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A very general question: given a composition series

O=h<h<..<Il=R

(so lix1/1; is simple).

If R = finitely generated abelian group, this goes really
well.

We cross our fingers and consider R to be a graph algebra
with its grading and ; = I(H;, S;) for an admissible pair
(H:, Si).
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Describing the ideals and their quotients
H C E° is hereditary if
u € H and there is a path fromutov = v e H.
H is saturated if

v is a regular vertex and r(s }(v)) CH = veEH.

For E row-finite,
| is graded iff H = | N E° is hereditary and saturated
When E has infinite emitters the set of breaking vertices of
His
By = {v € E® — H| v is an infinite emitter and

0<|sH(v)Nr(E°— H)| < oo}



For v € By, let
vl =v — Z ee*
ees~1(v)Nr—1(E°—H)

An admissible pair is a pair (H,S) where H C E° is
hereditary and saturated and S C By.

For (H,S), the ideal /(H,S) generated by HU {v|v € S} is
graded and

The set of admissible pairs is a lattice with respect to
(H,S)<(G,T) fHC Gand SCGUT.

The correspondence (H, S) — I(H,S) is a lattice
isomorphism.
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Ara-Moreno-Pardo 2006 row-finite,
Tomforde 2007, non-row-finite.

H,S))° =
(E/(H,S

))' = {ec E'|r(e) ¢ H}U

{€ | e € E' and r(e) € By — S},

and s(e') = s(e), r(e’) =r(e)'.

By = {v} and

E/(H,Bu)is (o

and

E°— HU{V |veBy— S},

E/(H.0)is (o —=s"
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Getting rid of breaking vertices

Out-split. vst. s }(v)#0, P = (&, ...,E,) a partition of
s *(v). E, p has

vertices = E° — {v} U {v, ..., v,},

edges = {f,....f, | f € ELr(f) = v} U{f € E* | r(f) # v},
r(f;) = v; and s(g) is

> v, ifg=Ffef& (sos(f)=r(f)=v)

> v, ifg=Ffe& (sos(f)=vandr(f)#v)

» s(f)if g =f; and s(f) # v (so r(f) = v)

> s(f)if g =f and s(f) # v (so r(f) # v).
¢ EOUE! — Lx(E,p) is

Hv) = S0 v, G{w) = w for w € EO— (v},
o(f) =>1_, fiif r(f) = v and ¢(f) = f otherwise,



Out-splits cont.

If v is regular or if it is an infinite emitter with all but one
partition set finite (say the last can be infinite), then ¢ is onto
and the inverse 1 of ¢ can be defined by

n—1
w(V:):Zee* for i = ) an_17 77Z}(Vn): V_Z¢(VI)
ecé; i=1

Y(w)=w forwe E® —{v,...,v,}, and
U(f) = f(r(f)).
For example,

v %
oe<—0' —— e oe<—eo 02— > o



When this does not work?

If v is an infinite emitter and more than one partition set is
infinite, ¢ may not be onto.
For example,

PSR S Ta—— v
o= — o' o e — o2__So

the first graph has the composition series length 3 and the
second 4. So, the algebras cannot be graded isomorphic.



Getting rid of breaking vertices
For v € By, do the outsplit with the partition
s '(v)Nrt(H) and s'(v) Nr }(E° — H).

Let us call the resulting graph E, and the two vertices in
which v splits vy and v.

Q
Example. £ = C’V.,t; o', H={w}, By={v}.

So, if we are OK with changing graphs as long as their
algebras stay in the same graded *-isomorphism classes,

we can assume there are no breaking vertices.



Fi(H) ={e1...e,is a path of E | r(e,) € H,s(e,) ¢ H},
F1(H) is a copy of Fi(H),

Then

EY = HU F(H), and
El ={e € E*|s(e) € H} U F(H) with

s(B) = p,r(p) = r(p) for b € Fi(H).

