REALIZATION OF GRADED MATRIX ALGEBRAS AS LEAVITT PATH
ALGEBRAS

LIA VAS

ABSTRACT. While every matrix algebra over a field K can be realized as a Leavitt path algebra,
this is not the case for every graded matrix algebra over a graded field. We provide a complete
description of graded matrix algebras over a field, trivially graded by the ring of integers, which are
graded isomorphic to Leavitt path algebras. As a consequence, we show that there are graded corners
of Leavitt path algebras which are not graded isomorphic to Leavitt path algebras. This contrasts a
recent result stating that every corner of a Leavitt path algebra of a finite graph is isomorphic to a
Leavitt path algebra. If R is a finite direct sum of graded matricial algebras over a trivially graded
field and over naturally graded fields of Laurent polynomials, we also present conditions under which
R can be realized as a Leavitt path algebra.

1. INTRODUCTION

Every matrix algebra over a field K or the ring K[z, z™!] is isomorphic to a Leavitt path algebra.
In contrast, not every graded matrix algebra over a field is graded isomorphic to a Leavitt path
algebra by [0, Proposition 3.7]. Here, a Leavitt path algebra is considered with the natural grading
by the ring of integers Z and the field K is considered to be trivially Z-graded. The Leavitt
Path Algebra Realization Question of [0, Section 3.3] asks for a characterization of those graded
matrix algebras over K which can be realized as Leavitt path algebras. In Proposition 3.2, we
answer this question by providing a complete characterization of graded matrix algebras over K
which are graded isomorphic to Leavitt path algebras. In Proposition 3.4, we provide analogous
characterization for graded matrix algebras over naturally Z-graded K|[z™, z~™| for any positive
integer m. These two results are used in Proposition 3.5 which presents conditions under which a
finite direct sum of graded matricial algebras over K and K|[xz™,x~™] can be realized by a Leavitt
path algebra.

As a consequence of Proposition 3.2, we show that there are graded corners of Leavitt path
algebras which are not graded isomorphic to Leavitt path algebras (Example 3.6). This contrasts
a recent result from [2] which states that every corner of a Leavitt path algebra of a finite graph is
isomorphic to another Leavitt path algebra.

2. PREREQUISITES

A ring R is graded by a group I' if R = 69761" R, for additive subgroups R, and R,R; C R.s for
all 7,6 € I'. The elements of the set H = U'yEF R, are said to be homogeneous. The grading is trivial
if R, = 0 for every nonidentity v € I'. A graded ring R is a graded division ring if every nonzero
homogeneous element has a multiplicative inverse. If a graded division ring R is commutative then

R is a graded field.

2000 Mathematics Subject Classification. 16W50, 16550, 16D70.
Key words and phrases. Graded matrix algebra, Leavitt path algebra.
1



9 LIA VAS

We adopt the standard definitions of graded ring homomorphisms and isomorphisms, graded left
and right R-modules,; graded module homomorphisms, and graded algebras as defined in [5] and
[3]. We use =, to denote a graded ring isomorphism.

In [3], for a I'-graded ring R and v1,...,7v, € I', M,(R)(y1, - . .,7s) denotes the ring of matrices
M, (R) with the I'-grading given by

(rij) € Myy(R) (1 -+ s m)s  if 145 € R g, forij=1,....n.

The definition of M, (R)(y1,...,7,) in [5] is different: M, (R)(y1,...,7,) in [5] corresponds to
M, (R)(v; ', ..., b) in [3]. More details on the relations between the two definitions can be found
in [7, Section 1]. Although the definition from [5] has been in circulation longer, some matricial
representations of Leavitt path algebras involve positive integers instead of negative integers making
the definition from [3] more convenient when working with Leavitt path algebras. Because of this,
we opt to use the definition from [3]. With this definition, if F' is the graded free right module
(vyHR® - @ (v, )R, then Homp(F, F) &, M, (R)(V1,---,%) as [-graded rings.

