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Classification



The tamest of them all

Approximately
finite-dimensional C*-algebras

= countable direct limits of
finite dimensional C*-algebras.

Some nice properties:

» Kj classifies them completely. As a corollary,

» two AF-algebras are isomorphic as rings iff they are
isomorphic as *-algebras.



Field K = C Any field K.

Finite dimensional Matricial algebra

C*-algebra: over K:

finite sum of M[,(C) finite sum of M,(K)

AF-algebra: Ultramatricial
algebra:

Ii_rn> A, I|_m) An
for A, fin. dim. for A, matricial.

Same as U, én(Ar) Same as U, ¢n(An)



For C*-algebras A, B

For x-algebras over a field K, this does not hold.

Example: C with the identity involution and
C with the complex-conjugate involution.

So, the following question is relevant.
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For which class of algebras C and A, B € C

Partial answer: when Kj is sensitive enough invariant — when

In this case, we say that Kj 2y o — —
completely classifies the ‘ﬂ“"ﬁ 2y
algebras in C.




So, if Ky classifies the algebras and f : A — B is a ring iso,
then Ko(f) is an iso and so Ky(A) = Ko(B) implies A = B as
algebras. QED

Example. Ultramatricial algebras over a field.
Operator Theory version: AF C*-algebras.
Non-Example. K = Z,, C = all K-algebras,

A=Co&C with trivial Z,-action,
B=CaqC with 1(a, b) = (b, a)
=} =
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When there are stars...

... then Z, acts on Ky(A) for AcC
by

[P] — [Homa(P, A)]

or, via idempotents, as

[p] = [(ap)] = [p"] = [(a})]-

So, Ko completely classifies x-algebras in C if

A= B as x-algebras iff Ko(A) = Ky(B) as (pointed)
Z|Z3]-modules.



... like, for example, when every element of Kj can be
represented using projections.

Happens for Ky(field), Ko(C*-algebra) or Ko(LPA).

If

A= B as rings.

A= B as *-rings.

A= B as algebras.

then for any A, B € C A2 B as x-algebras.
the following are equivalent.

DA
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Why was | interested in this?

Because of the Isomorphism Conjecture for graph algebras
stating that

Lc(E) = Le(F) as rings iff C*(E) = C*(F) as x-algebras.

Formulated by Gene Abrams and Mark Tomforde. Note that
Lc(E) = Le(F) as x-algebras = C*(E) = C*(F) as x-algebras.




State of IC and Generalized I1C

IC is known to hold for:

» Acyclic graphs (Abrams-Tomforde 2008).
» Row-finite, cofinal graphs with Condition (L) and at least one
cycle (Abrams-Tomforde 2008).

» Graphs with finitely many vertices
(Eilers-Restorff-Ruiz-Sgrensen 2016).

Generalized IC:

Lx(E) = Lk(F) as rings iff Lx(E) = Lx(F) as x-algebras.

GIC is known to hold for:

» Acyclic graphs if the involution of K is “nice” (follows from a
1987 paper of Ara).

» Finite graphs in which cycles have no exits (Aranda-Va3
2013).



Considering K is useful...

... for classification-related questions, but Ky does not
classify LPAs.

Also E= Q
()




So let us consider more structure of a LPA

Leavitt path algebra is also graded.

If I is an abelian group, a ring R is -graded if

R=@, R, suchthat R,R; C R, s

ring graded ring



Bizarro world of graded rings

x € R, is homogeneous.

In the world of graded rings,
“element” is replaced by
“homogeneous element”
in many instances.

field = o graded field =
every x # 0 has x™ 1 «~ every homog. x # 0 has x~!
regular = “ns graded regular =
(Vx) x € xRx s (V homog. x) x € xRx
free = s graded free =
has basis s has homog. basis




Not so bizarro after all...

1. Although they appear more specific, graded rings are

more general

since every ring is
graded by
r={0}.

