (E11))] E :aﬂt%zt f11

As p(efy) = ST, (P (ER)) = 71 450 Lj(cbﬂ(Elﬂl)), we have that
ki

Ko(¢)([e1]) = [¢(eiy)] = Z [LJ(CI’](Eﬁ))] = Z @jit @it f11 f([en])
j=1,kji>0 J=1,k;i>0 t=1

which finishes the proof in the case when kj; > 0 for some j = 1,..., m. Thus, we have that Ko(¢)([e},]) =
f([e4;]) for any i = 1,...,n in either of the two cases. So K§'(¢) = f.

Lastly, let us assume that f is unit-preserving. In this case both the pre-dimension and the dimension
formulas have equalities, N; = ¢(j) > 0 and II’ is a bijection for every j = 1,...,m. Thus, for every
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j=1,...,mthereisi=1,...,n with kj; > 0. Moreover, for every i = 1,...,n thereis j = 1,...,m with
kji > 0 since f([e%;]) # O for every i = 1,...,n (otherwise f would map 1z = 1, Zz(i)l —7i[el4] to 0).

This enables us to define E,ka for every i = 1,...,n every j = 1,...,m such that kj; > 0, and every
k=1,...,p(i), analogously to E}} as follows.

ij
By, 1= @ @m ekk Gjilt¥jilt

'=1k;;y>0 t=1

for e};k € R. We also have that

JZ Ajit
B =229,
kk - ngHJ (3,t,8,k) pI I1J (i,t,8,k)
t=1 s=1
which implies
p(2) p(i) Kji ajit
Z B =229,
kk pJHJ i,t,8,k)pI Tl (i,t,s,k)"
k=1 k=1 t=1 s=1

By the definition of ¢ and since I/ is a bijection for any i and j with kj; > 0, we have that

n p(3) n p(4) m -
1g) = Z Z d(€jy) = Z Z Z 1 (P (Bgy)) =
i=1 k=1 =1 k=1 j=1,k;;>0

n P(l)

> X G@ER) =D 5@ > Y ER) =

1=1,k;; >0 k=1

=
=

p(i

m ji Qjit m
j J . _
D_u@C 3 DD Gwsmpmess) = 2 4 1m) = s
j=1 iil,k‘ji>0 k=1 t=1 s=1 7=1
which finishes the proof. O

Let us examine the construction from Theorem 2.7 in an example.

Example 2.8. Let I' = Z/37Z = (z|2® = 1) so that Z[I'] can be represented as Z[z]/(x3 = 1). We use the
multiplicative notation for the operation in I' in this example in order to distinguish between 0 in Z and
the identity in I'.

Let A be any x-field trivially graded by I' and let
R=My(A)(1,2) ® A(z) and S =Ms(A)(1,1,z,z,2%) & My(A)(1,1,22 22).

Thus we have that n =m =2, 11! =3, 12 =2, 51 =2, sl =2, sl =1, 52 =2, and s3 = 2.

If f is a contractive homomorphism K§ (R) — K§'(9), let f([e};]) = Z] 1 Zt L @it [fn] where
the coefficients aj;; are nonnegative (we shall not be requiring that they are positive just yet). Considering
the j-th terms of the relation f([1g]) < [1s], we obtain the following relations:

for j =1, ai11+ a2z + a113$2 + a111x2 + aii2 + @113 + a121x2 + a2 + ajozxr < 24+ 222 + T,

for j =2, a1 + a212% + ag132> 4+ a2112% + ag1e + 2137 + ag1x® + agen + agzr < 2 + 2.
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These imply the following.

23

i=1 4=1 (64=1) ainn +aiz + aize < 2
i'=2 (8, =) ain +ang +aiz <2
j'=3 (5%1 = 1?) aji2 +ans +aes <1

i=2 j'=1 (63, =1) azi + a2 + age < 2
=2 (03 =z?) aziz + aziz + ages < 2

(terms with ) ag11 + @213 + a1 <0

From the last equation, it follows that as11 = a213 = ag01 = 0. Substituting these values in the remaining
equations for j = 2 produces ag12 + a9 < 2 and ag19 + ag03 < 2. In addition,

j=1 4 =1, ai11 +ai12 + a2 <2 = one of aji1,a112, or ajoe has to be zero. Say aj;a = 0.
7 =2, aj11 +a113 +a121 <2 = one of aji1,ai13, or ajo1 has to be zero. Say aj13 = 0.
j'=3, aii2 +ansz+aes <1 = a3 <1 since aj12 = a3 = 0.

Let us consider one such possible map f, for example with
ajln =2 = aijze = a1 = 0, and with aj23 =1, a212 =1, agee =1, ages = 1.

2 z?
Thus, f = ( r x4+ a?

a b
Forz-((c d

),kﬁn :k‘lg :k'gl = 1, and ]{322 = 2.

> ,e> € R we have that

a 0 b 010
0 b 0 a 0 b|0
@ 1 @flll’m() 1a1‘ta1't:< )@12@6@112: c 0d 00 EMS(A)(1>171'>$>$2)
1= itH c d
0 ¢c 0 d|O
000 O0fe
and
0
b 0
D7, B imilz)® 1a2ita2it=<z d>®1x®e®lz@e®lx2: o | € Ma(A)(%1,1,2%).
e
. . 11 . . . 9 . 1 2 3 4
With the permutation p* being the identity and the permutation p being 31 9 4 , the map ¢
is given by
a 0 b 0 O 40 ¢ 0
a b 0 a 050 0 e 00
e — c 0d o0 0|, € Ms(A)(1, 1,2, 2, 2%) ©My(A)(1, 1,22, 22).
c d b 0 a O
0 ¢c 0 dO 000 e
00 0 0 e

Since a field which is trivially graded by a group has enough unitaries, Theorem 2.7 has the following
direct corollary.

Corollary 2.9. If R and S are matricial x-algebras over a x-field A and f : Ko(R) — Ko(S) is a
contractive homomorphism of abelian groups, then there is an A-algebra x-homomorphism ¢ : R — S such
that K& (¢) = f. Furthermore, if f is unit-preserving, then ¢ is unital.

If we do not consider any involution on the field A, we obtain the graded version of |
as a direct corollary of Theorem 2.7 as we illustrate below.

, Lemma 15.23]



24 ROOZBEH HAZRAT AND LIA VAS

Corollary 2.10. Let A be a I'-graded field and let R and S be graded matricial algebras over A. If
[+ K§'(R) — K§'(S) is a contractive Z|T'|-module homomorphism, then there is a graded A-algebra
homomorphism ¢ : R — S such that K§ (¢) = f. Furthermore, if f is unit-preserving, then ¢ is unital.

Proof. Without the requirement that A has enough unitaries, we can obtain the elements 5{3‘(1' tsk) € I'a
such that there is an invertible (but not necessarily unitary) element in A for every j =1,...,m,
17 (i,t,s,k)

such that k;; > 0 for at least one ¢ = 1,...,n and (i,t,s,k) € Sj (see Remark 1.4). With this modification,
the map Il is defined in the same way as in the proof of Theorem 2.7. In this case, one can follow
all the steps of the proof of Theorem 2.7 and use the second part of [19, Theorem 1.3.3] instead of the
second part of Proposition 1.3 as Remark 1.4 illustrates. For a contractive Z[I'l-module homomorphism
[ K5 (R) — K§'(S), this process would produce a graded A-algebra homomorphism ¢ : R — S such that
K§'(¢) = f and which is unital provided that f is unit-preserving. O

3. FAITHFULNESS

In this section, we show that the functor K§" is faithful on a quotient of the category C (defined in the
first paragraph of section 2) for graded x-fields A in which the involution has certain favorable properties.
More precisely, in Theorem 3.4, we show that if Ay is a 2-proper and *-pythagorean graded *-field, R
and S are graded matricial *-algebras over A, and ¢ and 1 are graded *-homomorphisms R — S, then
K& (¢) = K§' (1) if and only if there is a unitary element u of degree zero in S such that ¢(r) = uy(r)u*
for any r € R. This result is a graded, involutive version of an analogous non-graded and non-involutive
result from [14] and a non-involutive result from [17].

We begin with some preliminary results regarding algebraic equivalence of projections in *-rings. Just
as in the previous section, all rings are assumed to be unital but homomorphisms between them are not
necessarily unit-preserving.

3.1. Algebraic and *-equivalence in a *-ring. Recall that idempotents p, g of any ring A are said to
be algebraically equivalent, written as p £ , ¢ if and only if there are x,y € A such that zy = p and yz = q.
If it is clear from the context in which ring we are considering all the elements p,q,z, and y to be, we
simply write p 2 q. In this case, we say that x and y realize the equivalence p < q. The idempotents p and

q are similar if there is an invertible element v € A such that p = uqu~".

If z,y € A realize the algebraic equivalence of idempotents p and g, replacing x and y with pzq and qyp
respectively produces elements which also realize the same equivalence but also have the properties that
pr = x = zq and qy = y = yp. With these adjustments, if z,y € A realize the equivalence p < ¢, then
the left multiplication L, is a right A-module isomorphism gA = pA and L, is its inverse. Conversely, if
qA = pA as right A-modules for some idempotents p,q € A, ¢ denotes the isomorphism ¢gA — pA and ¥
its inverse, then ¢(q) = = and ¥ (p) = y realize the algebraic equivalence of the idempotents p and ¢. This
shows that

p 2 q if and only if pA = gA as right A-modules

for any idempotents p,q € A. Analogously, p 4 ¢ if and only if Ap = Aq as left A-modules for any
idempotents p, q € A.