We also recall [5, Remark 2.10.6] stating the first two parts in Lemma 2.1 and [3, Theorem 1.3.3]
stating part (3) for I abelian. Although we use these results in case when I is the ring of integers,
we note that the proof [3, Theorem 1.3.3] generalizes to arbitrary I'. The last sentence in the lemma
is the statement of [3, Proposition 1.4.4. and Theorem 1.4.5].

Lemma 2.1. [7, Remark 2.10.6], [3, Theorem 1.3.3, Proposition 1.4.4, and Theorem 1.4.5] Let R
be a I'-graded ring and ~v1,...,v, € .

(1) If T a permutation of the set {1,...,n}, then

Mn(R) ('Vla Y25 - 7771) Zor Mn<R) ('77r(1)7 Yr(2) - - - 777r(n))
by the map x — pxp~' where p is the permutation matriz with 1 at the (i,7(i))-th spot for
1=1,...,n and zeros elsewhere.

(2) If § in the center of T,
MN(R)(’YL Y25 .- 77n) = Mn(R)(’}/l(Sa 7257 CIE a’Yn(S)
(3) If 6 € T is such that there is an invertible element us in Rg, then
M?’L(R)(’yh Y2, 7/771,) ggr Mﬂ,(R)('Yl(S, Y2 ... 7’}/n)

Yew where u is the diagonal matriz with us, 1,1,...,1 on the diagonal.

by the map x +— u~

If T is abelian and R and S are I'-graded division rings, then
Mn(R)(’yla Y2, .- 7771) ggr Mm(s)(61> 527 ce a(sm)
implies that R =4, S, that m = n, and the list 61,02, ...,0., is obtained from the list y1,72, ...,V
by a composition of finitely many operations as in parts (1) to (3).
To shorten the notation, if each ; € I';i = 1, ...k, appears d; times in the list

V1 Voo V1 V25025 Y2y v y Vky Ves - -+ Tk

we abbreviate this list as
di(71),da(72), - -5 di(Vk)-

Uf Misa graded right R-module and v € T, the ~-shifted or y-suspended graded right R-module (y)M is defined
as the module M with the I'-grading given by
(7)M<5 = M’y&
for all § € I'. Any finitely generated graded free right R-module is of the form (y1)R®...® ()R for y1,...,7, €T
and Hompg(F, F) is a I'-graded ring which is graded isomorphic to M, (R) (71, - .., ) (both [5] and [3] contain details).
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So, if K is a graded field, we use the following abbreviation

MN<K)<’}/17717‘ e V1 Y2y V2 Y2y e y Vky Vi - - - 7ryk) - MH(K>(d1(71>7d2(72)7 s 7dk(7k))

For example, if K is a field trivially graded by the group of integers, we use Mo (K)(4(0),3(1),2(2))
to shorten My(K)(0,0,0,0,1,1,1,2,2).

2.1. Leavitt path algebras. Let E be a directed graph. The graph E is row-finite if every vertex
emits finitely many edges and it is finite if it has finitely many vertices and edges. A sink of F is a
vertex which does not emit edges. A vertex of F is regular if it is not a sink and if it emits finitely
many edges. A cycle is a closed path such that different edges in the path have different sources. A
cycle has an exit if a vertex on the cycle emits an edge outside of the cycle. The graph F is acyclic
if there are no cycles. We say that graph E is no-exit if v emits just one edge for every vertex v of
every cycle.

Let E° denote the set of vertices, E' the set of edges and s and r denote the source and range
maps of a graph E. If K is any field, the Leavitt path algebra L (FE) of E over K is a free K-algebra
generated by the set E° U E' U {e* | e € E'} such that for all vertices v,w and edges e, f,

(V) vw =0 if v # w and vv = v, (E1) s(e)e =er(e) =,
(E2) r(e)e* = e*s(e) = e, (CK1) e*f =0if e # f and e*e = r(e),
(CK2) v =3 i1, €€" for each regular vertex v.

By the first four axioms, every element of Ly (FE) can be represented as a sum of the form
Yo a;piq; for some n, paths p; and ¢;, and elements a; € K, for ¢ = 1,...,n. Using this represen-
tation, it is direct to see that Ly (E) is a unital ring if and only if E° is finite in which case the sum

of all vertices is the identity. For more details on these basic properties, see [1].