2. Many rings are naturally graded: group rings, LPAs ...
For a LPA, I = Z and Lk(E), = span {pq* | |p| — |q| = n}.

3. K[x,x7!] is not a field but it is a graded field (with Z
grading K|[x, x71], = {kx"}).



If M =D, M, is a graded module and § € T, then

A = T-graded ring, v1,...,7 €T,  Muy(A)(71,..-,%) is
M, (A) graded so that

For LPAs, this really helps!

E = o—>0——>eo F =

Lx(E) = Lk(F) = M3(K) as algebras however
L(E) =g Ma(K)(0,1,2) g Li(F) 2y Ma(K)(0,1,1)
(=] = = =
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... distinguish between algebras of these pairs also.

[ ] . l
Hl00:1,2:3)

2%, Muy(K)(0,1,1,1,...)
.—>.3 ./_\.
Mo (K[x, x~1)(0, 1)

7
%gr MZ(K[X2>X_2])(O7 1)



Bizarro Ky-group

A graded module is graded projective iff it is a summand of
graded free module.

K§'-group has been considered by Roozbeh Hazrat.

Roozbeh showed that
K§' is more sensitive
invariant than K.

So, it classifies
better.




Shifts induce extra structure on K§'

K§" of a I-graded ring is a Z[l]-module with

[Pl = [P()]

For LPAs, I = Z and we can think of Z[Z] as Z[x, x~!] and

K§' (Lk(E)) is a

Z[x, x"']-module.

So, K§' classifies better.




K§'(Lk(E)) = Zx, x 7] Ke'(Lk(F)) = Z

with xa = a

)

E= o

O

KE(Lk(E)) = Z[Y] with xa = 2a

=] 5 = = £ DA




Graded and Involutive...




Graded and Involutive

A x-ring R graded by [ is a graded *-ring if R: C R_,.

In this case, K§' (R) is a Z|Z5) — Z[T'] bimodule.

Roozbeh-Lia goals:

1. Classification of graded
ultramatricial *-algebras using
K ...

2. ... which implies all known
classifications.

3. Isomorphism Conjecture for
(some?) LPAs.




Known classifications

Elliott (1976). Ko-group classification of AF C*-algebras.

Goodearl’s Regular-rings book. Ultramatricial algebras
over a field.

Ara (1987). Ultramatricial *-algebras over a x-field with
“nice” involution.

Hazrat (2013). Graded
ultramatricial algebras over a
graded field using K§'.

Problem. Goodearl’s and
Roozbeh’s proofs cannot be
adapted to *-rings.




Contractive maps

If A and B are I'-graded rings, a Z[l']-module homomorphism
f:Ks(A)— K§'(B) is contractive
if
» f is order-preserving (i.e. x > 0 implies f(x) > 0),
» f is generating-interval-preserving
(i.e. 0 < x < [A] implies 0 < f(x) < [B]).

f is unit-preserving if f([A]) = [B].

If A and B are non-unital and A“ and B" are unitizations, [AY]
and [B"] take over the role of [A] and [B] .



For graded matricial x-algebras A and B over a -graded
x-field F show the following.

For f : K§'(A) — K§'(B), there is ¢ : A — B with
K& (o) =f.

For p,v : A— B,

KE (¢) = K& (1) if and only if ¢ = 02

for some type of inner automorphism 6 of B.

If A and B are graded ultramatricial *-algebras
f:K§(A) = K§'(B) iff there is ¢ : A= B with K§'
[m] = =

(0) =1

DA



Fullness. Non-graded Example.

A=M(K) ® K,
B =Ms(K) & Ma(K).

= ( A1 ) € M,(Z)

dyr  axn
contractive = a;; > 0 and
2a;; + la;p <5
2a031 +1ax, < 4

the dimension formulas

2 1. ,
For example, f = < 0 3 ) induces ¢ : R — S given by
a 0 b 0]0 =0 010
0 a 0 b|O
a b 0 e 00
( ,e)—= (| ¢ 0 d 0|0]], ).
c d 0 c 0 dlo 0 0 e|0
0 0 0 O0|e 0 0 00




Fullness. Graded x-Example

[ =73 =Z[x]/(x> = 1). K xfield trivially graded.