In an involutive ring, the selfadjoint idempotents, i.e. the projections, take over the role of idempotents.
In this case, the following relation of projections represents the involutive version of the algebraic equiv-
alence. The projections p,q of a *-ring A are x-equivalent, written as p < ¢, if and only if there is x € A
such that zz* = p and x*x = ¢. In this case, we say that x realizes the equivalence p £ ¢. The projections
p and q are unitarily equivalent if there is a unitary u € A (i.e. an invertible element u with u~! = u*)

such that p = uqu™"'.
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Several other authors have been studying conditions enabling a transfer from algebraic to *-equivalence
on matrix algebras over a x-ring. In order to have such a transfer, one may need to impose some require-
ments on the involution. First, we consider the requirement that the involution is positive definite. Recall
that an involution * on A is said to be n-proper (or n-positive definite as some call this condition) if, for
all z1,...,2p € A, Y1 | x;zf = 0 implies 2; = 0 for each ¢ = 1,...,n and that it is positive definite if it is
n-proper for every n. A 1-proper involution is usually simply said to be proper. A x-ring with a positive
definite (n-proper) involution is said to be a positive definite (n-proper) ring. It is straightforward to check
that a x-ring A is n-proper if and only if M,,(A) is proper (see, for example [0, Lemma 2.1]). This implies
that a *-ring A is positive definite if and only if M, (A) is positive definite for any n.

The following property of a x-ring is also relevant. A #-ring A is *-pythagorean if condition (P) below
holds.

(P) For every x and y in A, there is z € A such that xa* + yy* = zz*.

Our interest in this condition is based on the following fact: by [16, Lemma 3.1] and [{, Theorem 1.12],
the following conditions are equivalent for a 2-proper *-field A.

(1) The field A is x-pythagorean.
(2) Algebraically equivalent projections of Mia(A) are x-equivalent.
(3) Algebraically equivalent projections of M, (A) are x-equivalent for any n.

It is direct to show that a x-pythagorean ring is positive definite if and only if it is 2-proper. The
properties of being 2-proper and *-pythagorean are independent as the field of rational numbers with the
identity involution and the field of complex numbers with the identity involution illustrate.

The fields of complex and real numbers with the identity involution are *-pythagorean since /2 + 32
can be taken for z in condition (P). The form of the element z in these examples indicates the connection
between condition (P) and the existence of a positive square root of a positive element. We illustrate that
this connection is more general than it may first seem.

The concept of positivity in a *-ring can be defined as follows. An element of a *-ring A is positive if
it is a finite sum of elements of the form zz* for € A. The notation x > 0 is usually used to denote that
x is positive. Note that a positive element x is selfadjoint and so z? = zz*.

As it turns out, a weaker condition than the existence of a positive square root of a positive element
is sufficient for a *-ring to be x-pythagorean provided that A is 2-proper. Let (z)” denote the double
commutant of an element = in a ring A, i.e. the set of all elements which commute with every element
which commutes with z. A x-ring A is said to satisfy the weak square root axiom, or the (WSR) axiom for
short, if the following condition holds.

(WSR) For every z € A there is r € (x*x)” such that z*z = r*r.

We also say that A satisfies the (WSR) aziom matricially, if M, (A) satisfies the (WSR) axiom for every
positive integer n.

We note that every C*-algebra satisfies the (WSR) axiom (see [9, remark following Definition 10 in
Section 13]).

By [9, Section 1, Exercise 8A] (and also [10, Proposition 6.10]), a *-ring with (WSR) is such that
algebraically equivalent projections are x-equivalent. Thus, if A is a 2-proper *-field, the assumption that
M (A) satisfies the (WSR) axiom is stronger than the assumption that A is #-pythagorean. This explains
our decision to formulate Theorems 3.4 and 4.5 using the assumptions that the zero-component Aj of a
graded x-field A is 2-proper and x-pythagorean instead of the assumption that Ay satisfies the (WSR)
axiom matricially.

We summarize some properties of algebraic and *-equivalence which we shall need in the proof of
Theorem 3.4.

Lemma 3.1. Let A be a ring and let p and q be idempotents in A.
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(1) [10, Proposition 5.5] If € pAq and 2’ € qAp realize the equivalence p ~q and if y € (1 —p)A(1 — q)
and y' € (1 — q)A(1 — p) realize the equivalence 1 —p ~ 1 — q, then uw = x +y is invertible with inverse
v =24y and p = uqu.

(2) [14, Theorem 4.1] If A is unit-reqular, then p % q if and only if 1 —p L1 —q.

(3) [10, Proposition 6.5] If A is a *-ring and p and q are projections such that x € pAq realizes the -
equivalence p ~ q and y € (1 — p)A(1 — q) realizes the x-equivalence 1 —p &1 — q, then u = x +y is
unitary and p = uqu™'.

(4) [21, Theorem 3] If A is a 2-proper, x-pythagorean, reqular *-ring, then M, (A) has the same properties
for any n.

(5) [16, Lemma 3.1] and [!, Theorem 1.12] If A is a 2-proper, commutative, reqular *-ring, then A is
x-pythagorean if and only if algebraically equivalent projections of M, (A) are x-equivalent for any n.

The references for the proofs of the statements in this lemma are provided in the lemma itself. The
parts (4) and (5) can be formulated with the assumption that the ring is x-regular instead of regular and
then they follow from statements of [21, Theorem 3] and [!, Theorem 1.12] directly. The statements (4)
and (5) still hold with the seemingly weaker assumption since a *-ring is *-regular if and only if it is proper
and regular ([9, Exercise 6A, Section 3]).

We adapt the concepts and claims from this section to the graded setting now.

3.2. Algebraic and *-equivalence in a graded *-ring. Let A be a I'-graded ring. Any homogeneous
idempotent p is necessarily in the ring Ag. Thus, there are three notions of algebraic equivalence for
idempotents p, ¢ € Ag corresponding to the following scenarios.

(1) There are z,y € Ap such that zy = p and yx = ¢. This corresponds to the non-graded algebraic
equivalence p @, g.
2) There are x € A, and y € A_,, such that zy = p and yz = ¢. In this case we say that p and ¢ are
v v
graded algebraically equivalent and write p <, g.
(3) There are z,y € A such that zy = p and yx = ¢. This corresponds to the non-graded algebraic
equivalence p <, q.
In any of these instances, we say that x and y realize the corresponding equivalence. Note that all three
equivalence relations are equal if the ring is trivially graded.

Just as in the non-graded case, if x and y realize any of the three versions of the algebraic equivalence
of p and ¢, the elements x and y can be replaced by pxq and qyp respectively producing elements which
also realize the same equivalence but also have the properties that px = x = xq and qy = y = yp.

With these adjustments, if z,y € A realize the equivalence p ©, ¢, then the left multiplication L,
is a graded right module isomorphism gA =, pA and L, is its inverse. In this case, L, and L, are in
Homg,-a(A4, A).

Similarly, if z € A, and y € A_, realize the equivalence p <, ¢, then L, is an isomorphism gA =, pA(7)
of graded right modules and L, is its inverse and L, and L, are in Hom4 (A, A).

The converse of this statement also holds: if gA =, pA(vy) for some v € I, then there is x € A, and
y € A_, such that zy = p and yr = ¢. Thus, we have that
p %y q if and only if ¢4 =g pA(y) as graded right A-modules for some v € T’
for all homogeneous idempotents p, g € A. In particular,
p <y, ¢ if and only if gA =4 pA as graded right A-modules.

This equivalence illustrates the reason our results require us to consider the relation <, only.

If homogeneous idempotents of a ring represent the same element in the graded Grothendieck group, they
can be enlarged to algebraically equivalent matrices but they are not necessarily algebraically equivalent
themselves. However, for homogeneous idempotents of a graded field, a stronger statement holds and we
note it in the following lemma.
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Lemma 3.2. Let A be a I'-graded field and R a graded matricial A-algebra. If p and q are homogeneous
idempotents in R, then

[p] = q] in K§'(R) if and only if p &y q.

Proof. If R is a matrix algebra and [p] = [¢] in K§' (R), then [pR] and [¢R] are the same element of K& (R)
using the representation of K(g);r(R) by the classes of finitely generated graded projective modules. By [19,
Proposition 5.1.2] and part (3) of Proposition 1.9 (or, equivalently, [19, Proposition 3.7.1]), pR and ¢R are
both graded isomorphic to a module of the form A*1(y;) & ... ® Ak (v,,) where S| ki + T4 is a unique
element of Z[I'/T 4] which corresponds to [pR] = [¢R] under the isomorphism of K§'(R) and Z[['/T 4.
Thus, pR =g ¢R and so p L q.

This argument extends from a single graded matrix algebra to a direct sum of graded matrix algebras,
i.e. to a graded matricial algebra. g

If Ais a graded *-ring, there are three notions of *-equivalence for projections p, g € Ay.

(1) There is x € Ap such that zax* = p and *x = ¢. This corresponds to the non-graded x-equivalence
PRy, q
(2) There is x € Ay such that zz* = p and z*z = ¢. In this case we say that p and ¢ are graded
*-equivalent and write p L, g.
(3) There is = € A such that zz* = p and z*x = ¢. This corresponds to the non-graded x-equivalence
Pryq
In any of these instances, we say that x realizes the corresponding *-equivalence.