A Leavitt path algebra is naturally graded by the group of integers Z so that the n-component
Lk (E), is the K-linear span of the elements pg* for paths p, ¢ with |p| — |¢| = n where |p| denotes
the length of a path p. While one can grade a Leavitt path algebra by any group I' (see [3, Section
1.6.1]), we always consider the natural grading by Z.

2.2. Finite no-exit graphs. If K is a trivially Z-graded field, let K[z, =] be the graded field
of Laurent polynomials Z-graded by K[z™, 27™] = K2™ and K|[z™,27™], = 0 if m does not
divide n.

By [4, Proposition 5.1], if E is a finite no-exit graph, then L (FE) is graded isomorphic to

k n
R =My, (K)(va -, vik,) ® Mo, (K2, 27™)) (01, - - 61m,)
j=1

=1

where k is the number of sinks, k; is the number of paths ending in the sink indexed by ¢ for
1 = 1,...,k, and 7, is the length of the I-th path ending in the i-th sink for [ = 1,... k; and
¢t =1,...,k. In the second term, n is the number of cycles, m; is the length of the j-th cycle for
Jj=1,...,n, n; is the number of paths which do not contain the cycle indexed by j and which end
in a fixed but arbitrarily chosen vertex of the cycle, and d;; is the length of the [-th path ending in
the fixed vertex of the j-th cycle forl =1,...,n;and j =1,...,n.

Note that this representation is not necessarily unique as Example 2.2 shows, but it is unique

up to a graded isomorphism. We refer to the graded algebra R above as a graded matricial repre-
sentation of Ly (E).
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Example 2.2. Consider the graph below.

e —> 0 [ ]

~__~
If we consider the number and lengths of paths which end at u, we obtain Mz(K[z? z72])(0,1,1)

as a graded matricial representation of the corresponding Leavitt path algebra. If we consider the
paths ending at v, we obtain M3(K[z?, x72])(0,1,2). These two algebras are graded isomorphic by
Lemma 2.1 since (0,1,1) - (0+ 1,1+ 1,1+1) — (1,2,2 —-2) = (1,2,0) — (0,1,2) where —
denotes an application of an operation from Lemma 2.1 and results in a graded isomorphism of the
corresponding matrix algebras.

3. REALIZATION OF GRADED MATRIX ALGEBRAS AS LEAVITT PATH ALGEBRAS

Every matrix algebra over a field K or the ring K[z, z™!] is isomorphic to a Leavitt path algebra.
Indeed, for any positive integer n, let L,, be the “line of length n — 17, i.e. the graph with n vertices
U1, V2, ...,U, and an edge from v; to viyq for all i = 1,...,n — 1. Then Lg(L,) = M,(K) ([!,
Proposition 1.3.5] contains more details). Adding an edge from v, to v, to L, produces a graph C,
such that Ly (C,) = M, (K[z,27']). In this section, we provide a complete description of graded
matrix algebras over a trivially Z-graded field K or over the Laurent polynomials K[z™, x~™] (Z-
graded as in section 2.2) which are graded isomorphic to Leavitt path algebras. As a consequence,
we also present conditions under which a finite direct sum of graded matricial algebras over K and
over K[z™,x~™] can be realized as a Leavitt path algebra.

Lemma 3.1. Let n and m be positive integers and 7y, Vs, - ..,V be arbitrary integers.

(1) If the smallest element is subtracted from the list v1,7a, ..., Vn, the elements are permuted
so that they are listed in a nondecreasing order, and if k is the largest element of the new
list, the new list is 1y(0),11(1),...,lx(k) for some nonnegative integers ly, ..., lx—1 and some
positive ly and l such that n = Zf:o ;. The integers k and lg, 1, ..., 1, are unique for the
graded isomorphism class of My, (K)(v1,7v2, -+, Vn)-

(2) If the elements v1,7a, - . ., Vn are considered modulo m and arranged in a nondecreasing order,
the resulting list is 1o(0),{1(1),. .., ly—1(m —1) for some nonnegative integers ly,l1, ..., ln—1
such that n = Z?:ol l;. The integers lg,ly, ..., l,_1 are unique for the graded isomorphism
class of ML, (K [z™, x7™]) (71,2, - - - » Yn) up to their order.