Examples. Let E be eCo"—g>oW and H = {w}. Then
F, = {e"g|n=0,1,...} and the hedgehog is o o
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Positives
Li(quotient graph) =, Lx(E)/I(H,S)

Lk (hedgehog) = I(H, S)
Negatives

LK(hedgehog) %gr I(H7 S)
Indeed, if Eis  «(_ e’ —">* and H = {w},

the path eeeg (of length 4) of /(H) corresponds to an edge
eeeg so it has length 1 in the LPA of the hedgehog.




Porcupine graph Py (2021)

Keep the definition of F;.

For each e € F; N EL, let w® be a new vertex and ¢ a new
edge such that s(f¢) = w® and r(f¢) =r(e).

For each path p = eq where g € F; and |g| > 1, add a new
vertex w” and a new edge f” such that s(f?) = w” and
r(f?) = w9 Then let

Py, = HU{wP | p € F,(H)} and
P!, ={ec E*|s(e) € HYU{fP | p<c Fi(H,S)}
We get a graded iso by
wP e~ pp*, p € Fy,

f «~s epp”, p € Fy,



Let E be eC.v—g>.W and H = {w}. Then

Fl(H) = {ga €g, €eeg, eceg,
and the porcupine is

)

° [ 34
The graded iso is

ceeg «~s FOEFTEFELE,




oF

e——>e and H={w}. Then
7

Fi(H) = {h, eh, gh, eeh, egh, geh, ggh, eeeh, ...}
and the hedgehog graph is the same as in the previous
example. The, porcupine, on the other hand, is

|
/ \? ?/
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Given (H,S) < (G, T) (thismeans HC Gand SC GUT)

and we want to get

Lk((G, T)/(H,5)) =g 1(G, T)/I(H,S).
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Fi(G — H) ={eie,...e,is a path of E | r(e,) € G — H,

The set of vertices is

s(en) ¢ (G — H)}

(G—H)U{wP|pe (G- H)}.
The set of edges is

{ec E'|r(e) € G—Hands(e) € G- H}U

{f? | p € F(G - H)}.

The s and r maps are defined analogously as for Pg.
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Let E be °

ug ®y

*
Pl
wi
and let H= {wp, w1} and G = HU {vy, vy }.
) <H< G < E° has “simple” porcupine-quotients
PH is

wo
feg e ]
o——>e——>e9,
G/H is ., E/Gis e,
.
e—>0

Vi
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Let E be

0
e o, —>0, \_/7—> e,
If H={w} and G = {v,w}, then ) < H < G < E° and
i fefey ffe1
PH |s .............. o ——— —_—
&1
fFefen ffe2 fé&2
.............. ) L2
i
fefes ffes /:
.............. o ——— 00— 0 s,
............... .
eef ef f
G/H |S .............. [ f () f [ ] f
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If (H,S) = (0,0),

Y-

porcupine-quotient is porcupine

If G=E°(so T =0),

%Y, -

porcupine-quotient s

quotient
= E = 9HAE



For graph monoids and pre-ordered monoid maps:

For talented monoids and pre-ordered [-monoid maps:

So, the requirements that a composition series of any of
these exists are equivalent:

» admissible pairs of E,
> graded ideals of Lk (E),
» order-ideals of Mg,

» [-order-ideals of ML.
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Graded simple LPAs

Lk (E) is graded simple iff
no nontrivial and proper admissible pairs

i.e. composition series for E (equiv. Lx(E)) have length 1.

Three basic examples «~ three primary colors.




Three types of “terminal” vertices

1. A sink connects to no other vertex in the graph except,
trivially, to itself.

2. The vertices on a cycle without exits do not connect to
any vertices outside of the cycle.

3. An extreme cycle is a cycle such that the range of every

exit from the cycle connects back to a vertex in the cycle.
The vertices in such a cycle ¢ connect only to the vertices
on cycles in the same “cluster” as c.




The fourth type

The algebra of

7N TN TN
) ° )
N T N T

is graded simple but E has no sinks, no-exit nor extreme c-s.

T(V) = tree of V, vertices to which v € V emits paths,
R(V) = root of V/, vertices from which v € V receives paths.

An infinite path « of E is terminal if

» no element of T(a®) is an
infinite emitter

» or on a cycle and
» for every infinite path 3 with
s(8) € a®, T(8°) € R(B°).