The three notions of algebraic equivalence in a graded ring A correspond to the three notions of sim-
ilarity. Since we shall be working with @, = exclusively, the only similarity relation relevant for us is
the following: two idempotents p,q € Ag are similar if there is an invertible element x € Ay such that
g = xpx~'. Analogously, the three notions of x-equivalence in a graded #-ring A correspond to the three
notions of unitary equivalence. For us, just the following is relevant: two projections p,q € Ag are unitarily
equivalent if p = uqu~" for some unitary u € Ay.

One could consider the graded version of the definition of a x-pythagorean ring by restricting the
elements from the definition to homogeneous components. However, since we only work with relations
<, and 2, in a graded xring A, it will only be relevant for us whether Ay is *-pythagorean or not.
Thus, the non-graded definition of a x-pythagorean ring is sufficient for our consideration. Moreover, all
the properties of the involution we shall need in the proof of Theorem 3.4 reduce to the properties of the
ring Ag.

Before proving the main result of this section, we note that the zero-component of a graded matricial
ring over a graded field A is a unit-regular ring.

Lemma 3.3. If A is a I'-graded field, n a positive integer and 5y € I'™, then M, (A) (7)o is isomorphic to a
matricial algebra over Ay and, as such, it is a unit-reqular ring.

Proof. The shifts v1,...,v, can be partitioned such that the elements of the same partition part belong
to the same coset of the quotient group I'/T'4 and the elements from different partition parts belong to
different cosets just as in formula (12) in the first paragraph of section 2.3. Let 71, ..., v, be the [-th part
for I =1,...,k where k is the number of partition parts and r; is the number of elements in the [-th part.
Using Proposition 1.3, we have that

MH(A)(W) ggr MH(A)(’)/U’ sy Ve V2L -5 V2109 ooy VELy - >’7k’7"k)'

Considering the zero-components of both sides, we have that
MH(A)(7)0 = Mrl (AO) D ...D MTk (Ao)

Since Ay is a field, a matricial algebra over Ap is a unit-regular ring ([14, Corollary 4.7]). O
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Note that part (4) of Lemma 3.1 implies that if A is a I-graded x-field such that Ag is 2-proper and
x-pythagorean, then M, (A)(7)o is 2-proper, #-pythagorean, s-regular and unit-regular for any positive
integer n and 7y € I'"™.

We are ready to prove the main result of this section. Our proof adapts the ideas of the proof of [14,
Lemma 15.23] to the graded and involutive setting.

Theorem 3.4. Let A be a I'-graded *-field such that Ay is 2-proper and *-pythagorean. If R and S are
graded matricial *-algebras and ¢, : R — S are graded A-algebra x-homomorphisms (not necessarily
unital), then the following are equivalent.

(1) K§'(¢) = K§'(v)

(2) There exists an element x € Sy such that ¢(r) = zip(r)a*, for all r € R, and such that zz* = ¢(1R)
and z*x = Y(1R).

(3) There exists a unitary element u € Sy such that ¢(r) = wp(r)u=?, for allr € R.

(4) There exists an invertible element u € Sy such that ¢(r) = wp(r)u=t, for all r € R.

Proof. Note that the assumptions on the field A imply that any homogeneous projections p, ¢ of a graded
matricial algebra over A which are algebraically equivalent as elements of the zero-component are -
equivalent as elements of the zero-component by part (5) of Lemma 3.1.

(1) = (2). Let R = @?:1Mp(i)(A)(’yi""77;(1')) and let ef;, i = 1,...,n, k,l = 1,...,p(i), be the
elements of R such that m;(e};) are the standard matrix units of My,;)(A4)(7, - - 77;@)) where 7; is the
projection on the i-th component for every i = 1,...,n. Let g}, = ¢(e};) and hy;, = (e},;) for k,l =
1,...,p(i) and i = 1,...,n so that the elements 91(;/3 and h,(f,z are projections in Sy for every k = 1,...,p(i)
and i = 1,...,n. The condition (1) implies that

[911] = [8(e1)] = K5 (9)([en]) = K& (@) ([eha]) = [(ehy)] = [hy]-
By Lemma 3.2, g¢, ©s, ht, and, by the assumptions of the theorem, gi, s, hi,. Let x; € Sy for

i =1,...,n be elements realizing the *-equivalence gi; % h%; and let us choose them from gi,Soh?;. Let
us consider an element x € Sy defined as follows:

n p(
-2 Z glazihi
=1 k=1
Note that z* = Y"1 | -7 @ pi i 1xrgt.. We show that za* = ¢(1g), 2%z = 1(1g), and that
whiyz* = gjy and x*gyx = hj,

forall k,i=1,...,p(i) and alli =1,...,n
Since hilkh{1 =0 when i # j and k # | we have that

n p(d) n p(j) n p(i)
ra’ = Z nglﬁfzhm ZZ hiy @] 911 = Z ngl‘zhmhmm ik = Z nglxlhllm Jik
i=1 k=1 Jj=11=1 i=1 k=1 i=1 k=1
n p(i) n p(i)
= Z ng%iﬂ glk = Z Egklgllglk = Z ngk = Z Zekk
i=1 k=1 i=1 k=1 i=1 k=1 i=1 k=1

Analogously one shows that z*z = ¥(1g).
Leti=1,...,nand k,l = 1,...,p(i) now. Using that h’ k;hl =0 when ¢ # j and k # [, we have that
zhiga™ = gi@ihiphighy a9l = gk Thniel gl = gt} g1 = G 91190 = k-
Similarly we show that z*gt,xz = h}, for any k,l = 1,...,p(i) and any ¢ = 1,...,n. This implies ¢(r) =
zy(r)z* for any r € R since the elements e, k,l =1,...,p(i), i =1,...,n, generate R.
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(2) = (3). Condition (2) implies that ¢(1g) <g, 1 (1r). Moreover, the element z € Sy from condition
(2) can be replaced by ¢(1r)zy(1r) € ¢(1r)Sov(1r). Since the ring Sp is unit-regular by Lemma 3.3, we
can use part (2) of Lemma 3.1 to conclude that 15 — ¢(1r) 5 1s — 1 (1r) and, using the assumptions of
the theorem, that 1s — ¢(1g) g 15— (1r). Let y € (1s —¢(1r))So(1s —¥(1r)) be the element realizing
ls = ¢(1r) g, 1s —¥(1g). Then u = x +y is unitary and ¢(1gr) = uh(1g)u~! by part (3) of Lemma 3.1.

Since y = y(1s — 1 (1R)), we have that yi(1g) = 0 and ¢(1r)y* = 0. Thus, for any r € R, we have that

up(ryu~t = (z+y)(r)(@* +y") = 2 (r)z” + ap(r)y" +yu(r)a’ +y(r)2*
=ap(r)z” + 2¢(rlr)y” + yv(1gr)z” + yo(1rrlg)y”
= zp(r)z* + 2 (r)Y(Ir)y" + yP(1r)Y(r)z™ + y (1r)Y ()¢ (1R)y"
— sv(r)" = o(r).

(3) = (4) is a tautology.

4)=(1). Let flpi=1,...,m, kl=1,...,q(j), be the elements of S = EB;nzl MQ(j)(A).((S{’ . ’5Z(j))
such that m;(f},), for k,1 = 1,...,¢(j), are the standard matrix units of My;y(A))(d7, ... ,5;(3.)) for every

j = 1,...,m. Let 0 denote the inner automorphism a +— wau™! of S. Since f; ©s, 0(f{,) for any
j =1,...,m and the elements [f{,],7 = 1,...,m generate K§ (S), we have that K§ (0) is the identity
map. Thus, K§'(¢) = K§' (0¢) = K§ (0)K§ (v) = K§' (¢). O

Remark 3.5. The direction (4) = (1) of Theorem 3.4 also follows from the following, more general
argument. If  : A — A is an inner-automorphism of a I'-graded ring A defined by (a) = vau~", where u
is an invertible element of degree ~y, then there is a right graded A-module isomorphism P(—v) — P ®y A
given by p — p®wu with the inverse p®a +— pu~'a for any finitely generated graded projective right module
P. This induces an isomorphism between the functors _ ®y A : Pgr-(A) — Pgr-(A) and the 7-shift functor
T, : Pgr-(A) — Pgr-(A). Since the isomorphic functors induce the same map on Quillen’s K;-groups, i > 0,
(see [22, p.19]), one has KI'(_ ®g A) = K" (T,). Therefore, if v = 0, then K¥'(0) : KF'(A) — KI'(A) is
the identity map.

Also note that (1) and (4) are equivalent conditions for any graded field A as [17, Theorem 2.13] shows.

If the grade group is trivial and the involution is not considered, [14, Lemma 15.23] shows that the
conditions (1) and (4) are equivalent. The following direct corollary of Theorem 3.4 relates these conditions
with (2) and (3) for involutive matricial algebras.

Corollary 3.6. Let A be a 2-proper and x-pythagorean *-field. If R and S are matricial *-algebras and if
¢, : R — S are algebra x-homomorphisms, then the following are equivalent.

(1) Ko(¢) = Ko(¥)

(2) There exists an element x € S such that ¢(r) = zp(r)x*, for all v € R, and such that xx* = ¢(1R)
and x*x = Y(1R).

(3) There exists a unitary element u € S such that ¢(r) = up(r)u=t, for all v € R.

(4) There exists an invertible element u € S such that ¢(r) = ub(r)u=!, for all r € R.