Proof. (1) If kand ly, [y, ..., [; are obtained as in the statement of part (1), M, (K) (71,72 - - -+ Vn) Zer
M, (K)(1o(0),11(1),...,lx(k)) by Lemma 2.1. To show uniqueness, assume that

M, (K)(10(0), (1), - li(K)) =g Mo (K)(1(0), 11(1), - L (K7))

for some nonnegative k' and I, . .., l},_, and positive [j), [, such that n = Zf;o ll. By Lemma 2.1, the
list 1{,(0), 17 (1), ..., [, (k') is obtained from Iy(0), 11 (1), ..., lx(k) by applying finitely many operations
of the three types from Lemma 2.1. Since the 0-component is the only nonzero component of K,
the only feasible operation as in part (3) of Lemma 2.1 does not change the list of shifts. If a
positive element is added to the list l5(0),11(1),12(2),...,lk(k), the resulting list does not have 0
in it and if a negative element is added to the same list, the resulting list does not consist of
nonnegative elements, hence an operation from part (2) of Lemma 2.1 is not present. This means
that only an operation from part (1) of Lemma 2.1 can be performed, so {{(0),1(1),... . (k') is
obtained by a permutation of l5(0),11(1),...,lx(k). However, since the elements are already listed
in a nondecreasing order, this means that the lists are equal so k = k" and [; = [} for alli =0, ... k.
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(2) If ly, . .., l;p—1 are obtained as in the statement of part (2), M, (K[z™, 27™]) (71,72, - - s Tn) Zer
M, (K[z™, 27™])(lo(0), {1 (1), ..., l—1(m — 1)) by Lemma 2.1. To show uniqueness, assume that

M, (K [2™, 2~™))(lo(0), L (1), . .. L1 (m — 1)) 2 M, (K)(15(0), 2,(1), ..., I, (m — 1))

» 'm—1

for some nonnegative I, 1}, ..., I, such that n = 37" I/, By Lemma 2.1, the list 1(0), 74 (1),. . .,
Il,_1(m—1) is obtained from ly(0), 11 (1), ..., ln—1(m—1) by applying finitely many operations of the
three types from Lemma 2.1. Since the elements in both lists of shifts are already in {0, 1,...,m—1},
if an operation from part (2) of Lemma 2.1 is present, then the results are considered modulo m
again using part (3) of Lemma 2.1. To obtain the resulting list in a nondecreasing order, the
elements are permuted using part (1) of Lemma 2.1. This shows that there is an integer & such
that I = ;1 for all i = 0,...,m — 1 where +,, denotes the operation of the cyclic abelian group
Z/mZ of order m. If we reorder the elements ly,...,[,,_1 using the permutation of {0,...,m — 1}
given by ¢ +— i +,, k, the list becomes lo, x =1y, .- ln—14,6 = 11 O

We say that the nonnegative integers k and ly, [, . . ., [, from part (1) of Lemma 3.1 are representa-
tives of the graded isomorphism class of ML, (K) (71,72, - - .,7s). By Lemma 3.1, such representatives
are unique. We also say that the nonnegative integers ly, [y, ..., l,_1 from part (2) of Lemma 3.1
are representatives of the graded isomorphism class of M, (K[x™, =™])(71, 72, - - -, Vn). By Lemma
3.1, such representatives are unique up to their order. For example, m = 2 and [y = 1, [; = 2 for
the algebras Miz3(K[z?, 272])(0,1,1) and M3(K|[z? z7?])(0,1,2) from Example 2.2.

Proposition 3.2. Let n be a positive integer, v1,%2,...,Yn be arbitrary integers, and R be the
algebra ML, (K) (71,72, - - -y Yn). The following conditions are equivalent.

(1) R is graded isomorphic to a Leavitt path algebra.