Everything that originates in & comes back to «.




Each infinite path is terminal:

o000 L
N
e, 1



Four color characterization of graded simplicity

The graph algebra of E is graded simple (E is cofinal) iff
exactly one of the following holds.

1. E° = m for v a sink. If so, E is row-finite and acyclic.

2. E9 = ¢ for a cycle ¢ without exits. If so, E is row-finite
and c is the only cycle.

3. E% = ¢9 for an extreme cycle c. If so, every cycle is
extreme and every inf. emitter is on a cycle.

4. E® = a0 for a terminal path a. If so, E is row-finite and
acyclic.

Corollaries. Lx(E) is simple iff 1, 3, or 4 hold.
Lk(E) is (graded) purely infinite simple iff 3 holds.



Let

Ter(E) = terminal vertices =

sinks U no-exits U extremes U terminal paths.

If E® is finite, /(Ter(E)) has been known as /.
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3 types of graphs not having a composition series

Ter(E) is empty:

O000
N
e, ]

Infinitely many clusters: . ° CR——

Infinitely many breaking vertices of Ter(E) :




One more type of obstruction

Define the composition quotients F, of E. Let Fp = E.
If Ter(F,) C FP, let

F,H_]_ = F,,/(Ter(F,,), BTer(Fn))-
If Ter(F,) = FO, let Fpyy = Fpin = ... = 0.
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The proof is constructive. A corollary.

If Ci,...,C, are clusters in Ter(E), start by
(0,0) < (G,0) < (GUG,0) < ...(Ter(E), D).
If vi,..., vy are breaking vertices of Ter(E), continue with
(Ter(E), D) < (Ter(E),{w1}) < (Ter(E),{v1,wa}) < ...

(Ter(E), Brex(e))-
“Extend” a series for Fy by (Ter(E), Brer(g)) and append it to
this.

Corollary.

Every unital graph algebra has a graded composition series.

Surprising?  Yes — The algebras appear to be “wilder” than
this.

No — there are fin many vertices and we are cutting nonzero
many in each step.



Graph -monoid and three colors

There are three types of elements of M[ : periodic, aperiodic
and incomparable. If v is a vertex, the entries of the same row

are equivalent.

[v] is incomparable

v is not in the sat. closure of finitely
many vertices on cycles.

[v] is periodic

v is in the sat. closure of finitely
many vertices on no-exit cycles.

[v] is aperiodic

v is in the sat. closure of finitely
many cycles, at least one with an exit.

ML is periodic (resp. aperiodic, incomparable) if every nonzero

elements is such.



Some corollaries

The following pairs of statements are equivalent for any (H, S)
and (G, T) such that (G, T)/(H,S) is cofinal.
1. M(FG7T)/(H7S) is either periodic or incomparable.

2. The cycles of E are mutually disjoint.

1. I\/I(FG’T)/(H’S) is either aperiodic or incomparable.

2. Every cycle of E contains a vertex of another cycle of E.

r . . - . . .
1. M(G7T)/(H7S) is either periodic or aperiodic.
2. Every vertex of E is in the saturated closure of a finite set
of vertices on cycles.



Finer characterization

The following pairs of statements are equivalent for any (H, S)
and (G, T) such that (G, T)/(H,S) is cofinal.
1. M(FQT)/(H@ is periodic.
2. The cycles of E are mutually disjoint and every vertex is
in the saturated closure of finitely many vertices on cycles.

1. M(FG’T)/(H’S) is aperiodic.

2. Every cycle of E contains a vertex of another cycle of E
and every vertex is in the saturated closure of a finite set
of vertices on cycles.

L M,

2. The graph E is acyclic.

)/(H.5) is incomparable.



Why am | so excited about this?

Neo

Neo moment



Let A be a functor from a category of combinatorial objects to
the category of algebras.

If G and H are two combinatorial ‘ ’

objects such that # is an ' ‘ :

subobject of G, strive to define the ‘
quotient G/H such that ‘ ‘

holds.
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