4. GRADED ULTRAMATRICIAL *-ALGEBRAS

Using the results of the previous two sections, in this section we prove that the functor K§" completely
classifies graded ultramatricial x-algebras over a graded x-field A satisfying the assumptions of Theorems
2.7 and 3.4. Our main result, Theorem 4.5, generalizes [19, Theorem 5.2.4] as well as [14, Theorem 15.26].
Our proof uses Elliott-Bratteli intertwining method analogously to how it is used in the proof of Elliott’s
Theorem for AF C*-algebras (see [1 1, Theorem IV.4.3] for example). However, our proof crucially depends
on the results of the earlier sections as well as on graded and involutive generalizations of the analogous
C*-algebra statements (for example Proposition 4.4). Theorem 4.5 is also a graded generalization of [,
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Proposition 3.3] but the proof of [1, Proposition 3.3] uses different arguments than those used in [14,
Theorem 15.26] or those used by us.

In this section, rings are not assumed to be unital so we start the section with a quick review of the
graded Grothendieck group of a graded, possibly non-unital, ring.

4.1. Graded Grothendieck group of a non-unital ring. If A is a ring possibly without an identity
element, the Grothendieck group Ko(A) can be defined using the unitization of A (see, for example, [15]).
If A is a I'-graded ring which is possibly non-unital, define the unitization A" of A to be A @& Z with the
addition given component-wise, the multiplication given by

(a,m)(b,n) = (ab+ na +mb,mn),
for a,b € A, m,n € Z, and the I'-grading given by
o0 =A0XZ, AY = A, x {0}, for v #0.

Then, A" is a graded ring with the identity (0,1) and A is graded isomorphic to the graded two-sided
ideal A x {0} of A“. The graded epimorphism A" — A*/A produces a natural homomorphism K& (A%) —
K§'(A"/A). The group K§'(A) is defined as the kernel of this homomorphism:

K§'(A) :=ker (K§'(A") — K§'(A"/A)).
The group K (A) inherits the -action and the pre-order structure from K§ (A“).

If A is an algebra over a field K, then K could be used instead of Z in the definition of A*. Using
the graded version of the statements from [15, Section 12], one can show that both constructions produce
isomorphic Z[I'-modules for K§'(A). Moreover, if R is any unital graded ring containing A as a graded

ideal, R can be used instead of A". More details can be found in [19, Section 3.4] and some examples in
[19, Section 3.7].

If A is a graded *-ring which is possibly non-unital, then A* becomes a unital, graded *-ring with the
involution given by (a,n)* = (a*,n) for a € A and n € Z. In this case, A is graded *-isomorphic to A x {0}
and the epimorphism A% — A“/A is also a x-map where A"/A is equipped with the identity involution.
In this case, the group K§'(A) inherits the action of Zy from K§' (A") too.

If A is a graded ring which is possibly non-unital, the set
{x € ker (K§'(A") — K& (A"/A)) |0 <z < [A“]},

which we refer to as the generating interval, takes over the role of the order-unit [A]. If A is unital, then the
definition of its K§' -group coincides with the construction using the projective modules and the generating
interval is naturally isomorphic to {z € K§'(A)]|0 < z < [A]} (the non-graded version of this statement
is shown in [15, Proposition 12.1]). By following the terminology used for C*-algebras (as well as for the
unital case), an order and generating interval preserving map is refer to as contractive. In other words, if
A and B are, possibly non-unital, graded rings, then f : K§'(A) — K§'(B) is contractive if x > 0 implies
that f(x) >0 and 0 < z < [AY] implies that 0 < f(x) < [BY].

This construction is functorial in the sense that if A and B are, possibly non-unital, graded rings
and ¢ : A — B is a homomorphism of graded rings, then ¢ : A* — B given by (a,n) — (¢(a),n),
is a homomorphism of unital graded rings such that K§ (¢“) is contractive. Consequently, K§ (¢) is a
contractive Z[I'l-module homomorphism and we have the following commutative diagram:

K (A~ K§' (A") —— K§'(A"/A)
g s
K& (B)——> K¥(B") —> K& (B"/B).

If the rings A and B are graded *-rings and ¢ is also a *-homomorphism, then K§'(¢*) and, consequently,
Kgr(gﬁ) are Z[Zs]-module homomorphisms. If, additionally, ¢ is an isomorphism, then ¢“ is a unital
isomorphism and so both K& (¢") and K§'(¢) are contractive Z[I'|-Z[Zs]-bimodule isomorphisms.
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Definition 4.1. Let A be a I'-graded x-field. A ring R is a graded ultramatricial x-algebra over A if

there is an A-algebra *-isomorphism of R and a direct limit of a sequence of graded matricial *-algebras.

Equivalently, R is a directed union of an ascending sequence of graded matricial *-subalgebras R; C Ry C
. such that the inclusion R,, C R,,4+1 is a graded x-homomorphism (not necessarily unital) for any n.

The ~-component of a graded ultramatricial *-algebra R = |J;2; R, as in the definition above is
R, =, (Ry). In particular, Ry is an ultramatricial *-algebra over Ag. Since the inclusion R, C Ry
is a graded *-homomorphism, the corresponding map on the K§'-level is contractive. Moreover, if the

algebras R, are unital and 1g, = 1g,,,, then R is a unital ring.

If A is a graded -field, the group Zs, acts trivially on the K§ -group of any matricial algebra over A by
Proposition 1.9. Consequently, Zg acts trivially on the K§'-group of any graded ultramatricial *-algebra
over A as well. In Examples 5.2 and 5.3, we present K§ -groups of some specific graded ultramatricial
x-algebras over a graded *-field.

4.2. The main result. We prove the main theorem of this section using Lemmas 4.2 and 4.3 and Proposi-
tion 4.4 below. Lemma 4.2 and Proposition 4.4 and their proofs follow [I |, Lemma IV.3.2] and [I |, Lemma
IV.4.2] which are the analogous statements for abelian groups and AF C*-algebras.

Lemma 4.2. Let T' be a group and let G be a direct limit of Z[['|-modules Gy, with connecting maps
Unm 2 Gn = Gy, for m > n and translational maps ¥, : Gy, — G. If H is a finitely generated Z[T'|-module
and f : H — Gy, is a Z[I']-module homomorphism such that ¥, f = 0, for some n, then there is m > n
such that Ypmf = 0.

Proof. If hy, ..., hj are generators of H, then ¢, (f(h;)) =0 foralli =1,... k. Thus, for every i =1,...,k
there is m; > n such that ¥nm,(f(hi)) = 0 by the universal property of the direct limit (more details
can be found in the proof of [I 1, Lemma IV.3.2]). We can take m to be any integer strictly larger than
the maximum of my, ..., mj since then we have that ¥nm f(hi) = Ym;mUnm, f(hi) = Ym,m(0) = 0 for any
i=1,... k. O

If A is a field and K is considered as a functor mapping the category of A-algebras into the category
of pre-ordered abelian groups with generating intervals and contractive morphisms, then K preserves the
direct limits by [15, Proposition 12.2]. The graded and involutive version of this result can be proven
analogously. The lemma below follows from this fact.

Lemma 4.3. Let A be a I'-graded x-field, let R,, n = 1,2,..., be unital graded matricial *-algebras, and
let R = lian be a graded ultramatricial x-algebra over A with graded translational x-maps ¢, : R, — R,

n =1,2,... and graded connecting *-maps ¢y (not necessarily unital). If x, € K§ (R,) is such that
0 < K§"(én)(xn) < [Lgu], then there is m > n such that 0 < K§' (¢nm)(xn) < [1r,,.]-

Proof. Throughout the proof, we use h to shorten the notation K5 (h) for any graded #-homomorphism h.

Let z, € K§ (R,,) be such that 0 < ¢,,(z,) < [Lgu]. Since the functor K§" preserves the direct limits,
there is k > n and xj in the generating interval of Ry, such that ¢ () = ¢, (Tn) = GxPni(Tn). Thus,
the map ¢, maps the submodule of K§ (Ry) generated by ¢,,;(z,) — ) to zero. By Lemma 4.2, there is
m > k, such that @y, (¢,,(zn) — 1) = 0 which implies that ¢,,,(¥n) = @, (Tk). Since the connecting
maps preserve the generating intervals and zy is in the generating interval of Ry, we have that @,,,(x,) is

in the generating interval of R,,. Thus, 0 < ¢,,,,(vn) < [1r,,]- O

Proposition 4.4. Let A be a I'-graded x-field with enough unitaries, let R be a graded matricial x-algebra
over A, and let S = liﬂSm be a graded ultramatricial x-algebra over A with graded translational x-maps
Um t Sy — S, m =1,2,... If f: K§(R) = K§'(S) is a contractive Z[U']-module homomorphism, then
there is a positive integer m and a graded *-homomorphism ¢ : R — Sy, such that K§' (¥m¢) = f.
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Proof. Throughout the proof, we use h for K§'(h) for any graded A-algebra *-homomorphism h just as in
the previous proof.

Let R = @, Mp(i)(A)(fyf,..., ;(i)) and let e}, i = 1,...,n, k,l = 1,...,p(i), be the elements of R
such that 7;(el,) are the standard matrix units of M5 (A) (... ,’y;(i)) for every i = 1,...,n, where m; is
a projection onto the i-th component of R. Let ¢y, : S; — Sy, be the connecting graded *-homomorphisms
(not necessarily unital) for every [ < m. By the definition of the direct limit, there is a positive integer [
such that f([1g]) and f([el;]),i =1,...,n are all in ¢;(K§'(S))). Thus, there are idempotent matrices g
and gj; over S; such that

Oillg)) = f([1r]) and  ¢y(lgu]) = f([els]) for i=1,...,n.