(2) R is graded isomorphic to a Leavitt path algebra of a finite acyclic graph with a unique sink.

(3) R is graded isomorphic to M, (K)(0,{1(1),15(2),...,lk(k)) for some nonnegative k and pos-
itiwe integers ly, ..., lx such that n =1+ Zle l;.

(4) If k and ly, . .., 1 are representatives of the graded isomorphism class of R, then l; is positive
foralli=1,... k and ly = 1.

Proof. If R =, Lg(FE) for some graph E, then E is row-finite and acyclic by [0, Corollary 3.5].
Since R is unital, E has finitely many vertices. A row-finite graph with finitely many vertices is
finite, so F is finite. The algebra R is graded simple (see the second paragraph of [3, Remark 1.4.8]),
so E has only one sink since otherwise a graded matricial representation of Ly (FE) is not graded
simple. This shows (1) = (2). The converse (2) = (1) is direct.

To show (2) = (3), let R =,, Lg(FE) for some finite acyclic graph E with a unique sink v. Since
the set of lengths of paths of £ which end at v is finite, there is a maximal element k of this set
and a path p to v of length k. Let [; be the number of paths of length ¢ to v for i =0, ..., k. Then
M, (K)(1o(0),11(1),12(2), ..., lk(k)) where n’ = Zf:o l; is graded isomorphic to a graded matricial
representation of Li(FE) and, hence, to R as well. The relation n = n’ holds by Lemma 2.1. The
trivial path is the only one of length zero so lj = 1. The subpaths of p which end at v have lengths
0,1,2,...,k, so l; is positive for each i = 0,... k.

To show (3) = (2), let k£ be any nonnegative integer and [y, ..., [, be positive integers such that
n=1+ Zle l;. We construct a finite acyclic graph £ with a unique sink such that Lg(E) =,
M, (K)(0,11(1),12(2),...,lk(k)). Let Ey be an isolated vertex wvg;. Obtain E; by adding [; new
vertices viy, ..., vy, to Fy and an edge from vy to voy for all j =1,... ;. If E;_; is created, obtain
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E; by adding [; new vertices v;1, ..., vy, to E;_; and an edge from v;; to v_qy forall j =1,...,1,.
After Ej, is created, let B = Uf:o E;. By construction, E is finite and acyclic and vg; is the only

sink. The trivial path to vg; is the only one of length zero and E has exactly [; paths of length ¢
ending at vy for all e = 1,..., k. So, Lg(E) Zg M, (K)(0,1(1),12(2),..., (k).

Conditions (3) and (4) are equivalent by Lemma 3.1 since the representatives k and I, . .., [} are
unique. 0
Remark 3.3. The key requirement in Proposition 3.2 is that the representatives [y, ..., [;_; of the

graded isomorphism class of R are positive. This ensures that there are no “gaps” in the lengths of
paths. For example, the algebra My (K')(0,2) is graded isomorphic to no Leavitt path algebra since
if there is a path of length 2 to a sink, then there has to be a path of length 1 to that sink also.

A graph is said to be a comet if every vertex connects to a unique cycle of the graph. Such graph
is no-exit since if there is an exit e from the only cycle ¢, then the range of e connects to the cycle ¢
implying the existence of another cycle containing e and a path from the range of e to some vertex
of c. Since the cycle c¢ is unique, no such e can exist.

Proposition 3.4. Let m and n be positive integers, vyi,7Ve, ...,V be arbitrary integers, and let
R =M, (K[z™, 7)) (71,72, - - -, Yn)- The following conditions are equivalent.

(1) R is graded isomorphic to a Leavitt path algebra.

(2) R is graded isomorphic to a Leavitt path algebra of a finite comet graph.

(3) R is graded isomorphic to M, (K|[x™,x~™])(lo(0),l1(1),. .., lm-1(m — 1)) for some positive
integers ly, 11, ..., lm_1 such that n = E?:Ol l;.

(4) If ly, . .., L1 are representatives of the graded isomorphism class of R, then l; is positive
foralli=0,...,m—1.

