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... you get to learn about a lot of concepts.

-
@ X b = (aybs — a3hy, a3by — arbs, a1b, — arby)

F=(P,QR = W=[_F-d7 = [, Pdx+ Qdy + Rdz

2 f(x)dx = F(b) — F(a)

V=/[[] dxdydz=
[ [ [ rPcos¢drdfde
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Math

Real World
(other
disciplines)



Crossing the bridge

Example: Point Groups in Chemistry

Geometry of a molecule — | Symmetry (point) group

!

Electronic and vibronic
states, electronic spectrum,
other molecular properties

— Group Representation




Difficult but important (2)

Adapting what you learn to more general set ups
or more complex situations.
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Aline y=mx+b

or y=mt+y(0)

Vector equation of a line

—

— —>
r=m +r0

—

If m = (a,b,c) and Ty = (x0, Y0, 20)
r —r_n>t+7o>

!

m
X = at + xg
y = bt + yo

z=ct+ 2z

ro
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y=1Ff(x)>0 z=1f(x,y)>0
Area under f(x) Volume under f(x,y)
is is
A= fab f(x)dx V = [ [ f(x,y)dxdy

z=f(x,y)

o 5 = = £ DA



Example 4

If f(x) = F'(x),

then

fab f(x)dx = fab F'(x)dx =
= F(b) — F(a)

Work done by the force 7

acting along the curve C
—

from Ciniggl = r'(a) to

Ctinal = 7 (b)-




To generalize the cross product from 3 to higher dimensions.

axb

=>
=2
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Cross product in 3-dimensions. Main features

—
. —_ .
If given two vectors a and b are not colinear:

I . N —
1. '@ x b is a vector perpendicular to both a2 and b.

2. The length of @ x b is the area of parallelogram
—_
determined by @ and b.

— g : .
If @ and b are colinear:
é

3. Fxb=0.

axb

=)




If @ = (a1, a0, a3) and b= (b1, by, b3), then

- - —
. - i j  k
axb = a; a, as
bi b, b3
da az | — a az | — a a» | 7
= — + k
by by || b b bi b
= (axbs —asby, —(aibs —ash1), aibo — axby).

Recall that 7 = (1,0,0), j = (0,1,0) and k = (0,0, 1).
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Recall: we need to check that

_)
3@ x b is perpendicular to @,
and that

—

a2 x b

- - H
is perpendicular to b.
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To check that the two vectors are perpendicular you want to

(7% b) 7=

= (a2bs — azby, —(a1bs — azby), arb, — axhy) - (a1, @, a3) =

= 3132b3 — ala3b2 — 3132b3 + a2a3b1 +a1a3b2 — 3233[31 =0
aldz=s aldaz=s T ,

N a, ax as
Notethat(?x b)?: dy a» as =0

by by bs
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Use the formula

17 % b|=|3|[b|sind

Area of parallelogram = base times the height.
—> . H .
Base = | 3|, height =| b |sinf
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constant k such that

—_—
If nonzero, @ and b are colinear if (and only if) there is a

— — .
b =ka thatis b; = kay, bo = kay, bz = kas.
Calculate that
a as | 0 ap az | _ a ax | _ 0
k82 ka3 - k31 ka3 - ka1 k32 -
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Use the formula

17 % b|=|7|[b]sind

Fxb=0—|3xb|=0-|F|b|sin0=0—
sinf=0— 0 =0 or 180°.

Conversely,

?and_}) are coIi_n)ear—>0=00r 180:)—> si_>c9:0—>
@ x b| =13 b|sin0=0—3 x b =0



Timothy P. Enright, chem. major at the time, in 2008 calc.

“ " — -
3 class: wanted to “see” why |a x b]| is the area of the
parallelogram.