Since [1g] = Y 1 1Zp(l (v —~i)[ety] by Lemma 1.7, we have that
n pl)
( ZZ glz) = 0.
1=1 k=1

Let H be the finitely generated Z[I']-submodule of K§'(S;) generated by the element [gl] Yoy Z A 1(71
74 )[g1s)- By Lemma 4.2 applied to H and the inclusion of H into K§ (S;), there is m’ > I such that 1, is

zero on H. Hence y,y ([g1] = X1y S0 (91 = 2)loul ) = 0.
For [gm'] = ¥y (lgi]), we have that
0 < Yy ([gnv]) = VoV ([91]) = ¥i(lg]) = F([1R]) < [Ls0].
Using Lemma 4.3, we can find m > m’ such that
0 < Yy ([gm]) < [1s,,]-
Define a map g : K§'(R) — K§'(Sim) by letting
9([e81]) = i ([g1])

and extending this map to a Z[I'|-homomorphism. This construction ensures that g is order-preserving. It
is also contractive since

n p(i) n P(l) n p(i)
9([1r]) = Q(ZZ el ) Z ([e]) ZZ — V)i ([923])
=1 k=1 =1 k:l =1 k=1
n p(i) o o .
Z Z 7]@ wlm’ [gll]) = ¢m’m¢lm’([gl]) = wm’m[gm'] < [1Sm]'
=1 k=1

The relation amg - f holds since Emg([ell]) Emalm([gh]) - El([glz]) - f([ell]) We can apply
Theorem 2.7 to matricial algebras R and S, and the homomorphism ¢ to obtain a graded *-homomorphism

¢ : R — S, such that ¢ = g. Thus, 1,,¢ = 1,,9 = f. O

We prove the main result of this section now.

Theorem 4.5. Let A be a I'-graded x-field which has enough unitaries, and such that Ag is 2-proper
and x-pythagorean. Let R and S be (possibly non-unital) graded ultramatricial x-algebras over A. If the
map [ : K§' (R) — K§'(S) is a contractive Z[L']-module isomorphism, then there is a graded A-algebra
s-isomorphism ¢ : R — S such that K& (¢) = f.

Proof. Throughout the proof, we use h to denote K§'(h) for any graded A-algebra x-homomorphism h.

Let ¢nm : R, — Ry, and Yy, 0 Sy, — Sy, for n < m denote connecting graded x-homomorphisms and
¢n : Ry = R and 9, : S, — S denote translational graded *-homomorphisms such that R = {J,, ¢n(R»)
and S = |J,, ¥n(Ry). We construct two increasing sequences of integers n(1) < n(2) < ... and m(1) <
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m(2) < ... and graded *-homomorphisms p; : Ry, ;) — Spy and oy @ Spyiy = Ryigr) for i = 1,2,... such
that the following relations hold, two on the algebra level and two on the K§ -group level.

(1)1 Oipi = ¢n( )n(i+1)» (2)1 Pi+10¢ = wm(i)m(i—i-l)v
Pi 9i
Ry ——= S Sm(i) — Ruit1)
Ny S
Pr(i)n(i+1) Y (i)m(i+1)
Rt Sm(it+1)
(3)z m( pl - f(bn (7) (4)1 (bn(z—‘rl 03 = f Tb
Kgr ¢n(z) gr gr Em(z) gr
o (Rn@y) — Ky (R) K (Smg)) — K§ (5)
iﬂi B if J{o’i J/f_l
gr Ym@) o gr gr %’"(” Y peer
Ky (Sm@) — K5 (9) Ky (Rn(it1) Ky (R)

By (1); and (2);, we have ¥, (iym(i+1)0i = Pit10iPi = Pit1Pn(in(i+1), and by (2); and (1);41, we have
Pr(i+1)n(i+2)0i = Tit1Pi+10i = Tit1Um(iym(i+1)- Thus we have the following commutative diagrams.

Pr(i)n(i+1) Y (i)m(i+1)
Ryiy —— Ryt Smi) —  Sm(i+1)
lpi lﬂi-ﬁ—l J/Ui lai-ﬂ

Y (i)m(i+1) Pr(i+1)n(i+2)
Sm(i) - m(i+1) Rn(i+1) - n(i+2)

First, we define n(1), m(1),n(2) and maps p1, o1, p2 and show that all four relations hold for i = 1.

Defining p;. Let n(1) = 1 and consider the composition of maps f¢, : K§ (R1) — K§'(S). By
Proposition 4.4, there exists a positive integer m(1) and a graded *-homomorphism p; : Ry — Sm(1) such
that @m(l)ﬁl = f¢,, i.e. such that the relation (3); holds. Note that Proposition 4.4 uses the assumption
that A has enough unitaries.

Defining o7. Applying the same argument and Proposition 4.4 again to f_lam(l) D K (Spm(ny) —
Kgr(iR), we obtaiIL a positive integer n’(2) and a graded *-homomorphism o7y : S,,,(1) — Ry () such that
f_l'lpm(l) = ¢n’(2)0/1‘ In addition,

Grr@)0101 = f )1 = F T 61 = 61 = b2y biwe)
S0 $n,(2) ((7@1 — am,(z)) = 0. By Lemma 4.2, there is integer n(2) > n’(2) such that

Prr(2)n(2) (07'151 - 5171'(2)) = 0.

Thus we have that an'(z)n ‘71P1 d)n 2)n(2) ¢1n 51n(2)- By Theorem 3.4, there is a unitary x € R (g)
of degree zero such that the inner x- automorph1sm 6:a— xar~! of R, 2y satisfies @1,,(2) = 00,,(2)n 01,01
The assumptions that Ag is 2-proper and *-pythagorean guarantee that 6 is a *-map on entlre Rn(g) not
just on the image of ¢1y,(2)-

Define a graded - homomorphism 01 1 Sy = Ry(2) by 01 = 00,1 (2)n(2)01- The relation (1); follows
since 01p1 = 0/ (2)n(2)71P1 = P1n(2)- The relation (4); also holds since

G201 = n@)0 B 2n(2)71 = Pr(2) P (2201 = Pur(2)0h = F P
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Defining p2. By Proposition 4.4, for fan(z)  K§' (Ry2) = K§'(S), there is a positive integer m (2) >
m(1) and a graded *-homomorphism p : Ry, 2) — Sy (2) such that 1/Jm fqbn . Since v,/ 2)p201

fon201 = FF0ma) = Yma) = Ymr@)m@)ym(2), We have that Em’@) (;'201 Yrn(1) 1(2) = 0. By
Lemma 4.2, there is an integer m(2) > m/(2) such that

Em’@)m 2) (PZUl ¢m ym! ) =0.

Thus, ¢m m(2)p201 = Q,Z)m ym( T/Jm(1 T/Jm(l )- By Theorem 3.4, there is a unitary y € Sy, (2)
of degree zero producing an inner *- automorphlsrn 0’ of Sm(2) such that wm(l)m(g) = ¢ Yo (2)m(2) P5071.
Define a graded x- homomorphlsm p2 : Rp@) — Sm2) by p2 = 0"y 2)m(2)pa. The relation ( )1 follows
since pooy = 6 Ui (2) p201 Uin(1)m(2) showing that all four relatlons hold for ¢ = 1.

The Inductive Step. Continuing by induction, we obtain two increasing sequences of integers n(1) <
n(2) < ...and m(l) < m(2) < ... and maps p; and o; for which the four diagrams (1); to (4); commute
foralli=1,2,....

The Final Step. We define the maps p: R — S and ¢ : S — R now. Since R = |J; ¢n(i)(Bn(i))s
every element r € R is in the image of some map ¢,,;). If 7 = ¢p;)(7;), define p(r) = V5 pz(n) This
automatically produces the relation pg, ;) = ;) pi- We define o analogously so that o,y = ¢p(it1)0i-
The maps p and o are graded A-algebra x-homomorphisms by their definitions and we have the following
diagram.

Pr(1)n(2) R Pr(2)n(3) R Pn(3)n(4)

Ry1)y — Ry —— Ry) o . ——R
2 2 |
p1 P2 p3 pllo
S — S — S, — . — 5
m( )T/J m(1)m(2) (2) 7/"m(2)m(3) 3)¢m(3)m(4)

Lastly, we check that p and o are mutually inverse. If r € R is such that r = ¢;,(;)(r4), then, using (1);
we check that
O’p(?“) = 0p¢n(z (Tz) - me (3) pz(rz) ¢n(i+1)aipi(ri) = ¢n(i+1)¢n(i)n i+1) ( ) (bn (7) ( ) =T
Similarly, if s € S is such that s = 9,,(3)(s:), then, using (2); we check that

po(8) = potmiy(8i) = PPn(i+1)0i(8i) = Vm(i41)Pi+10i(51) = Vm(it1)Lm(iym(i+1)(51) = Ym() (8i) = s
The commutativity of the diagrams (3); and (4); for every i implies that p = f and & = f~ 1. O

We wonder whether the assumptions of Theorem 4.5 on the graded *-field can be weakened. In other
words, we wonder whether Theorem 2.7 holds without assuming that the graded *-field has enough uni-
taries, whether Theorem 3.4 holds without the assumptions that the 0-component of the graded x-field is
2-proper and *-pythagorean, and, consequently, whether these assumptions can be removed from Theorem
4.5.