Proof. To show (1) = (2), assume that R =, Lk (FE) for some graph E. By [0, Corollary 3.6], E
is a row-finite no-exit graph without sinks. Since R is unital, £ has finitely many vertices so the
condition that F is row-finite implies that FE is finite. The algebra R is graded simple, so F has only
one cycle since otherwise a graded matricial representation of Ly (F) is not graded simple. Hence,
E is a finite comet graph. The converse (2) = (1) is direct.

To show (2) = (3), let R =, Lg(FE) for some finite comet graph E. If m’ is the length of the
cycle of F, v is a vertex of the cycle, [; is the number of paths to v of length ¢ modulo m’ which
do not contain the cycle, and n’ = Z?ial l;, then M, (K[z™, 2™ ) (1o(0), 11(1), ..., lp—1(m' — 1))
is graded isomorphic to a graded matricial representation of Lx(F) and so to R also. By Lemma
2.1, K[z™ 27 =, K[z™, x7™]. Assuming that m’ < m, produces a contradiction by considering
the m/-components. One shows that m > m’ similarly and so m = m’/. By Lemma 2.1, n = n’. For

1=20,...,m—1, [; is positive since there is a subpath of the cycle which ends at v and which has
length .

To show (3) = (2), consider any positive integers l, . . ., l,_1 such that n = 3.7 " ;. Construct
a finite comet graph F as follows. Consider an isolated cycle of length m with vertices vy, ..., vy_1
ordered so that v;;; emits an edge to v; for © = 0,...,m — 2 and vy emits an edge to v,, ;. For
eachi=1,...,m —1, add [; — 1 new vertices v;1,...,v;q,—1) and an edge from v;; to v;_; for each
j=1,...,l; = 1. Add also Iy — 1 new vertices vpy, ..., Uyq—1) and an edge from wvy; to v, for
each 7 = 1,...,lp — 1. The graph FE obtained in this way is a finite comet graph with a cycle
of length m. For each ¢« = 1,...,m — 1, there are [; — 1 paths to vy of length ¢ which are not

subpaths of the cycle and there is one path from v; to vy inside of the cycle. There are [j — 1
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paths to vy of length m which are not subpaths of the cycle and there is a trivial path to wvy.
So, l; is the number of paths to vy of length ¢+ modulo m which do not contain the cycle. Thus,
Lg(E) =g M, (K[z™, 27™])(16(0), (1), ..., Lp_1(m — 1)).

Conditions (3) and (4) are equivalent by Lemma 3.1 since reordering a list of positive elements
lo, ..., l,—1 produces a list where all elements are also positive. O

Proposition 3.5. Let k,n be nonnegative, ki, nj, m; positive, and Vi1 - - ., Yik;, 0415 - - -, Ojn, arbitrary
integers fori=1,....k,7=1,....n. If

k n
R = @Mkz(K)('nl . a’%kl) %, @Mnj(K[l’mj,I_mj])((th . 75jnj>7
i=1 j=1

then the following conditions are equivalent.

(1) R is graded isomorphic to a Leavilt path algebra.

(2) R is graded isomorphic to a Leavitt path algebra of a finite no-exit graph.

(8) There are some nonnegative mtegers k! and positive integers l;1, lia, . . . i, i =1, k, and
S50, Sj1y - - - 7Sj(mj—1)7j = ]_ ,n such that k? =1+ lil + ZZ‘Q +...+ lzkiy fOT all v = 1, PN ,k’,
that nj = sjo +sj1 + ...+ sj ;-1 forallj=1,...,n, and that R is graded isomorphic to

@Mki<K)<0alil(1>,li2(2)?--' zk’ GB@M% mj?*%imj])(sjo(o)?‘gﬂ(l)?'"73j(mj71)(mj_1))'

(4) If ki and li, ..., Ly are representatwes of the graded isomorphism class of the algebra
My, (K) (i1 - - - Yiwy) fori=1,...,k and if sj0,. .., Sjom,;—1) are representatives of the graded
isomorphism class of the algebra M, (K[x™,27™3])(0j1,...,05m,) for j = 1,...,n then
lio = 1 and l;y, ...l are positive for all i@ = 1,...,k and 8705 -+ Sj(m;—1) QTE positive
forallj=1,...,n