A = M, (K)(1,x) DA(x)
B = Ms(K)(1,1,x,x,x3) @& M,y(K)(1,1,x2 x3)

2 x2

For example, f = ( X X4 x2

),induces¢:A—>B

SO o Q oo
O Q O T O
D O O O O
O T O Q
o O o O
O v O 0
oD O O O

N
N
[N Y}
Q o
~_
er
~_
oo N Ouw
on O O



Fullness. Dimension Formulas
In the previous example, f € Mj,(ZI[l]) is contractive if
aj = aji1 + ajipX + AjizX°

with aji; > 0 satisfies the pre-dimension formulas

2 2 2
(1) amn+aiiex+aisx +aiix“+ao+aisx+aii x“+aizn+asx
<2+ 2x°% + x

(2) 3211+3212X+8213X2+8211X2+8212+3213X+3221X2+3222+3223X
< 24 2x.
which imply the dimension formulas

inequality (1) ( ) a1 +ane +ame <2
( ) a2 +anz+as<l
(x*-terms) ai11 + a113 + a1 < 2
( ) a211 + a2 + a2 < 2
( ) ac11 + a213 + a1 <0
( )

ar13 + ax1p + a3z <2

inequality (2)



Faithfulness

A, B graded matricial x-algebras, ¢,1 : A — B are graded
«-homomorphisms (not necessarily unital). TFAE.

L. Ks (0) = K5'(v)
2. Ju € By unitary, Vae€ A,
3. du € By invertible, Va € A,




Assumptions

For fu"ness. F has enough unitaries
i.e. every component F., of F contains an unitary.

For faithfulness. F; is 2-proper and x-pythagorean

e. xx*+yy*=0=x=y=0 and
for all x, y there is z with xx* + yy* = zz*.

Not very restrictive since
» A field K and Z-graded K|[x, x~!] have enough unitaries.
» (*-algebras are 2-proper and *-pythagorean.

» K 2-proper and *-pythagorean = K|[x,x™ 1], M, (K),
M., (K[x, x~]) are such too.




Classification Theorem.

» F = graded *-field with enough unitaries,
Fo = 2-proper and x-pythagorean.

» A, B = graded ultramatricial x-algebras.

there is

For
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Intertwining idea

¢n d)n n( ¢n(3)n(4)

Any == Anfa) = Az

P2 2

Bmi) — Bm2) — Bmgy , — .-

Ym(2)m(3

N

Ym(1)m(2) Vm(3)m(4)




Corollaries

1. All known classifications.

Elliott (1976). AF C*-algebras.

Goodearl’s Regular-rings book. Ultramatricial algebras
over a field.

Ara (1987). Ultramatricial *-algebras over a x-field with
“nice” involution.

Hazrat (2013). Graded
ultramatricial algebras over a
graded field.

2. Iso Conjecture for a class
of LPAs.




No-exit graphs

Abrams-Aranda-Perera-Siles (2010).
If E is row-finite, countable and
> every infinite path ends in a sink or

a cycle, and

> no cycle has an exit,
then Lx(E) is a direct sum of

ultramatricial algebras over K and

over K[x,x1].

Roozbeh-Lia. An iso on K§'-level maps the acyclic to the
acyclic part and the comet to the comet part. Hence,

K§" completely classifies this class of LPAs

Corollary. Graded GIC holds for these LPAs.



Wondering about...

» The assumptions for Classification Theorem for graded
ultramatricial algebras. Can they be weakened?

» Classification Conjecture for LPAs.

K§" classifies all LPAs?

» Is there C*-analogue?
Something with gauge
action possibly?

References:
http://liavas.net or arXiv