Theorem 4.5 has the following direct corollary.
Corollary 4.6. Let A be a I'-graded *-field which has enough unitaries and such that Ag is 2-proper and

x-pythagorean. If R and S are graded ultramatricial *-algebras over A, then R and S are isomorphic as
graded rings if and only if R and S are isomorphic as graded x-algebras.

If the involutive structure is not considered and A is any graded field, two graded ultramatricial algebras
over A are isomorphic as graded rings if and only if they are isomorphic as graded algebras.

Proof. One direction of the first claim follows directly from Theorem 4.5 since every ring isomorphism
R — S induces a contractive Z[I'-module isomorphism of the K§'-groups. The other direction is trivial.

The last sentence follows from Corollary 2.10, the proof of Theorem 4.5, and the fact that the conditions
(1) and (4) of Theorem 3.4 are equivalent for any graded field A. O
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Disregarding the involutive structure of the field A and imposing no assumption on the graded field A,
we obtain [19, Theorem 5.2.4] as a direct corollary of Theorem 4.5.

Corollary 4.7. [19, Theorem 5.2.4] Let A be a I'-graded field and let R and S be graded ultramatricial
algebras over A. If f : K& (R) — K§&'(S) is a contractive Z[T'|-module isomorphism, then there is a graded
A-algebra isomorphism ¢ : R — S such that K§' (¢) = f.

Considering grading by the trivial group, we obtain the following corollary of Theorem 4.5.

Corollary 4.8. Let A be a 2-proper and x-pythagorean *-field and let R and S be ultramatricial x-algebras
over A. If f : Ko(R) — Ko(S) is a contractive Z-module isomorphism, then there is an A-algebra -
isomorphism ¢ : R — S such that Ko(¢) = f.

This corollary implies [1, Proposition 3.3]. Note that Corollary 4.6 also implies [/, Proposition 3.3].

Corollary 4.9. [1, Proposition 3.3] Let A be a 2-proper and x-pythagorean x-field. If R and S are ultra-
matricial x-algebras over A, then R and S are isomorphic as rings if and only if R and S are isomorphic
as x-algebras.

Considering the field of complex numbers and the complex conjugate involution with the trivial grade
group, the classification theorem for AF C*-algebras [12, Theorem 4.3] follows from Corollary 4.8.

Corollary 4.10. [12, Theorem 4.3| Let R and S be AF C*-algebras. If f : Ko(R) — Ko(S) is a contractive
Z-module isomorphism, then there is a x-isomorphism ¢ : R — S such that Ky(¢) = f.

Considering the grade group to be trivial and disregarding the involutive structure, we obtain [14,
Theorem 15.26] as a direct corollary.

Corollary 4.11. [14, Theorem 15.26] Let A be a field and let R and S be ultramatricial algebras over A.
If f: Ko(R) — Ko(S) is a contractive Z-module isomorphism, then there is an A-algebra isomorphism
¢ : R — S such that Ko(¢) = f.

4.3. Graded rings of matrices of infinite size. We conclude this section with a short discussion on
the grading of the matrix rings of infinite size which we shall use in section 5.2. Let A be a I'-graded ring
and let k£ be an infinite cardinal. We let M (A) denote the ring of infinite matrices over A, having rows
and columns indexed by x, with only finitely many nonzero entries. If 7 is any function k — I', we can
consider it as an element of I'*. For any such 7, we let M (A)(¥) denote the I'-graded ring M (A) with
the §-component consisting of the matrices (aap), @, 8 € K, such that ans € Asi5(8)—5(a)- If A is a graded
x-ring, the graded ring M (A)(7) is a graded *-ring with the *-transpose involution.

With these definitions, Proposition 1.3 generalizes as follows.
Proposition 4.12. Let A be a I'-graded *-ring, k a cardinal and 7 € I'".

(1) If § is in T, w is a bijection k — Kk, and yw + 0 denotes the map k — T’ given by o — F(w(a)) + 9, then
the matrixz rings

M (A)(3) and Mo(A)(Fr + )
are graded *-isomorphic.
(2) If 6 € I'" is such that there is a unitary element aq € Ag

«

M, (A)(F) and My (A)(F +0)

) for every a € k, then the matrix rings

are graded *-isomorphic.

Proof. The proof parallels the proof of Proposition 1.3. To prove the first part, note that adding J to
each of the shifts does not change the matrix ring. For a, 8 € &, let e,3 denote the matrix with the field
identity element in the (a, ) spot and zeros elsewhere. Define a map ¢ by mapping eas to er-1(a)r-1(g)
and extending it to an A-linear map. Define also a map ¢ by mapping eng t0 €r(a)r(g) and extending it
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to an A-linear map. The maps ¢ and 1 are mutually inverse *-homomorphisms. Moreover, ¢ and v are
graded maps by the same argument as the one used in Proposition 1.3.

To prove the second part, let a,, € Ag(a) be a unitary element for every o € k. Consider a map ¢ given
by eqs — alageqs for every a, 8 € k and extend it to an A-linear map. This extension is clearly a graded
*-homomorphism with the inverse given by the A-linear extension of the map e,5 — aaageag. 0

If A is a graded field and w the first infinite ordinal, then the algebra M, (A)(7%) is a graded ultramatricial
algebra since M, (A)(7) is the directed union, taken over the finite subsets I of w, of the subalgebras which
have nonzero entries in the rows and columns which correspond to the elements of I.

5. ISOMORPHISM CONJECTURE FOR A CLASS OF LEAVITT PATH ALGEBRAS

In this section, we use Theorem 4.5 to show that the graded version of the Generalized Strong Isomor-
phism Conjecture holds for a class of Leavitt path algebras. We start with a quick review of the main
concepts. Just as in the previous section, rings are not assumed to be unital and homomorphisms are not
assumed to be unit-preserving.

5.1. Leavitt path algebras. Let £ = (E°, E' s,r) be a directed graph where EY is the set of vertices,
E' the set of edges, and s,r : E! — E° are the source and the range maps, respectively. For brevity, we
refer to directed graphs simply as graphs.

A vertex v of a graph E is said to be regular if the set s~!(v) is nonempty and finite. A vertex v is called
a sink if s~(v) is empty. A graph E is row-finite if sinks are the only vertices which are not regular, it is
finite if E is row-finite and EY is finite (in which case E' is necessarily finite as well), and it is countable
if both E° and E' are countable.

A path p in a graph E is a finite sequence of edges p = e;...e, such that r(e;) = s(e;j4+1) for i =
1,...,n — 1. Such path p has length |p| = n. The maps s and r extend to paths by s(p) = s(e;) and
r(p) = r(ey,) respectively and s(p) and r(p) are the source and the range of p respectively. We consider a
vertex v to be a trivial path of length zero with s(v) = r(v) =v. A path p =e;...e, is said to be closed
if s(p) = r(p). If p is a nontrivial path, and if v = s(p) = r(p), then p is called a closed path based at v. If
P =e1...ey, is a closed path and s(e;) # s(e;) for every i # j, then p is called a cycle. A graph E is said
to be no-exit if s71(v) has just one element for every vertex v of every cycle.

An infinite path of a graph FE is a sequence of edges ejes ... such that r(e;) = s(ej41) foralli =1,2,.. ..
An infinite path p is an infinite sink if it has no cycles or exits. An infinite path p ends in a sink if there
is n > 1 such that the subpath e,e,11 ... is an infinite sink, and p ends in a cycle if there is n > 1 and a
cycle ¢ of positive length such that the subpath e,e, 1 ... is equal to the path cc.. ..

For a graph FE, consider the extended graph of E to be the graph with the same vertices and with edges
ElU{e* | e € E'} where the range and source relations are the same as in E for e € E' and s(e*) = r(e)
and r(e*) = s(e) for the added edges. Extend the map * to all the paths by defining v* = v for all vertices
vand (e1...ep)* =ej, ... e} for all paths p =e;...e,. If p is a path, we refer to elements of the form p*
as ghost paths. Extend also the maps s and r to ghost paths by s(p*) = r(p) and r(p*) = s(p).

For a graph E and a field K, the Leavitt path algebra of E over K, denoted by L (FE), is the free
K-algebra generated by the set EC U E' U {e* | e € E'} satisfying the following relations for all vertices
v,w and edges e, f.

(V) vw = 6y 00,
(E1) s(e)e =er(e) =,
(E2) r(e)e” =e*s(e) =
(CK1) e*f = d¢ sr(e),
CK2) v

( Zees_l(v) ee* for every regular vertex v.
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The first four axioms imply that every element of Ly (E) can be represented as a sum of the form
> aipiq; for some n, paths p; and ¢;, and elements a; € K, for i = 1,...,n. Also, these axioms imply
that L (FE) is a ring with identity if and only if EY is finite (in this case the identity is the sum of all the
elements of E°). If EY is not finite, the finite sums of vertices are the local units for the algebra L (F).

If K is a field with involution * (and there is always at least one such involution, the identity), the
Leavitt path algebra Lx(E) becomes an involutive algebra by (3°1 ; aipig)* = > iy afqipf for a; € K
and paths p;,q;,i=1,...,n.