Proof. It R =,, Lk (FE) for some graph E, E is row-finite and no-exit by [0, Corollary 3.4]. Since R
is unital and F is row-finite, E is finite. This shows (1) = (2). The converse (2) = (1) is direct.
To show (2) = (3), let R =,, Lg(E) for some finite no-exit graph E. By the graded version
of the Wedderburn-Artin Theorem (see [3, Remark 1.4.8]), by the argument that K[z™, 27" ] 2,
K[z™ z=™] implies that m’ = m shown in the proof of (2) = (3) of Proposition 3.4, and by
reordering the terms of R if necessary, we can assume that a graded matricial representation M
of Li(E) is @ My, (K)(7), ... Vi) © Dy Mo, (K [z, 7)) (8%, .. ., 07, ) for some integers
Vi1 -+ Vip, and 0%y, ..., 8%, . For each i = 1,... Kk, the proof of (2) = (3) in Proposition 3.2 implies

that there is a nonnegatlxjfe integer k; and positive integers l;1, . . ., liry such that k; = 141 +.. —{—llk/
and that there is ¢; : My, (K)(Vj; - -, Vig,) S M, (K)(0,1:2(1), ... llk/(k )). For each j = 1,.

the proof of (2) = (3) in Proposition 3.4 implies that there are positive integers sjq, . . sj(mj_l)
such that n; = sjo + ... + Sjm,—1) and that there is ¢; : M, (K[z™,27™])(d}, . .. ,5;71 ) o

M, (K [z™, 27™3])(550(0), . . ., Sj(m,;—1)(m; — 1)). If ¢ is D @ @)_, ¥j, then composing R =,,
Li(F) and Li(FE) M with ¢ produces a graded isomorphism of R and a graded algebra as in
condition (3).

To show (3) = (2), let k] be a nonnegative integer and let Ly, ..., L, Sjo, - - - ; Sj(m;—1) be positive
integers such that k;, =1+ 1;; + ...+ lik; and that n; = sjo + ...+ Sjum;—1) foreach i = 1,... Kk
and 7 = 1,...,n. By Proposition 3.2, there is a finite acyclic graph FE; with a unique sink such

~
=gr
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that L (E;) =g My, (K)(0,1:(1), ..., Ly (k7)) for every i = 1,... k. By Proposition 3.4, there is
a finite comet graph F} such that Lg(Fj) =g M, (K[z™, 27™])(s;0(0), ..., Sjm;—1)(m; — 1)) for
every j = 1,...,n. Let I/ be the disjoint union of graphs I;,¢ = 1,...,k and F}, 7 =1,...,n so
that Ly (FE) is graded isomorphic to a graded algebra as in condition (3).

The equivalence of (3) and (4) holds by Lemma 3.1 since representatives of the graded isomor-
phism class of a matricial algebra over K are unique and representatives of the graded isomorphism
class of a matricial algebra over K [x™,x~™] are unique up to their order. UJ

3.1. Graded corners of Leavitt path algebras. If R is a graded ring and e a homogeneous
idempotent, the ring eRe is a graded corner. By [2, Theorem 3.15|, every corner of a Leavitt path
algebra of a finite graph is isomorphic to another Leavitt path algebra. Using Proposition 3.2, the
example below shows that a graded corner of a Leavitt path algebra may not be graded isomorphic
to another Leavitt path algebra.

Example 3.6. Let E be the graph below.

o, —0, —> 0,
If ¢ is the graded isomorphism Ly (E) =, M3(K)(0,1,2) described in section 2.2, then ¢ maps
the graded idempotent u + w to the graded idempotent e = ey, + e33 where ey; and ez3 are the
standard matrix units. So, the graded corner e Mi3(K)(0, 1,2)e is graded isomorphic to the graded
algebra My (K')(0,2). By Proposition 3.2, My(K)(0,2) is not graded isomorphic to any Leavitt path
algebra.
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