ﬁ
Tim began to investigate projections of @ and b onto the
different coordinate planes. For xy-plane, he denoted:

And obtain the following images...
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On the first figure,

(ahor+bhor)(aver+bver) -2

1

'_ahoraver_2'_bhorbver_2'ahorbver -
2 2

= averbhor — dhor bver

[m]

=
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Tim concluded that the three terms compute the areas of
three projected parallelograms.

- - =
o = i Jj k
axb =la a a
by b, bs
. ar as _>_ a asz | — a a | 77
= | b by biobs | I T by by |
= (32b3—33b2,

—(31b3 - 33b1), arb, — a2b1)-
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From 3 to 4 dimensions

Cross product in

three dimensions

four dimensions

projections

parallelograms

parallelepipeds

i-th coordinate
computed by

area of parallelogram
2 X 2 determinant

volume of parallelepiped
3 x 3 determinant




Volume spanned by @, b and T is

a

dy as
by by bs
G & G
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-
I
—

— —
Jj k
by by bs
- dy as _.>_ ap asz | — a a | 77
= | b b b by | T by by |
= (32b3—33b2, —(31b3—33b1), 31b2—32b1)-
... generalizes to...
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q
1. 3 x bx<

—
. . —
is a vector perpendicular to @, b and C.

Two (x1, %2, X3, %) and (y1, ¥2, ¥3, v4) are orthogonal
if their dot product x1y1 + xoy2 + X3y3 + Xay4 is zero.




H
and ¢.

2. The length of @ x b X is the area volume of
_)

parallelogram parallelepiped determined by &', b

Volume

hight times (area of the base)
—
| 3’| cosa times | b x C|

1Z||b||C]| cosasind
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—

a, b and C are eolinear coplanar :

ﬁ
3. 3 x bx¢ =

_)
0.

Use the formula

The ve_c:cors are in the same plane ifF_o)z = 90° iff
ﬁ
@ x b x C|=volume =0iff @ x b x ¢ = 0.

Lse
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Generalize to higher dimensions

Get the wedge (or exterior) product. In higher dimensions
wedge A is used instead of cross X.

» Start with n — 1 n-dimensional vectors
—_ .
ai = (ai, a2, .-, ain), i =1,...,n—1

» The result a; A 3 A...A 3, is an n-dimensional vector
with the i-th coordinate equal to:

delete
€11 e g1 14 ] a41 s n
1 421 e 2] aa; Aoq1 o an
_ 131+ =t g
A= (1)

Qp—11 - Qp1i-1| Gn—14i| On—-14it1 -~ Gn_1n




Let e = (1,0,...,0), & =(0,1,...,0), ...
e, =(0,0,...,1).

— = —
€1 & ... €
di1 di2 ... din
-, = —
agNaAN...Nap_1=1|ai axp» ... ay|=
di1 dj2 ... djn

the first row determinant expansion = A;e;+A, e, +.. . +A, e, =

= (A1, As,. . A,
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Property 1.

1. 33 Aa A...Na,_1 is perpendicular to all of a7,
Note that

di1 412
di1 412
—_ = = —
ai '(31/\82/\.../\3,,_1): dp1 a2
aj

a2

din
din

an

—
dp—1-



Property 2

The generalization of a
parallelepiped

in n-dimensions is called an
n-parallelotope.

Property 2.

2. The length of a; A 23 A ... A a,_; is the volume of
n-parallelotope determined by a7, ... a,_;.

V=|aiAa A...Nap1|



_)
If di, ...

_) . . -

a,_1 are —eoplanar in an n — 1-dimensional plane:
— = ry

3. agNaAN...Na,_1= 0.

1-dim. plane = line
2-dim. plane = plane

ax+ by =c
ax+by+cz=d
n-dim. plane

ajxy +axxe+ ...+ an1Xp1 = b
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1. Define n-dimensional
“surfaces” (called manifolds
then).

2. Define derivatives on
manifolds and tangent
n-plane at a point.

3. Define n-tuple integrals and
use to compute n-volumes.

In this case, you are doing differential geometry.
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