For an arbitrary abelian group I', one can equip Lx(F) with a I'-graded structure as follows. For any
map w : B! — T called the weight map, define w(e*) = —w(e) for e € E', w(v) = 0 for v € E°, and
extend w to paths by letting w(p) = """, w(e;) if p is a path consisting of edges e ...e,. Since all of
the Leavitt path algebra axioms agree with the weight map, if we let Lg (E), be the K-linear span of the
elements pg* where p,q are paths with w(p) — w(q) = 7, then Lk (FE) is a I'-graded K-algebra with the
v-component equal to Lx (E),. It can be shown that this grading is well-defined (i.e. that it is independent
of the representation of an element as ), a;p;q; in the above definition of Ly (FE),). This grading is such
that Li(E)} = Li(E)- for every v € I and so Li(E) is a graded *-algebra.

The natural grading of a Leavitt path algebra is obtained by taking I'" to be Z and the weight of any
edge to be 1. Thus, the n-component Lg (F), is the K-linear span of the elements pg* where p, ¢ are paths
with |p| — |g| = n. Unless specified otherwise, we always assume that L (E) is graded naturally by Z.

5.2. A class of no-exit row-finite graphs. For any countable, row-finite graph F and a field K, the
following conditions are equivalent by [2, Theorem 3.7].

(1) E is a no-exit graph such that every infinite path ends either in a cycle or a sink.
(2) Lg(E) = @,c; My, (K) ® @;c; My, (K [z, 27 ]), where I and J are countable sets, and each &; is
a countable cardinal.

In [20, Corollary 32], it is shown that the assumption on countability of the graph E can be dropped (in
which case I, J, and x; may be of arbitrary cardinalities) and that the isomorphism in condition (2) can
be taken to be a x-isomorphism. However, since the ultramatricial algebras are defined as countable direct
limits of matricial algebras, we prove the main result of this section, Theorem 5.5, by considering just

countable graphs.

Our first goal is to show the following.

Proposition 5.1. If K is a field and E a row-finite, no-exit graph such that every infinite path ends either
in a cycle or a sink, then Lk (F) is graded x-isomorphic to the algebra

P M., (K) (@) & PM,, (K[z", ")) (F')

icl icJ
where I and J are some sets, k; and p; cardinals, n; positive integers, &' € Z% fori € I, and ¥' € ZMi for
i€ J.

Proof. The proof adapts the idea of the proofs of [2, Theorem 3.7] and [20, Corollary 32] to the grading
setting.

Let E be a row-finite, no-exit graph such that every infinite path ends either in a cycle or a sink and
consider K to be trivially graded by Z. Let {s;}ics, be all the finite sinks in E°, and let {u;}ic, be all the
infinite sinks in £ (where distinct u; have no edges in common, and where the starting vertex of each wu;
is fixed, though it can be chosen arbitrarily). Let {c;};cs be all the cycles which contain at least one edge
and where the starting vertex of each ¢; is a fixed, though arbitrary, vertex of ¢;.

For each i € Iy, let {p;j}jcr, be all the paths which end in s;. For each i € Iy, let {g;;};cnm, be all the
paths which end in u; such that r(g;;) is the only vertex of both ¢;; and u,. For each i € J, let {r;;};en,
be all the paths which end in s(¢;) but do not contain ¢;. It can be shown (see [2, Theorem 3.7] and [20,
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Corollary 32]) that
i€h i€l icJ

is a basis for L (E), where c¥ is understood to be s(c;) when k = 0 and (c¢})~* when k < 0, and where,
writing each u; as u; = ejiezn ... (e € E'), we define

€ike; (k+1) eim—1) if r(qij) = s(eix), r(qa) = s(eim), and 1 <k <m
Tijl = ei( 1) z(k—2) cef o ifr(qij) = s(ei),r(qi) = s(eim), and k >m >1
r(gi;) if r(q, ) = r(qu)
for i € I», 7,1 € M;. Note that deg(z;;;) = m — k in any of the three cases of the above formula.
Then one can define a map
f:L(E) = @M, (K) ® @My, (K) © @My, (K[, 271%/]) by letting
i€ly i€l ieJ

f(pljp;kl) = eiA S M|L2|<K); f(qzjccwlq;“l) = e;l c M‘MZ‘(K), and
f(Tz]CfT'Zl) = xklt:ile;l e MI‘NZ_‘(K'[m\ciljajf\ci\])7

where eé.l is the matrix unit in the corresponding matrix algebra, and then extending this map K-linearly
to all of Li(F). Note that for all the basis elements we have

f((pijpy)*) = f(pilpfj) = efj = (e;"z)* = f(pijpiy)"
fUgijring)”) = faax ]ijqz’}) =ej; = ()" = f(aijwijig)*, and
f((n]CfTu) ) = f(rac; rzg) = xikmeﬁj = (z k|clle )" f(rmcfrzl) )

so that the map f is a x-homomorphism.

*’G

We turn to the graded structure now. Let us define the elements

a' e Tl by @ (j) = [pyl,
B% e DMl by BZ'(J') = |gij| =k if r(qi;) = s(ejr+1)) and
7 e TNl by 7(j5) = [ryyl.

and let us consider the graded algebra
R:= @My, (K) @) © @My (K)(5") & @My, (K[!, =) (7).
i€ly i€la ieJ

If eé-l is a matrix unit in Mz, (K)(@"), then deg(e?l) =a'(j) —ai(l) = |pij| — |pu| = deg(pijpy) for alli € I,
J,1 € L;. Similarly, if eé-l is a matrix unit in My, (K [zleil z=1eil]), then deg( k‘ci‘e? ) = klei| +7 () =~ (1) =
klei| + i) — |ral = deg(rijckry) for all i € J, j,1 € N;, and k € Z. If ¢! %1 s a matrix unit in My, (K K)(B),
then deg(e’)) = B'(j) — B'(1) = |aij| — k — |qul + m = deg(gijxi1q})) since deg(zi;1) = m — k.

This shows that the map f is also a graded map. Hence, f is a graded -isomorphism of Lg(FE) and
R. O

Before proving the main theorem of this section, let us look at some examples. Since [18] and [17]
contain examples of Leavitt path algebras of finite graphs from the class which we consider (and a related
class called polycephaly graphs), we concentrate on graphs with infinitely many vertices.

Example 5.2. Let us consider a graph with vertices vp,v; ... and edges e, eq,... such that s(e,) = v,
and r(e,) = vp41 for alln =0,1... (represented below).

vo

. oll o2 o3



K-THEORY CLASSIFICATION OF GRADED ULTRAMATRICIAL ALGEBRAS WITH INVOLUTION 39

By taking vg as the source of the infinite sink, the Leavitt path algebra of this graph is graded *-isomorphic
to M, (K)(0,—1,—2,—-3,...) where w is the first infinite ordinal.

By taking wo, for example, as the source of the infinite sink, the Leavitt path algebra of this graph
can also be represented by M, (K)(2,1,0,—1,—2,...). By Proposition 4.12, these two representations are
graded *-isomorphic.

Consider the graph below now.

]

[ ] o ——>

By taking v as the source of the infinite sink, the Leavitt path algebra of this graph can be represented
as M, (K)(1,1,0,0,0,—1,—1,—2,—3,—4,...). Similarly, considering w, for example, as the source of the
infinite sink, we obtain another graded *-isomorphic representation M, (K)(4,4,3,3,3,2,2,1,0,—1,...).

The graphs from the previous example have just one (infinite) sink and so the graded Grothendieck
groups of the corresponding Leavitt path algebras are isomorphic to Z[x, z~!] as Z[z, 2~ !]-modules. From
this example, it may appear that the graded Grothendieck group does not distinguish between Leavitt
path algebras of these graphs. However, the identity map on Z[z, 27 '] = KJ(Lg(E)) — Z[z,z™'] =
Kgr(LK(F )), where E and F' are two graphs from Example 5.2, is not contractive. So, it turns out that
K§" is sensitive enough to distinguish the algebras which are not graded *-isomorphic. The next example
illustrates this point in more details.

Example 5.3. Let E and F' be the graphs below and let K be any field trivially graded by Z.

A v

Using arguments similar to those in the previous example, we can deduce that Lg (F) is graded #-isomorphic
to M, (K)(0,1,2,...) and Lg(F) to M, (K)(0,1,1,1,...). The Grothendieck groups of both of these al-
gebras are isomorphic to Z and the two algebras are *x-isomorphic as non-graded algebras. The graded
Grothendieck groups of both algebras are isomorphic to Z[x, z~1] and we claim that there is no contractive
Z[z, z~']-module isomorphism of the two graded Grothendieck groups. So, these algebras are not graded
*-isomorphic.

The order-unit [lng, (x)(0,1,2,..n—1)] of K§ (My(K)(0,1,2,...,n — 1)) for n > 1, corresponds to the
element 1 + 27! 4+ 272 4+ ... + 27! € Z[z,27!]. By using Lemma 4.3, one can see that the generating
interval of the algebra M, (K)(0,1,2,...) consists of the elements of the form >_,.; 2" where I is a finite
set of nonnegative integers. Similarly, the order-unit of K§' (M, (K)(0,1,1,...,1)) for n > 1, corresponds
to the element 1 4 (n — 1)z~! € Z[z,27!] and the generating interval of the algebra M, (K)(0,1,1,...)
consists of the elements of the form & + kz~! where k is a nonnegative integer and 6 =0 or § = 1.

Assume that there is a contractive isomorphism f between the copy of Z[z,r~!] corresponding to
K§' (Lk(E)) and the copy of Z[z,271] corresponding to K§'(Lx(F)). Then, for every n > 1, there is a
nonnegative integer m and § € {0,1} such that f(1+z~ ! +...+2 ") = §+ma~L. If k is a nonnegative
integer and e € {0,1} such that f(1) =e+kx™!, then (1+z7 1 +...+ 27" ) (e +kat) = § + ma~!. This
leads to a contradiction by the assumption that n > 1. Thus, f cannot be contractive.

5.3. Generalized Strong Isomorphism Conjecture for a class of Leavitt path algebras. The
finishing touch for the main result of this section, Theorem 5.5, is the proposition below.
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Proposition 5.4. Consider the Z[x,z~']-module structure on Z™ for any positive integer n, to be given
by z(a1,...,an) = (an,a1,...,an—1). If I,J are countable sets, n;, m; are positive integers for i € I and
j € J, and f is a contractive Z[x,r~]-module isomorphism
r @ - @
el jeJ

then there is a bijection 7 : I — J such that n; = myy and such that f maps Z" onto Z"®.

Proof. Let uﬁ, . ,u%i denote the standard Z-basis of Z"i, ¢ € I, and let v{ Yo ,vﬁn]. denote the standard
Z-basis of Z™i, j € J. Note that a;u}€ = U2+1 fork=1,...,n; —1 and :zruih = u’1 To shorten the notation,
for k > n; we define u}c = u};/ if £ = k' modulo n; for some ¥ = 1,...,n;. Thus :lcu}g = u};H for every
k= 1, ..., n;. Similarly, mvlj = vljﬂ fori=1,...,m; — 1, :m)ﬁnj = v{, and we use the analogous convention
for v} if I > m;.

For every i € I, there is a finite subset J; of J and integers aél, Jj € Ji, Il =1,...,my, such that

l

i are

flut) = de Ji Zl laﬂvl The condition that f is order preserving implies that the integers a:
nonnegative. The condition that f is a Z[z, z~!]-homomorphism implies that

m;
_ 1.
= Z Z @iV -1

jed; =1
for every k=1,...,n;.

Analogously, for every j € J, there is a finite subset I; of I and nonnegative integers bw’ € Ij,

k=1,...,n;, such that
n;
) = Z Z bécju;ﬁ-l—l
iel; k=1

for every [ =1,...,m;.

Fix i € 1. We intend to find a unique jo € J with m;, = n;, and f(u’io) = vl for some lp = 1,...,m;,
so that we can define 7(ip) = jo.
The condition that u%® = f~1(f(u)) implies that

S SN b =

jE€Jiy 1=1 i€l; k=1

The condition that the coefficients are nonnegative implies that all the products a’. b¥. are zero except for

Jio i

exactly one product al%m bfoojo for some jg € J;,, some lp = 1,...,m;, and some kg = 1,...,n; and, in this
lo 1k ! k

case, a]%mb“?]o =1 and kg + lp — 1 = 1 modulo n;,. Hence a]?ﬂo =1 and b“?]o = 1. The relation bl(fjo =1

implies that iy € I, and the relatlon aéol = 1 implies that bfjo =0foralliec I, and £k =1,...,n; unless

t =19 and k = ko. Thus I~ ( 0) = uk and f_l(vl];’) = UZ%+10—1 = u’f’ because kg + lp — 1 = 1 modulo
n;,. Hence f(up) ) = v1° and f(ul) = vljé’

Since Uz = x40 UZJO, we havg that f(ul') = 2o f(ul0) = f(wmﬂo u'0). This implies that w0 = 20
and so ng, < my,. Also, since uj? = ™o, we have that FH0) = ™o f~1(w]°) = f~1(z™00°). This
implies that vj = "o ’Ul and so mj, < n;,. Thus we have that n;, = mj,.

The element jg is unique for ig, so the correspondence iy — jo defines an injective map 7 : I — J with
the required properties. Starting with any j € J and repeating the same procedure produces a unique
i € I such that n; = m; and f(u}) = v/ for some I = 1,...,m;. This shows that 7 is onto. O

We prove the main theorem of this section now.
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Theorem 5.5. If E and F are countable, row-finite, no-exit graphs in which each infinite path ends in a
sink or a cycle and K is a 2-proper, x-pythagorean field, then Ly (FE) and Lk (F) are graded x-isomorphic
if and only if there is a contractive Z[x,x~]-module isomorphism K§ (Lk(E)) = K§" (L (F)).

Proof. Let E and F be countable, row-finite, no-exit graphs in which each infinite path ends in a sink or
a cycle and consider K to be trivially graded by Z. By Proposition 5.1, there is a graded ultramatricial
x-algebra

R = P M, (5)(@) & P My (K[, = ))(7)
icl icJ
which is graded *-isomorphic to Lx (FE) and a graded ultramatricial x-algebra
S = P M. (K)(@)") @ M, (K[2", 2~ "]) (7))
iel’ ieJ’
which is graded s-isomorphic to Lg (F). To prove the theorem, it is sufficient to show that if there is a

contractive Z[z,z!]-module isomorphism K§ (R) = K§'(9), then there is a graded algebra x-isomorphism
of rings R and S.

Since K§'(R) = Z[z,z7 ) & @,c; Z™ and K§'(S) = Zz,z ' @ Dicr 7", let us assume that f is
a contractive Z[z, 2~ !-module isomorphism Z[z,z 1) & @, , Z" — Zz,z ) @ Dics 7. We claim
that f maps @,.;Z" onto P, 5 Z" and Z[z,z~ ') onto Z[z,z~']". The key point of the argument
is that z acts differently on an element of Z[z,2 ']/ than on an element of @, ;Z™. In particular, if
a € @,y 2%, and a(i) = (ai,...,al,) for some i € J, then (za)(i) = (af,,,ai,...,al, ;). Ifae Zlz, 1!,
then (za)(i) = za(i) for i € I.

To prove this claim, let a € @,.; Z". If f(a) = (b,c) where b € Z[z,27 ]! and ¢ € @, Z", we show
that b = 0. Let Jy be a finite subset J which is the support of a, i.e. such that a(i) # 0 if and only if i € Jy
and let m be the least common multiple of n;, ¢ € Jy so that ™a = a. Thus, we have that

(b,c) = fla) = f(z™a) = 2™ f(a) = (z"b,2™¢c).
This implies that 2™b = b. Since the action of ™ on any element Z[z,z~']!" is trivial just if that element
is trivial, we obtain that b = 0. Thus, the image of €, ; Z™ under f is contained in &, 5 . Using the
analogous argument for f~!, we obtain that the image of Dicr Z" under f~! is contained in Djcs 2™
Thus, f restricts to the contractive isomorphisms
fo: 2z, = Z[z,2™ ) and f.: @Z”i — @Z”g.
i icJ!
We can use Theorem 4.5 directly for the map f,. Indeed, K is 2-proper and x-pythagorean by the

assumptions. Since K is trivially graded by Z, it has enough unitaries. Theorem 4.5 implies that there is
a graded K-algebra x-isomorphism

G0 : DM, (K)(@") = ED M, (K)(@)).
icl icl’
Let us consider f. : @,c;Z" — P,y Z™ now. Proposition 5.4 implies that there is a bijection
7 :J — J' such that n; = n;(i) and that f. maps Z™ onto 7 for any ¢ € J. Let ~ be the equivalence
on J given by i ~ j if and only if n; = n; and let J denote the set of cosets. The relation ~ induces
an equivalence on J', which we also denote by ~, given by i’ = (i) ~ j' = n(j) if and only if i ~ j.
Thus, f, restricts to the map f? : @kej 7 — @keﬁ Z"=®) for any j € J. The graded field K[z, z~"™]
is such that K[z"/, 27" g = K is 2-proper and *-pythagorean. A nonzero component of K[z"i, z7"] is
of the form {kaz'i|k € K} for some i € Z and it contains 2" which is a unitary element. Hence the
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assumptions of Theorem 4.5 are satisfied so there is a graded K[z"i, z~"]-algebra (hence also K-algebra)
*-isomorphism

oL DMy (K™, 277 » @@ My (Kla"0, 2~ "=0))((7)")

k€j ken(j)
for any j € J.
Letting ¢, = 69367 qbz and ¢ = ¢, P ¢., we obtain a graded K-algebra x-isomorphism ¢ : R — S. U

Corollary 5.6. If E and F' are countable, row-finite, no-exit graphs in which each infinite path ends in a
sink or a cycle and K is any field, then Li(E) and Li(F) are graded isomorphic if and only if there is a
contractive Z[x, x~-module isomorphism K§ (Li(E)) = K§' (Lk(F)).

Proof. The proof is analogous to the proof of Theorem 5.5 with Corollary 4.7 used instead of Theorem
4.5. O

Theorem 5.5 implies the graded version of the Generalized Strong Isomorphism Conjecture for Leavitt
path algebras of graphs and over fields which are as in the corollary below.

Corollary 5.7. (Graded GSIC) Let E and F be countable, row-finite, no-exit graphs in which each
infinite path ends in a sink or a cycle. Consider the following conditions.

(1) Lg(F) =g L (F) as graded rings.
(2) Lg(FE) =g Lg(F) as graded algebras.
(3) Lx(E) =g L (F) as graded x-algebras.

The conditions (1) and (2) are equivalent for any field K. If K is a 2-proper, x-pythagorean field, then all
three conditions are equivalent.

Proof. If K is any field, the conditions (1) and (2) are equivalent by Corollary 5.6.

If K is a 2-proper, *-pythagorean field, the condition (1) implies (3) since every graded ring homo-
morphism induces a contractive isomorphism of the K§ -groups so that Theorem 5.5 can be used. The
implications (3) = (2) = (1) hold trivially. O
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